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Preface

These notes are based on a course on minimal hypersurfaces given at the Beijing Institute of Mathematical
Sciences and Applications (BIMSA). The goal is to give a concise introduction to several central ideas in the
theory of minimal hypersurfaces, with an emphasis on stability, curvature estimates, regularity, and applications
to scalar curvature and mathematical general relativity.

The material begins with basic Riemannian geometry and the first and second variation formulas. It then
discusses geometric measure theory, regularity and compactness theorems for stable minimal hypersurfaces,
stable Bernstein-type problems, and recent applications of minimal hypersurface methods to positive scalar cur-
vature, the positive mass theorem, and related rigidity questions. The exposition is intended to be self-contained
enough for graduate students in geometry, while still keeping the main analytic and geometric mechanisms vis-
ible.

Comments, corrections, and suggestions are welcome and may be sent to wanggaoming @bimsa.cn.
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Chapter 1 Background on Riemannian Manifolds and Minimal

Immersions

1.1 Riemannian Manifolds

Definition 1.1.1 (Riemannian manifold)

A Riemannian manifold is a smooth manifold M equipped with a Riemannian metric g, which is a

smooth, positive-definite symmetric (0, 2)-tensor field.

&

We use either g(X,Y) or (X,Y) to denote the inner product of two tangent vectors X,Y € TM with
respect to the metric g.
The Riemann tensor R = R is defined by

R(X, Y)Z =-VxVyZ+VyVxZ+ V[X,Y]27
Here, V is the Levi-Civita connection associated with g, i.e., it satisfies the following properties:
o Torsion-free: VxY — Vy X = [X,Y] for all vector fields X, Y.
o Metric compatibility: X (g9(Y,Z)) = g(VxY,Z) + g(Y,VxZ) for all vector fields X,Y, Z.
The convention for the (0, 4)-type Riemann curvature tensor is
R(X,)Y,Z,W)=g(R(X,Y)Z, W).

If the ambient manifold is Euclidean space RV with the standard metric, we write X - Y for the inner

product of X and Y, and D for the standard connection.

1.2 Submanifolds

Definition 1.2.1 (Induced metric)

Let (MY, g) be a Riemannian manifold and v : X" < M be a smooth immersion. The induced metric
on X is defined by

g=1g,

so that g(X,Y) = g(du(X),du(Y)) for tangent vectors X,Y € TX.

Definition 1.2.2 (Second fundamental form and mean curvature)

The vector-valued second fundamental form Ais defined by

E(Xa Y) = (ny)L’

where V is the Levi-Civita connection of M and ()l denotes the projection onto the normal bundle of

Y in M. The mean curvature vector H is defined as the trace of A:
n
H =Tr(A) = Z/T(ez‘, €:),
i=1

where {e;} is an orthonormal basis of T'Y with respect to the induced metric g.




1.3 First and Second Variation Formulas

Definition 1.2.3 (Hypersurface and principal curvatures)

A submanifold ¥ is called a hypersurface when codim(X) =1, i.e, n =N — 1.
If we assume 3. is a two-sided hypersurface, then there exists a globally defined unit normal vector field
v on Y. In this case, the second fundamental form can be expressed as a scalar-valued symmetric (0, 2)-
tensor A defined by

A(X,Y) = g(A(X,Y),v) = —g(Vx1, Y) = g(VxY,v).

Then the mean curvature H = g(H ,v) is the trace of A.

The eigenvalues K1, . . . , ky of A are called the principal curvatures.

&

\

Gauss equation for hypersurfaces.
For a hypersurface ¥ in a Riemannian manifold (M, g), the Gauss equation relates the intrinsic curvature

of X to the extrinsic curvature and the ambient curvature:

RE(X7 Y, Z, W) = RM<X7 Y, Z, W) + A(Xa Z)A(Y7 W) - A(Xa W)A(Y7 Z):

1.3 First and Second Variation Formulas

We consider a variation of the submanifold > given by a family of immersions ¢y : > — M with (¢ = «.

The variation vector field is defined as
po
ot

t=0
The volume element of 3; = +4(X) is denoted by d3;.

Suppose U C X is an open subset. We consider the variation of the volume functional

A) = u(0)] = /U 0z,

Proposition 1.3.1

The first variation of the volume functional is given by
Sy (U) == A'(0) = / divZV dx.
P

The second variation of the volume functional is given by

5% (U) := A"(0 / Z R(V, &)V, e;) + divEVyV + (divZV)?

+Z| Ve, V)2 - Z (Ve Viej) (Ve Vs ei) d.
5,5=1
[

Remark 1.3.2. Note that we do not impose any conditions on V" and X for the above formulas. In particular,

does not need to be a critical point of the volume functional, and V' does not need to be a normal variation.

Suppose {e;} is an orthonormal basis of 7%, and define e;(t) = t;.e;. Then the area element can be

expressed as

dS = \Jdet((ei(t), e;(1))) dX,

where dX is the area element of .. We need the following lemma:



1.3 First and Second Variation Formulas

We have )

det(I +tA) =1+1t-tr(A) + %(tr(A)2 —tr(A?)) + O(t3),

We recall the standard formula for the determinant of a matrix M:
det(M) = exp(tr(log M)).
Applying this to [ 4 t A, we have
det(I +tA) = exp(tr(log(I +tA)))

— exp (tr (tA = t;Az + O(t3)>)

— exp (t tr(A) — t;tr(/@) + O(t3)>

=1+ ttr(A) + t;(tr(A)Q —tr(A%) + O(t3).

‘We thus obtain the first variation formula:

d d
£|t:0|2t N U| = dt|t:0/2 det((ei, €j>) dE

= 1/tr(<e;,ej>+<ei,eg>)i]~d2:n/HdE
2 s s

= / (Ve,Vie)dy = [ diviVdy
P P

t) = ((ei(t), e;(t)))i;. Then
(det M(t))" 1 (det M(t))"
et M(t) 4 (det M(t)) 3/2

For the second derivative of the area element, set M

d2
S limo/det (M (1)) =

[N

_ %(m« M + (6 M) — tr (M) — %(u« M)
= 1trM” + 1(trM’)2 - 1tr (M"?).
2 4 2
We compute each term:
1 n n
§tr M = Z (VyVve;,e) + Z (Vyei, Vye;)
=1

1
& N
M: i
Il

@
Il
—

<R(V> el)‘/: ei> + <V6¢VVV7 ei> + Z <Veiva veiv>
i=1

— (R(V,e)V, e5) + divEVyV + Y [V, V2,

I
.M:

i=1 =1
1 1 (< ?
Z(trM =1 ; Vve, e+ ez,VVel)) = ( (Ve,V, ez) dlvzv
1 1
St (M) = 5 Z (Ve Vies) + (Ve Vie)) = Z (Ve V,e)? Z (Ve,Vies) (Ve,Vyei)
ij=1 ij=1 ]
=D (Ve V) P+ Z (Ve,Viej) (Ve,Viei) .
7 1,7=1



1.3 First and Second Variation Formulas

So

3

d2

@hzo det(M(t)) =) —(R(V, &)V, &) + divZVyV + (divZV)?

i=

S

n

D VeV =D (Ve Vie)) (Ve Viei) .

i=1 ij=1

Then, we have the second variation formula:
2

d d?
bl Ul = [ Zlo /b0 as

/ Z R(V,e))V,e;) + divEVy V + (divZV)?

n

+ Z |(ve¢V)L|2 - Z <V€iV’ ej) <V€jv’ ei> dx.
i ,j=1
If V' has compact support in U, then by the divergence theorem

/ div¥V dy = / div=(VE 4+ VvV Tdn
by b))

_ /EdinVle—/Z<ﬁ,V> ds..

Definition 1.3.4 (Minimal submanifold)

A submanifold ¥ is called minimal if it is a critical point of the volume functional, i.e., 6y (U) = 0 for

all variations V' with compact support in U. &

By the first variation formula, 3 is minimal if and only if H=o0.
Suppose ¥ is minimal, and the variation vector field V' is normal, i.e., V = V-, with compact support in
U. Then, we know diviV = 0, and fz diVEVVV d>: = 0. So the second variation formula simplifies to
d2
d?|,_

n
Rl / Z R(V,e;)V, e;) +Z| (Ve V)P = D (Ve,Viej) (Ve, Vi e) dS.
i,j=1
Furthermore, if X is a two—51ded hypersurface, then we can write V' = fv for some smooth function f with

compact support in U. In this case, the second variation formula becomes
d2
12
dt=1,_,
This formula is useful in the study of minimal hypersurfaces. For instance, it directly yields the second

20Ul = [ VA7 = (AP + Ric(v ) 2 5.

variation formula for minimal hypersurfaces with free boundary.

Proposition 1.3.5

Suppose (X, 0%) < (M, 0M ) is a minimal hypersurface with free boundary, i.e., ¥ meets OM orthogo-

nally along 0%.. Then the second variation formula for normal variations V = fv with compact support
inU is
d2
dt?

Z:NU| = /E IV£12 = (JA]? + Ric(v, v)) f2 dT — /az: Apnr(v,v) 2 do,

t=0

[ )

It remains only to handle the term fz: div*Vy V d¥ in the second variation formula. By the divergence

theorem, we have

/divEVVVdE:/ (VyV,n) do = Aoy (v,v) f? do,
b () o



1.3 First and Second Variation Formulas

Definition 1.3.6 (Stable minimal hypersurface)

A minimal hypersurface ¥ is called stable if the second variation of the volume functional is nonnegative

|X: NU| > 0 whenever spt V C U.
t=0 &

.. . . 2
for all variations with compact support, i.e., j?

If X is a two-sided stable minimal hypersurface, this is equivalent to the following stability inequality for

all smooth functions f with compact support in U

/ IVF2 = (]2 + Ric(v, 1)) f2 S > 0.
M

Corollary 1.3.7

The variation of mean curvature H is given by

d_. 2 :
%H = —Af — (|A]® + Ric(v,v))f,

where V' = fv is a normal variation with compact support in U.

We consider only the normal variation V' = fv. The first variation gives

/ Hfd>.
by
Hence the second variation can be expressed as
d d
H—f+—Hf + (Hf)%ds.
[+ s )

Comparing this expression with the second variation formula, we conclude that

n

dye_ [N TR - L2 _ .. o
/EdtHf_/E ;m(v, % Z>+;\<veiv> P = (Ve Vie)) (Ve Vi)

1,j=1

= [ I9FE = (AP + Riclv, )05

- /E —f (Af + (JAP + Ric(v,v)) f) d

Since this holds for all f with compact support in U, we have
d

T H = =Af = (1] + Rie(v, 1)) f.
Define the Jacobi operator L by
L=—A—(|A]? + Ric(v,v)).

Then the stability condition can be written as

/ fLfd> >0 forall f with compact support in U.
b

Definition 1.3.8 (Morse index)

The Morse index of a minimal hypersurface . is the dimension of the space of smooth functions f with

compact support in U such that

/EfodE <0,



1.4 Properties of Minimal Submanifolds in RY

i.e., the maximum dimension of a subspace on which the quadratic form is negative definite. &

Remark 1.3.9. Equivalently, the Morse index counts the number of negative eigenvalues (with multiplicity) of
the Jacobi operator L under appropriate boundary conditions. A minimal hypersurface is stable if and only if

its Morse index is zero.

Theorem 1.3.10

Let X" be a complete minimal hypersurface in a Riemannian manifold (M™ 1, g). If ¥ has finite Morse

index, then Y. is stable outside a compact set, i.e., there exists a compact set K C Y such that

/ V£ — (JAP + Ric(v, 1)) f2dS > 0
2

forall f € C(E\ K). @

& J

Proof Letind(X) = m < oo be the Morse index of ¥. By definition, there exists a finite-dimensional subspace

V' C C2°(X) of dimension m such that the quadratic form
QP = [ IV = (AP + Ric(r.)) £ as

is negative definite on V, and Q(f) > 0 forall f | V (in the L? inner product sense).

Since each function f; in a basis of V' has compact support, there exists a compact set K C 3 such that
spt(fi) C K foralli=1,...,m.

Now, forany f € C2°(X\ K), we have spt(f)N K = (). This means f is orthogonal to every basis function
fi of V (since their supports are disjoint). Therefore, f L V, and by the definition of finite Morse index, we

have

Qf) = /E V2 — (AP + Ric(, ) f2d5 > 0,

This proves that 3. is stable outside the compact set K. ¢

1.4 Properties of Minimal Submanifolds in RY

Proposition 1.4.1

Let X" be a submanifold in R™ with position vector x = (x1,...,xy). Then its mean curvature vector
H is given by
Az =H. PY
Proof Let {eq, ..., ey} be an orthonormal basis for 7'3. The Laplacian of the coordinate xj, on X is given by

0 0

.. _ _ . — .
A= ;DeiDeixk B ;‘Dei(eZ ' 873614) - (Deiel) o

-~ 0
- H. . —
8xk 8a:k’

Hence
A r = H.



1.5 Monotonicity Formula

Proposition 1.4.2

Let X" be a submanifold in R with position vector x = (x1,...,xx). Then ¥ is minimal if and only if
each coordinate function x; is harmonic on %, i.e., Az, =0 foralli=1,..., N. .
Proposition 1.4.3
Suppose X" is a minimal submanifold in R" . Then v - 8%1 satisfies the following Jacobi equation:
0 0
A (v AP(v- =0.
(v 5m) +APE - 5)

We may write this more concisely as

Lv =0. PY

Proof This is because the flow generated by % is a family of isometries of R"*!, so

%H = ( for the corre-

sponding variation. By the variation formula for the mean curvature, we have

d 0 0
0=—H=—-A*v- — AP (v - .
dt (v 8a:i) A 8a:i)
¢
1.5 Monotonicity Formula
Proposition 1.5.1
Suppose X" is a minimal submanifold in R and xo € RN. Then we have the following monotonicity
formula:
X0 By(zo)| _ [¥N By (xo) :/ (2 —@0)7* .
Iz o" S(Bp(20)\Bo (a0)) [T — o[ +2 o
Proof Assume xg = 0, and choose the following vector field:
1 1
V= $<W—p7)a o<l|z|<p
1 1
x (0—7 — ;Tn) .zl <o
So
0= / div™V dE = / i [ Las +/ div? " dx
b B, O =P B,\B» ’30’
n|XN By  n|¥N B, / n  nlzT?
= - + -
o" p" BB, 2" z|"T?
_ n|XNBy| n|EN B, +/ n\xL\del
o pr B\B, |T["1?
¢



1.6 Area-Minimizing Hypersurfaces and Calibration

1.6 Area-Minimizing Hypersurfaces and Calibration

Definition 1.6.1 (Area-minimizing hypersurface)

A (complete) hypersurface X" in a Riemannian manifold (M L g) is called (absolutely) area-minimizing
if it minimizes the area functional among all hypersurfaces agreeing with Y. outside a compact set. More

precisely, 3 is area-minimizing if for every compact set K C M, we have
ENK|<|ENK]|
for all hypersurfaces ¥’ with ¥’ \ K = ¥\ K.
We say Y. is area-minimizing in its homology class if we also require Y.’ to be homologous 1o ¥, i.e.,
Y. — X/ = T for some (n + 1)-dimensional chain T in M.

One can also define area-minimizing submanifolds in other classes, e.g., homotopy classes.

Proposition 1.6.2
Every area-minimizing hypersurface is minimal, i.e., its mean curvature vector H = 0. o

Proposition 1.6.3

Area-minimizing hypersurfaces are stable. That is, the second variation of the area functional is non-

negative for all variations with compact support.

[ )
Definition 1.6.4 (Calibration)
Let (M, g) be a Riemannian manifold. A k-form w € QF(M) is called a calibration if it satisfies:
1. Closedness: dw = 0.
2. Comass < 1: For every point p € M and every unit simple k-vector & at p, we have
w <1.
P(f) — *
Definition 1.6.5 (Calibrated submanifold)
An oriented k-dimensional submanifold X* in M is calibrated by a k-form w if 1*w = dHF|s, where

LY < M is the inclusion map and dH" s, is the volume form on Y. induced by the Riemannian metric.

&

J

Theorem 1.6.6
If an oriented k-dimensional submanifold X* is calibrated by a closed k-form w, then ¥ is area-
minimizing in its homology class. More precisely, for any other oriented k-dimensional submanifold
Y with 0¥ = 9%, we have

5] < 2.

Q

e

J

For simplicity, we assume Y is a compact submanifold with boundary. Let ¥’ be any k-dimensional
oriented surface with 0¥’ = 0X. Define the (k + 1)-dimensional chain I" such that OI' = ¥ — ¥

So we have
/w—/ w:/dwzo,
) Y r
2= [w= [ vz
b ¥/

since w is closed. Now, we have



1.7 Minimal Graphs

which shows that 3 minimizes area among all surfaces with the same boundary.

Theorem 1.6.7

Any complex analytic variety (i.e., complex submanifold or more generally, integral current defined by a

holomorphic equation) in C? is absolutely area-minimizing.

Q

The proof uses the theory of calibrations. In C?, consider the standard Kihler form
w= %(dzl ANdzy + dzy N dza) = dzy A dyy + dxg A dyo,
The real 2-form w is closed (dw = 0) and has comass 1, i.e., for any oriented 2-plane & in C2, wle < 1 with
equality if and only if ¢ is a complex line.
Any complex curve (complex 1-dimensional submanifold) ¥ C C? is calibrated by w, since the restriction

of w to X is exactly the area form of >:
wly = dH?|s.

By the preceding calibration argument, ¥ is area-minimizing in its homology class. Also note that R* has trivial
second homology group, so any two surfaces with the same boundary are automatically homologous.

Therefore, any complex analytic variety in C? is absolutely area-minimizing.

Example 1.1 (Singular complex curve). The set {2? = w3} is a complex analytic variety in C? with an isolated

singularity at the origin. It is area-minimizing, but not smooth.

1.7 Minimal Graphs

Definition 1.7.1 (Minimal graph)

Let Q C R™ be an open domain and v : 2 — R be a smooth function. The graph of u is the submanifold
Yo = {(z,u(z)) : z € Q} c R,

e sa is a mini if it is a minima ersurface in , Le., its mean curvature vanishes
We Yu minimal graph if it lh R+ t t h

identically.

&

The graph ¥, is parametrized by the immersion ¢ : Q — R"*! given by «(x) = (x,u(z)). The tangent
vectors are
m:&iL:é?iJrOiuanH, 1=1,...,n,

where {01, ...,0,41} is the standard basis of R"*1,

Basic geometry of graphs.
The induced metric on 3, is given by
gij = 5ij + Jiu 8ju,
and its determinant is

det(gi;) = 1+ |Vul,

where |Vu|? = 3" | (0;u)?. Thus, the area functional of the graph over €2 is

A(u) = /Q V1+ |Vul? dz.



1.7 Minimal Graphs

The upward-pointing unit normal to X,, is
(—Vu,1) 1

V= —m—m— m—— —= —
VI |[Vu2 W
where we denote W = /1 + |[Vu|?.

The second fundamental form of >, is computed by

(—Oiu,...,—0hu,1),

0;0:u W
Aij = — <8¢V, 6jL> = lM/J, = #
The inverse of the induced metric is
g7 =051 - aisyazju.

Proposition 1.7.2

The mean curvature of the graph ¥, is given by

Vu - o;u
H=div] —— | = 0| — | .
lV<\/1+|Vu|2) ; <\/1+|Vu|2>

[ )
The mean curvature is the trace of the second fundamental form with respect to the induced metric:
i T 8ﬂb 8ju Uqj
=gy = (o9 = T )
1 @u 8ju uij
W (A“ T Twr
1 O;u Oju uyj . (Vu
= WAU — 7‘/{/3 = le W .
Definition 1.7.3 (Minimal surface equation)
The minimal surface equation (MSE) is the quasilinear elliptic PDE
\Y%
Y (R T2
V14 |Vul?
or equivalently,
n
1+ [Vul)Au— > 0udjuddju = 0.
i,j=1 &

The minimal surface equation is the Euler—Lagrange equation of the area functional

Au) = /Q V 1+ |Vu|?dz.

Indeed, for any compactly supported variation ¢ € CZ°(€2),

Vu Vo / , Vu
—| Alu+4tp)= | ———=dr=— [ div| —— dx
dt | ( 2 a1+ |Vul? Q ¥ (\/1 + |Vu\2> ¢

Hence, u is a critical point of A if and only if it satisfies the minimal surface equation.

Example 1.2 (Classical minimal graphs).
(i) Scherk’s surface. In R3, the function

w(y, 12) = log (cos x1>

COS 9
defined on Q2 = {|z1| < 7/2} N {|z2| < 7/2} is a solution of the minimal surface equation, known as



1.8 The Dirichlet Problem for the Minimal Surface Equation

Scherk’s first surface.
(i) Catenoid. The catenoid is a minimal surface of revolution in R3 that can be locally written as a graph
u(r) = cosh ™ (r) for r > 1.

1.8 The Dirichlet Problem for the Minimal Surface Equation

Definition 1.8.1 (Dirichlet problem for the minimal surface equation)

The Dirichlet problem for the minimal surface equation asks: given a bounded domain @ C R" and
boundary data ¢ € C°(0Q), find u € C*(Q) N C°(Q) such that

div( Y% ) —0 o
V14 [Vul?

U= ¢ on 0.

Definition 1.8.2 (Mean-convex domain)

A bounded C? domain Q C R" is mean convex if the mean-curvature vector of OS2 points weakly into Q.

Equivalently, with the scalar convention for which Euclidean balls are mean convex, the boundary mean

curvature satisfies Hopq > 0.

&

Theorem 1.8.3 (Jenkins—Serrin [ D

Let Q C R™ be a bounded C* domain. Then the Dirichlet problem for the minimal surface equation has
a solution u € C%(Q) N C°(Q) for every boundary data ¢ € C°(0Q) if and only if Q is mean convex.

In this case the solution is unique. If. moreover, 02 and ¢ are C*®, then the solution is C* up to the

boundary by the standard boundary regularity theory for quasilinear elliptic equations.

Q

Thus mean convexity is part of the existence theorem, not merely a technical regularity assumption. On a
non-mean-convex bounded domain, arbitrary boundary data need not be solvable; Jenkins—Serrin instead prove

solvability under an additional smallness condition involving osc(¢) and the first two boundary derivatives of

®.

Definition 1.8.4 (Direction field)

For a minimal graph ¥, = {(x,u(x)) : x € Q}, the direction field is defined as
(—V’LL, 1)

V1+ Va2 *

This direction field satisfies
div X =0,
X v=

where v is the unit normal to >,,.

Theorem 1.8.5

Every minimal graph in R is area-minimizing within the class of hypersurfaces with the same bound-

ary.

Q@




1.9 Bernstein’s Theorem and Generalizations

Proof Define the vector field
(=Vu,1)

VI [ Va2

Then the form w = ¢y dvol is a calibration, and J,, is calibrated by w. Therefore, 3>.,, minimizes area among all

hypersurfaces with the same boundary. ¢

Corollary 1.8.6

Every minimal graph in R"*! is stable.

e
1.9 Bernstein’s Theorem and Generalizations
Theorem 1.9.1 (Bernstein’s Theorem [
Let u : R? — R be an entire solution of the minimal surface equation. Then u is an affine function, i.e.,
u(x1,xe) = axy + bxg + c for some constants a, b, c € R. v

This result was generalized to higher dimensions:

Theorem 1.9.2 (Fleming [ ]-De Giorgi [ ]-Almgren [ ]-Simons [

Let u : R™ — R be an entire solution of the minimal surface equation.
(i) If n <7, then u must be affine.
(ii) Forn > 8, there exist non-affine entire solutions (as shown by a counterexample due to Bombieri—
De Giorgi—Giusti [BDGG69]). O

- J

Proof of Bernstein’s theorem in dimension 2 Let
Y = {(z,u(z)):z € R®} CR?

be the graph of an entire solution of the minimal surface equation. By the calibration argument above, X is
area-minimizing. In particular, ¥ is stable, so for every ¢ € C2°(%),

[1apas < [ v as.
b X
since Ricps = 0.

We first establish a quadratic area bound. For a.e. R > 0, the intersection
I'r:=XNJBg

is a smooth 1-cycle in the sphere 0Br = Sg. Since H1(Sgr) = 0, the curve I'g bounds a region Dy C Skg.

Replacing Dy, by its complement if necessary, we may assume
Dl < %|SR| P
Since ¥ is area-minimizing and 9(3X N Br) = ' = DR, we obtain
XN Bg| < |Dg| < 27R?
forae. R > 0.

12



1.9 Bernstein’s Theorem and Generalizations

Now choose the logarithmic cutoff
1, lz| < R,

k+logR—1
na(e) = { BR8] g g <o,

0, lz| > e*R,

Here || denotes the Euclidean distance to the origin in R3. Since |V*|z|| < 1, on the annulus R < |z| < eFR

we have
Vel < —.
’ 77R‘ = k‘$|
Applying stability with ¢ = np gives
[1apipas < [ (v%nnias.
b X

To estimate the right-hand side, decompose

k—1
BekR \ Bgr = U (Be“'lR \ BeiR)7
i=0
Using the area bound,

/ [V=nR|?dE < 1I€Z/ Lo
¥ k2 o /EN(BLis15\Blig) 2|2
k—1

1 1
< ﬁ ; (eiR)2 ’E N Bei+1R|
k—1
1 1 .
+1 )2
<% 2 mp MR
=0
C
< —.
~ k

Hence

[ apaz<t
SNBg Kk

Letting kK — oo, we conclude that A = 0 on X N Bp. Since this holds for a.e. R > 0, we have A = 0 on X.
Therefore ¥ is totally geodesic, hence a plane in R3.

Since ¥ is a graph over R?, that plane cannot be vertical. Thus
u(xy, o) = axy + bre + ¢
for some constants a, b, c € R. This proves the theorem.
Remark 1.9.3. The key point in dimension 2 is that stability plus the quadratic area growth
SN Bg| < CR?

/ |A]? d¥ = 0.
%

This argument is specific to two dimensions and yields the classical stability proof of Bernstein’s theorem.

allows the logarithmic cutoff to force



Chapter 2 Simons’ Inequality and Generalized Bernstein

Theorems

We now discuss several generalizations of Bernstein’s theorem and curvature estimates for stable minimal

hypersurfaces.

2.1 Simons’ Identity and Inequality

Lemma 2.1.1 (Simons’ Identity [

For a minimal hypersurface ¥" in R"1, the second fundamental form A satisfies the following identity:

1
5A|A|2 = —|A* + VA%

[ )
Proof
Recall that the Ricci identity states that for any 2-tensor 7;; on X, we have
Tijrt — Tijik = RikimTmj + RigjmTim,
where R;jx; is the Riemann curvature tensor of . The Gauss equation in Euclidean space gives
Rijr = A Ay — AyAjy.
Hence
1
Moreover,
AijAAij = Aiinj,kk = A’iink,jk (Codazzi equation)
= Aiink,kj + Aij(RkjimAmk + RkjkmAim) (RiCCi identity)
= AijArk,ij + Aij(AkiAjm — Aji Akm) Ak
+ Aij(AprAjm — AgmAji)Aim  (Gauss equation, Codazzi equation)
= — AijAjiAkmAmk + Az]AijmkAkz — AngykAkmAmz minimal
= — AL
This proves Simons’ identity. ¢
Lemma 2.1.2 (Refined Kato inequality)
For the second fundamental form A of a minimal hypersurface X" in R"*1, we have
2
vap 2 (14 2) V417,
" &

Proof Let {e;} be alocal orthonormal frame on 3 that diagonalizes A at a point, so Aij = \idi; with Zz A = 0.
Then

MERES ‘VZA%

2 2
= (2 Z >\7,Azz,k:> .




2.1 Simons’ Identity and Inequality

Hence

IV|AR|? = 42(2 AZ-A“.,,Q <4y N ZA“k = 4|4 ZA”k
k 7 i
Since 2|A| |V |A|| = |V|A]?|, we have
V| 422
viap = VAL <>l

4lAR
Moreover,
> Ay ZAmHZA
1,k=1 £k
< Z Am kT Z(Z Ajjvi)Q
i#k i=1 ji
=S SRR S Or N
1#k i=1 j#i
=n Z Au k
i#k
=5 Z Azk i kzz‘
z;éj k
Therefore,
< ) |V|A||2 < ZAuk + Z Azkz kzz < IVA|2
i,k i#7,k
¢
Corollary 2.1.3
For a minimal hypersurface X" in R" 1, the second fundamental form A satisfies the following differen-
tial inequality:
AJA]? > —2|A1* + 2 (1 + ) V| A%
Equivalently,
2
|AJAJAl+ Al > = VA2
K ®
Theorem 2.1.4 (Schoen—Simon-Yau [ D
Let X" be an (immersed) stable minimal hypersurface in R with n < 5. Suppose ¥ has (intrinsic)
Euclidean volume growth, i.e., there exists a constant C' > 0 such that for all R > 0,
|BIE%| < CR",
where BIE{ is the intrinsic geodesic ball of radius R in .. Then 3 must be a hyperplane. 0

Proof We test the stability inequality with | A|P~1¢. Then

/ AP < / V(AP )2

= /( DAV A|P0? + APVl + (2p - 2)|APP (V| A, V).

15



2.1 Simons’ Identity and Inequality

We multiply Simons’ inequality by |A|??~%¢? and integrate by parts to obtain
2 [ 119 1A1R? < [ 1APPGR — (2 - BIVIAIPIAPP AR - 21477509141, T )
Cancelling the | A|?P¢? term, we obtain
(i +(2p—3)— (p- 1>2) J 1P 911G < [ 1APP 2V + (29 - DIAPSoIVIAlI T,

If2+(2p—3)—(p—1)%>0,ie., ,

(p—2)7°< o
then we can apply Cauchy—Schwarz to the right-hand side to get

S <o famvep

for some constant C' depending on n and p. Using the stability inequality again, we get

p=1 1
/A\%? <c /mw?ﬂwr? <c ( /\Al%2> ’ ( /\wr?p)".
Jiare <o fivgie.

If we choose ¢ to be a cutoff function supported in BQER with |V| < € and equal to 1 in BE, then
C\
/ AP < C () < CR"™%.,
BY B, \

Here the parameter p is half of the final integrability exponent, since the estimate controls | A|?P. Thus the decay

Hence,

requires 2p > n, equivalently p > n/2. When n < 5, the admissible interval

2 2
2—\/><p<2+\/>
n n

intersects (n/2, 00). Choose such a p. Then n — 2p < 0, and letting R — oo gives A = 0 on . Hence X is a
hyperplane.

Remark 2.1.5. Another useful hypothesis is extrinsic Euclidean volume growth: there exists C' > 0 such that
forall R > 0,
XN Br(0)| < CR".

This condition implies intrinsic Euclidean volume growth.

Proposition 2.1.6

The following two statements are equivalent:

(i) Every complete stable minimal hypersurface in R" 1 with extrinsic Euclidean volume growth is a
hyperplane. (This means ¥ N Br(0) has area at most CR"™ for some constant C' independent of
R.)

(ii) We have the following curvature estimate for stable minimal hypersurfaces: there exists C =
C(n, A) such that if X" C Bag(0) C R™" is a stable minimal hypersurface with

|¥ N Bar(0)] < AR™,

then

sup (4] < S
SNBg(0) R




2.1 Simons’ Identity and Inequality

Remark 2.1.7. Note that (ii) is scale-invariant. If it holds for some 2 > 0, then it holds for all R > 0 by
scaling. This is because for A > 0, the second fundamental form of AY is A~ A, and the area of AX N Bayr(0)
is A"|X N Bagr(0)].
(ii) = (i). Let " c R"*! be complete, stable, and minimal, with extrinsic Euclidean volume growth:
|X N Br(0)] < CoR™ VR > 0.
Fix p € X. For R > |p|, the ball Bar(p) is contained in B3r(0), and hence
%N Bagr(p)| < Co(3R)".
Apply (ii) after translating p to the origin, with A = 3"Cj:

sup 4] < <.
SNBR(p) R

Let R — oo. Then |A|(p) = 0. Since p is arbitrary, A = 0, so X is a hyperplane.
(i) = (ii). Assume (ii) fails. Then for some A > 0 there exist stable minimal hypersurfaces
¥;j C Bag,(0), 2 N Bag, (0)| < ARY,

such that

Choose y; € ¥; N Bg,(0) such that, with K; := |A4;|(y;),
K jRj — 00.
We use the standard point-picking argument in the ball centered at ;. Define
R .
Gy(o)i= (4 ~ o~ ul) 140

on X N By, /2(y;). and choose ¢; where G; attains its maximum. Since G;(y;) = R;K;/2, if

1/ R;
Q; = 14,1(q)). ﬁ%=<]—m—w>,

2\ 2
then o RK
Q,p; = i(g5) > U
2 4
Moreover, for z € ¥; N B, (q;),
R; 1 /R,
Yooz g (Bl -ul),
and the maximality of G; gives
|4](z) <2Q;.

Rescale:
%5 = Qi(%5 — g))-
Then 0 € ij, |Zj|(0) = 1, and on Bj,(0) with p; := Q;p; — oc:
4] <2.
Stability is scale-invariant, so each ij is stable minimal.
We now get the local area bound in the rescaled sequence. Because ¢; € Bg, /2(yj) and y; € Bg;(0), we

have g; € B3, />(0). Hence
Bg, j2(qj) C Bag,(0).



2.1 Simons’ Identity and Inequality

Fix ¢ > 0. Since p; < R;/4 and Qjp; — oo, we also have Q;R; — oo. For j large, 0/Q; < p; and
0/Q; < Rj/2. By the monotonicity formula, applied with center ¢; and the two radii ¢ /Q); and R;/2,
135N Bsyq,(g))] - 3 N B, j2(45)] <o
(0/Q)" (Rj/2)

Hence
12 N B (0)] = QF %5 N By q,(q)] < 2"Ad™.

Thus f]j have uniform local area growth and curvature bounds on larger and larger balls. By the compactness
theorem for minimal immersions with locally bounded curvature and area, a subsequence converges smoothly

on compact sets to a complete stable minimal hypersurface ¥, C R"*! with Euclidean volume growth. By

construction,
Az [(0) = 1.
But (i) says every such ¥ is a hyperplane, so Ay, = 0, contradiction.
Therefore (ii) must hold. ¢
Corollary 2.1.8
The curvature estimate in (ii) holds for n < 5. a

Theorem 2.1.9 (Bernstein theorem for n < 5) <

Let u : R™ — R be an entire solution of the minimal surface equation, with n < 5. Then u is affine. O

\

Proof Let
¥ = {(z,u(z)) : x € R"} ¢ R*™!

be the graph of u. By the calibration argument above, 3. is area-minimizing. In particular, X is stable.
We next prove Euclidean volume growth. After a translation, we may assume 0 € . For a.e. R > 0, the
intersection
I'r:=XN0Bg

is a smooth closed (n — 1)-dimensional submanifold of the sphere 0Br = S}. Since
H,_1(S™) =0,
the cycle I'g bounds an n-dimensional region Dr C S}. Choosing the smaller of the two sides of S \ I'r, we

may assume
1
Dl < 5ISk] < CuR™.

Since X is area-minimizing and
8(2 M BR) =I'gr = JDg,

we obtain
|X N Bg| < ‘DR’ < C,R"

fora.e. R > 0.
Hence, by the Schoen—Simon—Yau theorem, 3 is a hyperplane. Since Y is a graph over R"”, that hyperplane
cannot be vertical. Thus

w(xy,. .., xp) =121+ -+ + apTy +c
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2.2 Classification of Stable Minimal Cones for n < 6

¢
2.2 Classification of Stable Minimal Cones for n < 6
Proposition 2.2.1
Suppose C is a minimal cone in R, smooth away from the origin. Then we have the following Simons-
type inequality on C \ {0}:
1 2
LAIAP > |4 + 2 1 vlage,
2 e

Proof Choose {e;} to be a local orthonormal frame on C \ {0} such that e,, is the radial direction 0,. Recall

the Simons identity for minimal hypersurfaces in R"*1:
1
SAIAP = —|A]" + VAP,

It suffices to show

VA2 > 2|A’2 + [VIA| 2.
Since C is a cone, we have A;, = 0 and A4;;,, = —;Aij for i, j < n. Indeed,
A(rp) = A7(ﬁp)
Taking derivative in the radial direction gives
Aijn(rp) = —Aiiép) = —%Aij(rp)-

So we have

n—1 A
ZAmk Z oz,Bn Z Aaﬂ'y ’ | Z Aaﬁn Z Aaﬁw

0.5,k a,f=1 a,fy=1 a,f=1 a,fy=1
At a fixed point, choose {e,}"Z1 so that
Aag = Aalagp-

Then

n—1

n n—1
= 3 (St = 18 () (S nae)”

By Cauchy—Schwarz and Anq , = —lAaa,

-1
Al? S
VIAJ]? < Z Adas+ g < Z Absrt D Alsn
75 1 75’)/— 0,5:1
Therefore,

|A]?
|VA|2 = + Z Aaﬂn + Z Aa,B’y > 27 + |V|A”2
a,f=1 a,By=1

This completes the proof. ¢
Remark 2.2.2. A similar computation yields
1 2
LALAP 2 plVIAI? + (3 - p) AT — )

foranypgl—i—%
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2.2 Classification of Stable Minimal Cones for n < 6

Theorem 2.2.3 (Simons [

Let C* C R™ be a minimal nonflat cone, smooth away from the origin. If n < 6, C is unstable. If

n > 7, there exists a stable minimal nonflat cone.

Q

Proof Suppose C is stable. Testing the stability inequality with | A|p, we get
1
Jiartet < fiv0ae)? = [i914126 + 147V + 5 (7148, 96?)

1
< [IVIAIPG + ARV - 52 AlAP

A 2
< [laPIveR + lapt 222

A 2
2 [EFe < flarioel.

¢ = max{1,r}1 "2 %1+

Hence, we obtain

Now choose

We need to verify that this function is admissible. We compute

ﬁA‘2’v¢|2 = (]. + 5)2/{ 5 |‘,4|2r2"S + (2 _ g _ 5)2/{ . ’A‘2T7n+275
r< >
1
= (1+s)2/ dr/ | Ay |2r2e-2 =14y,
0 b
+ (2 — E — 5)2/ d’l”/ |AE‘2Tfnf2s+nfle
2 1 .

1 o)
_ (/ P28 g 4 (9 g a 5)2/ r251dr)/ | A5, 2dY < 400
0 ! >

Here, > = C N S™ is the link of the cone, which is a smooth closed minimal hypersurface in S™. Hence, ¢ is

admissible. On the other hand, we have

A2
2/’2‘902 _ 2/ |A|2’I"2€+2/ |A|2,,,,—n+2—46
" {r<1} {r>1}

When n < 6, we can choose £ > 0 small enough such that 2 > (1+¢)? and 2 > (2 — % —¢)?. Hence |A|? = 0,
so C is flat, a contradiction. Therefore, C is unstable.
It remains to construct a stable minimal nonflat cone in RS.

Define the Simons-type cone by
Cpq = {(z,y) e RPTI xR : gla|? = ply|*} .

C,.q is a minimal cone in RPT92, smooth away from the origin, and it is stable if and only if p + q > 6.

[ )

One can verify directly that C, , is minimal by computing its mean curvature. In particular, its principal

curvatures are

R = _ p _
K1 =" =HKp= 4], Kpgl =+ = Kppq = —4/—, and Kppqp1 = 0.
p q
. — 2 . . . . .
Its second fundamental form satisfies | A|? = ”rgl . Choose X = %, and insert it into the first variation formula.
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2.3 Sub-minimal Sets and Sub-calibrations

Then
2

2 2 C C
_ ] o 2 2 9 QDV Pap - o © (pv Pap - x
0= /le pa(X) = /nr2 — 274 |z|” + 2773 = /(n — 2)?2 + 277'2 :

2 2 n — 2)2 p?
/(Tl—2)f2 SQ\//ZﬁVCP,qu‘Q E /(4)8:2 S/|ch,q(p|2_

Since |A|? = 51, this can be rewritten as

n —2)?
[ia=yare < vt

> 1,50 C, 4 is stable.

Hence

(n—2)

In particular, if n > 7, then (n—1)

In fact, one has the stronger result:

Each C,, ; is area-minimizing if p + q > 6 except for the case p,q = (1,5) or (5,1). O

The case C,, ;, with p > 3 was proved by Bombieri-De Giorgi—Giusti [BDGG69]. Lawson [Law72] later
proved the result for p + ¢ > 6, and Simdes [Sim74] handled the remaining cases p, ¢ = (2,4) or (4, 2).

The original proof is quite involved and relies on calibrations. One seeks a vector field £ such that divCe =
0and ¢ = vc on C\ {0}, which implies that C is area-minimizing. Finding such a calibration for C,,  is difficult
and requires solving an ODE.

Here we present a different proof due to De Philippis—Paolini [DPP09], which uses a sub-calibration argu-

ment together with an explicit construction of a sub-calibration for C,, .

2.3 Sub-minimal Sets and Sub-calibrations

Let {2 C R™ be an open set. For a set £/ with smooth boundary, the perimeter P(F, A) in a smooth bounded
open set A C Q is the (n — 1)-dimensional Hausdorff measure of 0F N A.

Definition 2.3.1

A set E with smooth boundary is sub-minimal in §2 if for every smooth bounded open set A C ) and
every FFC Ewith E\ F CC A,

P(E, A) < P(F, A).

&
Proposition 2.3.2
If E and E¢ = Q \ E are both sub-minimal in ), then E is minimal in Q. o

Let A C € be a smooth bounded open set, and let F satisfy EAF CC A. Define F” = ENF C FE and
F'=(EUF)*C E°. Then E\ F' CC Aand E°\ F” CC A. By sub-minimality:

P(E,A) < P(F',A), P(E° A)<P(F" A).
Since P(E°,A) = P(E, A) and P(F", A) = P(E U F, A), we have
2P(E,A) < P(ENF,A)+ P(EUF,A).

Using the identity
P(ENF,A)+P(EUF,A) < P(E,A)+ P(F,A),
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2.3 Sub-minimal Sets and Sub-calibrations

we conclude P(E, A) < P(F, A), so E is minimal. ¢

Definition 2.3.3

Let E have smooth boundary. A C' vector field ¢ on §) is a sub-calibration of E if:
1. &(x) = vg(x) (exterior unit normal) for all x € OF;
2. divé€(x) <O0forall x € E;
3. |&(x)| < 1forall x € Q.

)
Theorem 2.3.4
If E admits a sub-calibration &, then E is sub-minimal. O

\ J

Proof Let A be a bounded open set, and let F C F with E\ F' CC A. Choose n; € C}(A) withn; =1 on
E\F,0<n; <land{J;{z:n;(z) =1} = A. Let§; = n;&. Then

/ div §; —/ divg; = / divé <0,
ENA FNA E\F

ENA FnA

By the divergence theorem:

/ dive; — / (&, vp)dH T = / ndH" > WY OE 0 {ny = 1),
ENA O0ENA OENA
Taking j — oo yields P(E, A) < P(F, A), so E is sub-minimal. ¢
Let n = 2m. The Simons cone is
C= {(xlv"'al'mvylv--'?ym) €R2ml‘?++$m:y%++ym .
Define )
C= {(ﬂf,y) €R™ xR™: ‘ZL” < |y’}a f(xvy) = Z(‘x’4 - ’y‘4)

Define the vector field
Df

=D

Proposition 2.3.5

€ is a sub-calibration for E in R?™ \ {0}, where E := {(z,y) : |z| < |y|}, and —€ is a sub-calibration

for E¢ in R*™\ {0}. N

Proof |£| = 1 everywhere, and £ is the exterior normal to £ on 0E. We compute
Df = (jzfz, —lylPy), DS =|2[° + |y[°

Hence
Af = (m+2)af — (m+2)y, DD =6(jx|*z, [y]y).
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2.3 Sub-minimal Sets and Sub-calibrations

Thus
IDfdive = |DFPAS ~ L(DIDSP, Df)
= ((m+2)[z> = (m +2)ly*) (|2° + [91°) = 3(|=[* + Iy[*)
= (m=Dz|* = (m = V|y* + (m +2)|z*[y|° = (m + 2)|z[°|y[?
= (m = D) (|z|* = [y (x* + [y1*) + (m + 2) |z y]*(Jy|* — |=]*)
= (Jz|* = [y (m = D)(|=[* + [y|*) = (m +2)|z[*[y]?).
Note that

(m —1)a* — (m + 2)ab + (m — 1)b?
is nonnegative if and only if

-1 —mt2 2)2 4
det | o 2 :(m—l)Q—(m+ ) :3m(m )>0.
2 me

Theorem 2.3.6

The Simons cone C is area-minimizing in R8.

Proof By the preceding theorem, F and E° are sub-minimal in R® \ {0}. Since the origin has codimension
> 1, the perimeter is unchanged, and hence E and E° are sub-minimal in R®. By the preceding proposition,

is minimal, so its boundary C is area-minimizing. ¢
Remark 2.3.7. One may consider the gradient of the function

1
1 (@l = p?lyl")

in the case of the minimizing cone C,, ;.
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Chapter 3 Background on Geometric Measure Theory

We collect some basic definitions and facts about the geometric measure theory. Readers can refer to
[All72, Sim83] for more details.

3.1 Varifolds

Definition 3.1.1 (Varifold)

An n-varifold V in R"* is a Radon measure on R"** x G(n + k,n), where G(n + k,n) is the set of

all n-dimensional subspaces in R" .

&

Example 3.1 (Varifold associated with a submanifold). Let M C R"** be an n-dimensional manifold, and
let @ be an H"-measurable function on M. Then the n-varifold V' = |(M, 0)| is defined by

V(U) = / B()dH" a1 ().
(z,To M)eU
Equivalently, for any continuous compactly supported function f, we have

V(f) = /0<x>f<x,TmM>dH"|M<x>.

Thus, a varifold arising from an n-dimensional manifold records tangent-plane information as well. If
0 = 1, we usually write (M, 1)| = |M]|. For example, P is the tangent plane of M at x if and only if the

measure | M | restricted to {z} x G(n + k, n) is nonzero.

Definition 3.1.2 (Weight measure, support, and density)

The weight measure ||V || of an n-varifold V is defined by
IVII(A) = V(A x G(n + m,n)),

for any Borel subset A C R™™. Hence, ||V|| is a Radon measure on R"™™. The support of ||V ||,
denoted by spt||V'||, is defined by

spt||V || = {3: e R™ . |V|(B**(x)) > 0 for any r > o} .
The (n-dimensional) density of ||V || at x is defined by
Bn+k
oV l.2) — tim IWIBEH@)

r—0t wpr™
if the limit exists, where wy, is the volume of the unit ball in R™.

Theorem 3.1.3 (Compactness) ~

Suppose V; is a sequence of n-varifolds such that for every compact K C R"*¥, there exists C = C(K)
with

)

Vi(K x G(n+k,n)) < C,

then, up to a subsequence, we can find V; — V in the sense of Radon measures. (The convergence is in

the varifold sense.) Equivalently,

lim Vi(f) = V(f)

1—00




3.1 Varifolds

for any f € C.(R"** x G(n + k,n)).

Example 3.2 (Diffuse limit of one-dimensional varifolds). Suppose V/, is defined by
2" . ,
(3 (3
10,1 % {55 h )l
i=1

Then it converges to V' in the varifold sense, where

1 1
V(f) = /O /0 F(y, {2 = 0))dudy.

Note that spt||V|| = [0, 1]2, so V cannot be written as V' = |(M, 6)| for any one-dimensional manifold M.

Definition 3.1.4 (Countable rectifiability)

We say M is countably n-rectifiable if M C N U Ujoil N; where H"(N) = 0 and each Nj is an
n-dimensional embedded C"* submanifold of R"t*,

Equivalently, M is countably n-rectifiable if and only if there exists a countable family of Lipschitz maps
fj : R™ — R % such that

M=NuUl] fi(4),
j=1

where Aj C R™ and H"(N) = 0.

For any countably n-rectifiable set M, we write T, M for the approximate tangent space of M.

Definition 3.1.5 (Approximate tangent space)

Let M be an H"-measurable subset of R"* with H"(M N K) < +oo for every compact subset K. We
say that an n-dimensional subspace P is an approximate tangent space of M at x if and only if

lim F(y)dH () = /P Fw)dH (), forany f € Co(R™).

r=0% S (M)

Theorem 3.1.6

If M is rectifiable, then for H"-almost every x € M, there exists a unique approximate tangent space
T, M of M at x. v

\

Definition 3.1.7 (Rectifiable varifold)

We say an n-varifold V' is rectifiable if there exists a countably n-rectifiable, H"-measurable subset M

of R"* and a positive locally H"-integrable function 6 on M such that
V() = [ fa e @
We use the notation V= |(M, 0)| for the varifold associated with M and . Iy

Definition 3.1.8 (Pushforward of a varifold)

Let V be an n-varifold in R"** and let F : R"t% — R™*! be a C' map. The pushforward varifold FyV
is defined by

FyV(¢) = /¢<F<x>,DFx(s>> [Tz, 8)| 4V (z, ),
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3.1 Varifolds

for any continuous function ¢ with compact support on R+ x G(m + I, n), where Jp(x,S) is the
Jacobian of F restricted to S, i.e.,

oF OF

JF(Z‘, S) = det(aT . ?
? )

)7

where {7;}I'_, is an orthonormal basis of S.

&

Let F; be a one-parameter family of diffeomorphisms on R™** with F;, being the identity map. The first

variation of an n-varifold V' under the variation £} is defined by

d
| I,

for any compact subset X C R" %,

Theorem 3.1.9 (First Variation Formula)

We have
Gl NEVIE0 = [avie@ay(e,s).
t=0
@)
Definition 3.1.10 (First variation of a varifold)
We define the first variation of V' as a linear functional 6V on C.(R"T* R %) by
V() = /divsga(ac)dV(as, 9).

&

Definition 3.1.11 (Bounded first variation)

We say that V' has bounded first variation if 5V is a bounded linear functional on C.(R"TF R"*F),
Hence, by the Riesz representation theorem, there exists a Radon measure |0V || and a |6V ||-measurable

vector-valued function vy such that |vy ()| = 1 for |0V ||-almost every x and

5V (p) = / o (), 0(@)d| V| ().

In particular, we can decompose |0V || = h||V|| 4+ oy into the absolutely continuous part h||V || and the
singular part oy with respect to ||V|].

&

Remark 3.1.12. Let ;2 and v be two Radon measures on R"1*. We say p is absolutely continuous with respect
to v (denoted p < v) if for every Borel set A, v(A) = 0 implies ;(A) = 0. By the Radon-Nikodym theorem,

if 4 < v, then there exists a v-measurable function A such that

W(A) = /Ahdy

for all Borel sets A.

Conversely, a measure p is singular with respect to v if there exists a Borel set A such that v(A) = 0 and

p(R™F\ A) = 0. Intuitively, 1 and v are supported on disjoint sets.
Any Radon measure p can be uniquely decomposed as

W = pac + Hsing,
where p1oc < v and pging L v.
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3.1 Varifolds

So, if V' has bounded first variation, we can write
V(p) = — /<ﬁ, p(z))d||V][(z) + /<1/v(l‘), p(z))doy (z).

where H = —huvy is called the generalized mean curvature vector of V, and vy oy is called the generalized
boundary of V.

Example 3.3. Suppose M = {(cos®,sin®) : § € (0, )}, the 1-dimensional half-circle in R?, and V = | M|

is the associated varifold. Then, we have

oV (p) = /M diVMgD(:Jc)d?-ll]M(x) = /M divMapT(x)d”Hl\M(:U) + /M o(z) -z

= o(1,0) - (0,~1) + (~1,0)- (0, ~1) + /M () - 2dH s (2).

So the generalized mean curvature vector H = —zis just the usual mean curvature vector of M, and the
generalized boundary vy oy = (0, —1)d(1 0y + (0, —1)J(_1 o) represents the two boundary points of M with the

corresponding outward normal vectors.

Example 3.4. Suppose M = [0, 1] x {0},0(z,y) = x,and V = |(M, 6)] is the associated varifold. Then, we
have

. 1
SV = /0 %wT(w,O)xdl‘ = (1,0)-(1,0) _/o ¢ (,0) - (1,0)dz.

So we have
H = (;:0)7 vyoy = (1,0)d(1,0)-

Thus, the generalized mean curvature vector H depends not only on the geometry of M, but also on the weight

function 6.

This example also shows that, unlike the case of smooth submanifolds, the generalized mean curvature
vector of a varifold may not be perpendicular to the tangent plane. If we restrict to integral rectifiable varifolds,

we have the following result of Brakke [Bral5].

Theorem 3.1.13 )

Suppose V' is an integral rectifiable varifold with bounded first variation, then the generalized mean

curvature vector H is perpendicular to the tangent plane of V for |V ||-almost every point.

A\ @)
Definition 3.1.14 (Stationary varifold)
We say that V' is a stationary varifold in U if for any ¢ € C.(U, R"**), we have
/divsgo(x)dV(:c, S)=0.
&

If V = |M]|, then V being stationary means

/ div o(z)dH" a1 () = 0.
M

This is equivalent to saying that M is minimal.
This notion of stationarity is very weak. Triple-junctions of three half-planes meeting at 120 degrees are

stationary.
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3.1 Varifolds

Theorem 3.1.15 (Monotonicity Formula for Stationary Varifolds)

Let V be a stationary n-varifold in R"**. Then the function
B,
o) V(B (x0)

wpr?
is monotone increasing in v > 0. Moreover, we have

|(y — z0) "
o(r) - 0(s) = [ V)

B (20)\Bs(zo) 1Y — %0l 0

Proof We can choose test vector fields ¢ as before. Suppose xy = 0 for simplicity.
(&) <<
v 11 |
Ylow—or)s lyl<o

We insert ¢ into the first variation formula and get the desired monotonicity formula. ¢

Remark 3.1.16. One can obtain a modified monotonicity formula for varifolds with LP-integrable mean curva-

ture (p > n) and no generalized boundary.

Theorem 3.1.17 (Compactness of stationary varifolds, [ 5 D

Suppose V; is a sequence of rectifiable stationary varifolds in U and for any K CC U, sup ||Vi||(K) <
+oo. We also assume O(||V;||, z) > 1 for almost every x € spt||V;||. Then, up to a subsequence, there
exists a rectifiable stationary varifold V' in U such that V; — V in the varifold sense.

In particular, if each V; is integral, sois V.

o The condition © > 1 is essential.

o Stationarity is also essential: V;, = 212; |[§fl—ﬂ, %H converges to |([0, 1], 3)].

Definition 3.1.18 (Tangent cones of a varifold)

The tangent cone of an n-varifold V' at x, denoted by VarTan(V, x), is defined by
VarTan(V,z) = {V': V' = il_i)rélo(nm,pi)#Vfor some p; — 07},
The tangent cone at infinity, denoted by VarTan(V, c0), is defined by
VarTan(V, 00) := {V': V' = il_if(f)lo(no,pi)#Vfor some p; — +00}.

&

L

Remark 3.1.19. The tangent cone of a varifold may not be unique. Right now, we do not even know if the

tangent cone of any stationary rectifiable varifold is unique or not. This is still an open problem.

Proposition 3.1.20

If V is stationary in R""¥, then the tangent cone of V at oo or x is a stationary cone.

[ )

Finally, for any n-varifold defined on U, reg||V'|| denotes the regular set of spt||V|| in U, i.e., the set of
points € spt||V|| such that there exists r > 0 with B*»*!(z) C U and spt||V|| N B**!(z) is a smooth
(immersed) hypersurface in B"+1(z). sing||V|| denotes the singular set of spt||V|| in U.

Allard’s regularity theorem is a foundational result in geometric measure theory. It gives conditions under

which a stationary varifold is regular (i.e., smooth) near a point.
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3.2 Sets of Finite Perimeter

Theorem 3.1.21 (Allard’s Regularity Theorem, [

Let V' be an n-dimensional stationary integral rectifiable varifold in B3(0) C R™*, and suppose that
IVII(B2(0)) < (14 8)wn2"
for some 0 < § < 1. Then, there exists ¢ = £(n, 0) such that if

B ::/ dist(z, P) d||V||(z) < ¢
Bs(0)

where P = {x,,+1 = 0}, then there exists a function u € C**(B}(0)) such that
spt||V]| N B1(0) = {(2', u(a")) : 2’ € BY(0)}
and

S |ul + (| Dul| Lo (7(0)) + [Dulco.e(sp o)) < C(n,8)E.
1

Note that § cannot be 1 since otherwise, we have the scaled catenoid as a counterexample.

Theorem 3.1.22 (Density-one regularity, [

Let V' be an n-dimensional stationary integral rectifiable varifold in an open set U C R, Suppose

that the density of ||V|| at a point zo € U is 1. Then xg € reg||V]|). 0

3.2 Sets of Finite Perimeter

We collect some basic definitions and facts about the set of finite perimeter.

If F is a set with smooth boundary, then we have the following Gauss-Green formula:

/divgod’H"z/ @ - vdH L,
E OF

for any ¢ € CL(R™ R"). In particular, if we require that |¢| < 1, then the right-hand side can be bounded by
the perimeter of E as

/ @ - vdH" P < H"YHOE).
oF

and equality holds if and only if ¢ = v on OF. This fact motivates the following definition of the perimeter of
F as

|OE| = sup / @ - vdH" L.
eeCL(R™ R"),|p|<1 JOE

Note that the right-hand side of the equation above does not depend on the regularity of the boundary of F. This
motivates the following definition.

Definition 3.2.1 (Perimeter and locally finite perimeter)

The perimeter of a set E in an open set U is defined as
P(E,U) = sup / divipdH".
peCLURM),|p|<1 JUNE
We say that E has locally finite perimeter in U if P(E, W) < 400 for any W CC U. Such a set is also
called a Caccioppoli set. &

Suppose E has locally finite perimeter in U. Then, we can consider the linear functional Jg on C1(U, R")
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3.2 Sets of Finite Perimeter

defined by
Ts(0) = / divepdH".
UNnE

This functional is clearly linear. Since we have assumed that E has locally finite perimeter, we have that Jg
is a bounded linear functional on C}(W,R") for any W CC U. (Recall that an operator T is bounded if
SUp| <1 |T(¢)| < +0o0.) Now, we can apply the Riesz Representation Theorem to get a unique Radon measure

pr on U, and a vector-valued function vg on U such that |vg(x)| = 1 for pg-almost every = and

Je(p) :/ ¢ - VEduE,
U

for any ¢ € CL(U,R™).

The vector-valued measure vg g is called the Gauss-Green measure of F in U. We use ﬁ E to denote the
vector-valued measure vg . Then, the perimeter of £ in U can also be written as

We can understand i p as a boundary measure of E in U, and vg as a boundary normal vector of E in U,

pointing outward.
Example 3.5 (A quadrant). Suppose E = [0, +00)? € R?. Then, F is a set with locally finite perimeter. In
particular,

i = H o 400 {0y + H lopxporoe) ¥ = (0, =Dljooo)xfoy + (1,0)| oy xo+00)-

Recall that spt p g is the support of p g, which is defined as the set of points = such that g (B, (z)) > 0
for any r > 0.
Then, we have the following proposition:

Proposition 3.2.2

Suppose E is a set of locally finite perimeter in R™. Then, spt ugp C OFE, where OF is the topological

boundary of E. o

Remark 3.2.3 (Why spt 1 can be strictly smaller than 0F). Let

E :=(0,1)\{0.5} x [0,0.5] C R%
Then OF contains both the outer boundary of the square and the slit:

OE =0(0,1)* U ({0.5} x [0,0.5]).

On the other hand, removing a 1-dimensional set does not change xz in L, so the perimeter measure is the

same as for the open square:

KE = [40,1)2; spt ug = 0(0, 1),

Hence
spt up C OF.
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3.2 Sets of Finite Perimeter

(0,1)

— spt g
E — OFE \ spt ug

(0,0) (1,0)

To better illustrate the “true” boundary of a set of finite perimeter in the measure sense, we introduce the

reduced boundary.

Definition 3.2.4 (Reduced boundary)

Given a set E of locally finite perimeter in R", the reduced boundary 0* F is the set of points © € R"
such that the limit

exists and belongs to S" 1.

)
For the £ = (0,1)2\{0.5} x [0,0.5], we have
9*E = 0(0,1)*\{(0,0), (1,0), (0, 1), (1,1)}.
In particular, we have
B 1 1
lim ﬁE( T(O)) (_7,_7) ¢ gn—1
r—0t ,UE(BT(O)) 2 2
So (0,0) ¢ O*E.
We have the following structure theorem for the reduced boundary.
Theorem 3.2.5 (De Giorgi’s Structure Theorem)
Suppose E is a set of locally finite perimeter in R™. Then, the reduced boundary O*E is a (n — 1)-
countably rectifiable set in R™, and we actually have
pp =H"Yog, vg= the outer normal vector field of 0*E. v

Remark 3.2.6. Note that since 0* F is rectifiable, so the approximate tangent space 7,,0* E' is well-defined for
pp-almost every x € 0*E. Hence, we can choose the outer normal vector field perpendicular to 7,,0* F and
point outward of E.

Definition 3.2.7 (L.ocal convergence of sets)

Given Lebesgue measurable sets { Ey, } hen and E in R", we say that Ey, locally converges to E, and write
loc

Ey =% L, if

lim |K N (EAE})| =0, VK C R" compact.

h—o00

This is equivalent to say that X, — XE in L (R™).

loc
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3.2 Sets of Finite Perimeter

Proposition 3.2.8 (Lower semicontinuity of perimeter)

If {Ep}hen is a sequence of sets of locally finite perimeter in R", with
Ej, loe, E, limsup P(Ep; K) < oo,

h—o0
for every compact set K in R", then E is of locally finite perimeter in R", pg, —* ug and, for every

open set A C R™, we have
P(E; A) <liminf P(E}y; A).
h—o0

Example 3.6 (Disappearing holes). The inequality above can be strict.

Let B denote the closed unit disc B = {z € R? : |z| < 1}. Foreachi € N, let E; = B\ Uy, By, (zi k).
where {z; 1 },., is a collection of centers inside B, n; increases as i — oo, and r; — 0 in such a way that
n;r; — ¢ > 0 and

n;
U B.(zix) C B,
k=1

with all the small discs disjoint and contained in B.

For each E;, the perimeter is

P(E;) = P(B) +n;P(By,) =27 + n; - 271y,

since each removed disc adds 277; to the perimeter.

As i — 00, the number of holes n; — oo and the radii r; — 0, so the total removed area goes to 0. In the

1

limit, the set E; converges (locally in measure, or in L;__

) to B. However,
lim P(E;) = 27 + 27c,
1—00
because the total boundary length of the small holes remains visible before passing to the limit.

Thus, the perimeter functional is lower semicontinuous under local convergence, and it is possible that
P(lim E;) < liminf P(E;),
1—00 1—00
because the limiting set does not retain the interior boundaries present in the approximating sequence.

Example 3.7 (Oscillating boundary).

Let D = [0,4] x [0,2] C R2. Foreachi € N, construct E; as the subset of D with lower and side
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3.2 Sets of Finite Perimeter

boundaries of D, but the top replaced with a zig-zag curve of n; "teeth,” each of amplitude h; (height above
y = 2), so that as ¢+ — oo, n; — oo and h; — 0.
Each FE; is the set (shaded in the pictures above) contained below its zig-zag boundary and above y = 0.
As i — 00, the upper boundary of E; converges to the straight line y = 2, and E; converges (in measure) to D.
The perimeter of E; is
P(E;) =2-24 4+ Lyigag,

where Lyig,q, 18 the total length of the zig-zag curve. If each tooth projects horizontally 0z = 4/n; and has
vertical height h;, then

o\ ?
ingzag =n;-2 <2> + h? =n;-2 (2/7%')2 + hzz

If n;h; — a > 0, then the zig-zag boundary length satisfies
lim Lyigrae = 2V 4+ a? > 4.
1—00
Thus, in the limit, the region F; converges to D, but the perimeter keeps a positive excess:
P(lim E;) < liminf P(E;).
1—00 1—00
This example again shows lower semicontinuity: the limiting domain loses the additional oscillating boundary

length in the limit.

Theorem 3.2.9 (Compactness Theorem)

If R > 0 and (Ex)ken are sets of finite perimeter in R", with

sup P(E)) < oo,
keN

FE;. C Bp, VkeN,

then one can find a set E of finite perimeter in R™ and a subsequence of (Ey)ken, still denoted by E,
such that

XE, =7 XE» HE;, = UE, E C Bgp.

Definition 3.2.10 (Perimeter minimizer)

Suppose A C R™ is a bounded set and Ey is a set of finite perimeter in R". We say Fy is a perimeter

minimizer in A if
P(Ep; A) < P(E; A)

for every set of finite perimeter E such that E\ A = Ej \ A.
In particular, we say Ey is a perimeter minimizer in R™ if Ey is a perimeter minimizer for any bounded

set A. Y

Proposition 3.2.11 (Compactness of minimizer)

Suppose {Ey} is a sequence of perimeter minimizers in R"™, and assume Ej, converges to E in L%OC(R”).

Then E is also a perimeter minimizer in R™. o

Now, we are ready to state the general existence of minimizers in the following sense.
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3.3 Dimension Reduction and Regularity of Perimeter Minimizers

Proposition 3.2.12 (Existence of minimizers for the Plateau-type problem)

Let A C R" be a bounded set and let Fy be a set of finite perimeter in R™. Then there exists a set of finite

perimeter E such that E\ A = Ey \ A and
P(E) < P(F)

for every F such that F\ A = Ey \ A.

[ )

Remark 3.2.13. For example, given a boundary curve I', which lies on a boundary of a convex domain D. We
can construct a set of finite perimeter E such that 9(0E N ) = I" and it is the one with the minimal perimeter.

The key here is actually the regularity of the boundary of the set of finite perimeter.

3.3 Dimension Reduction and Regularity of Perimeter Minimizers

Theorem 3.3.1

Suppose E is a perimeter minimizer in R""1. We denote V. = |0*E|. Then, we have the following
regularity result: sing||V|| = 0 if n < 6, sing||V'|| is discrete if n. = 7, and H"~ "+ (sing||V||) = 0 for
any § > 0 forn > 8. O

\ J

Theorem 3.3.2 )

Let V be the collection of all the varifolds in the preceding theorem, i.e., the varifolds corresponding to

the perimeter minimizers. Then,
dim(sing(||V||NB1)) <n—T.
In particular, if n = 7, then sing(||V'|| N By) is discrete.

| QJ
Proof We denote F! = {V € V : H!(sing N By) > 0}.
Proposition 3.3.3
For each V € F', there exists C € VarTan(V,z) N F! for H'—a.e. x € sing(||V||) N By. N

Proof Recall that we actually have for H'-a.e. = € sing(||V||) N By, we have
M (sing|[ V]| 0 By (x))

lim sup 7 > 0.
r—0 WnT
This is equivalent to H!(A) > 0 = H. (A) > 0 forany A C R".
We choose 7; — 0 such that
o Hho(sing|VIIN Bru(@)

1—>00 wnré

By taking a subsequence, we can assume (1), ,, )4V converges to C' € VarTan(V, z).

If #. (sing | C||) = 0, then for any & > 0, we can find a covering of sing ||C|| by balls { B, (yj)}521 such

that
o
!
Z sk <e.
=1

Note that sing [|C||NB1(0) is compact, we know sing ||(z,r,) # V|| B1(0) can also be covered by { B, (y;) }324
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3.4 Proof of Bernstein Theorem

for 7 large enough. Thus, we have
Hi (sing [V 0 B, (=)

7
L

<e€

for 7 large enough, which is a contradiction. ¢

Now we apply the above proposition iteratively to obtain a sequence of varifolds {Vk}fzo such that:
1. Vo=V.
2. Viaq € VarTan(Vy, xy) for some xy, € sing(||[Vi||) N B1\S(Vk).
3. dim(S(Vig1)) > dim(S(Vy)) foreach 0 < k < K — 1.
4. H(sing(||Vx||) N B1) > 0 foreach 0 < k < K.
5. Vi = C x R™ where C'\{0} is a smooth immersed cone for some m > 0.
In particular, the last two conditions imply m = [. Now, C' becomes a stable cone with isolated singular point
0 of dimension n — [. By the classification of the stable cones, we know n — [ > 7, and hence [ < n — 7. This
shows dim(sing||V|| N By) <n —T.
In the case n = 7, we have
H(sing | Vic|| N B1) =0

for any o > 0 by the above result.

If sing(||V'|| N By) is not discrete, then we can find z; € sing(||V'||NB1) such that x; — zo € sing(||V||N
By). Now, up to a subsequence, we can assume (73, [z, x| )4V converges to C € VarTan(V,zo) and we
denote £ = lim;_, oo ‘x':i(" # 0. So S(C) contains the line spanned by &. In particular, H (sing(||C||)NBy) >
0 which is a contradiction. Hence, sing(||V'|| N By) is discrete. ¢

3.4 Proof of Bernstein Theorem

Now, we are ready to prove the Bernstein Theorem up to the dimension n < 7.

Theorem 3.4.1
Suppose u is a solution of the minimal surface equation on R™ and n < 7. Then, u is an affine function. v

More analysis on the stationary cones

Recall that the Jacobi operator is defined as
L(p) = Ap + APy
for any smooth function ¢ on the regular part of M. If M™ C R"*! is a stationary cone with isolated singular
point 0, then we can rewrite the Jacobi operator as
0% —10p

_ 7 ¥ s - % 2
L(SO) - 872 + r 87" + (A 90—’_ |AE| )

where 3 = M N S™. This is called the link of the statlonary cone, which is a minimal hypersurface in S™.

So it is important to study the operator A* 4 |Ax|? on the link ¥. Suppose X is not totally geodesic, we
define A1 () to be the first eigenvalue of the operator —A* — |Ax|? by
Vo|? — |As**dE
pEH(T),p70 [ ?d%

Theorem 3.4.2

We have \1(X) < —(n —1).
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3.4 Proof of Bernstein Theorem

We use the following Simons inequality for the link >::
2
[As|A%|As| + [As]' = —=—|V]As|® + (0 - 1)| A5

Now, we directly integrate the inequality over X to get

[ VIS = |asft <~ - 1) [ [45P?
pX b

Using |Ay| as a test function in the Rayleigh quotient gives

_ L IVIAs|? - |4s ] ds

)\1(2) = fz ‘AZ‘Q dx = _(n_ 1)'

Proposition 3.4.3

Suppose o is a smooth function on ¥ achieving the infimum in the definition of A\1(X). If u is a positive
Jacobi field on M, then if we define

Vi(r) ::/Ego(x)u(rx)dz(@
Then
(V(r)r) <0

for Ky = "T*Z = \/7("_42)2 —(n—1).

[
We compute
R T
=TV = 5 [ e@(@%ure) + | AsPu(re) aS(o)
=2V - /E u(re) (A% p(w) + |As () d()
<" . Ly - "7; Yy

where in the last step we used that ¢ is an eigenfunction of the operator —A> — | Ax;|? with eigenvalue \; (X) <
—(n — 1), and that v > 0. The proof is finished by analyzing the resulting ODE inequality.

We consider W (t) = V (t~V/#)t7/8.

Then, we can choose 3 and  such that W (¢) < 0. To see this, we compute

W) = 5t3 72 (VI V(14 8) = 29) + V(Y (- )

So we have
1+B8=2y=7(y—B)=n-1

The choice of v = —k,, and § = 2\/ % — (n — 1) satisfies the above equations, and hence W (¢) < 0.
Sincet = r~% and W (t) = V(r)r"~, this concavity gives the desired monotonicity of V (r)r"" in the r variable.

We are ready to prove the Bernstein Theorem. We need to study the blow-down limit of the graph of w.
This is due to De Giorgi [DG65].
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3.4 Proof of Bernstein Theorem

Theorem 3.4.4

Let u solve the minimal surface equation on R™ for n < 7. Then the blow-down limit of the graph of u is

a density-one hyperplane in R"+1, O

Suppose M is the graph of u. Then it is a minimal hypersurface in R"*!, and it is minimizing area in
R
Let P be the region {(z,y) € R” x R : y < u(x)}. By the previous result, we know P is perimeter

minimizer in R"*!. We consider the blow-down limit of P defined as follows. Define P, := %P. Uptoa

1
loc

The boundary of P, denoted by M., converges to the boundary of P in the varifold sense; denote the limit by
Voo

By the previous regularity result, we know sing || V|| is empty or discrete. If it is empty, then V. is a

subsequence, P, converges to a set P, in L (R"*1). By compactness, P, is a perimeter minimizer in R"*!.

density-one hyperplane in R, If it is discrete, then V, can only have an isolated singular point at the vertex
0, since it is a stationary cone.

Now, we consider P := P, + e;+1. This is again a perimeter minimizer in R™*!, and we have P, C P
Up to a subsequence, P! converges to a set P._, and P, = Py + €,4+1. In particular, P,, C P. . By the
strong maximum principle, we have either P,, = P/, or their boundaries are disjoint. In the first case, we
are done, since V, is translation invariant along e, direction, it can only be a density-one hyperplane in
R™1. In the second case, we know that Vs, + Aep1 is disjoint from V, for any A > 0. Hence, we can
construct a positive Jacobi field w on My, by u := (Vs , ent1) Where Mo, := reg||Vio||. Now, for the function
V(r) =[5 p(z)u(rz)dS(x), we have

V(r) < / o(x) < C

where C'is independent of . On the other hand, we have k7 = 2, and hence

V(1)

vz,

forO0 <r <1,

which implies V' (r) — 400 as r — 0. This contradiction implies X is totally geodesic, and hence M is a

density-one hyperplane in R" "1,

By Allard’s regularity theorem, M, converges smoothly to a minimal hypersurface M, in R"*1,
In particular, if we denote A, to be the second fundamental form of M,., then for any fixed x € M = M,
we have
Ar(g) — Aso(0) = 0

On the other hand, we have

which implies A(x) = 0. Hence, M is flat, so  is an affine function.
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Chapter 4 Regularity and Compactness Theorems

Definition 4.0.1 (Regular and singular sets)

Given a smooth immersed hypersurface M in U (or just a subset of U), for any x € M NU, we say x is
a regular point of M if there exists a number r > 0 such that B"*'(x) C U and M N B (z) can be
written as a union of finitely many smooth, compact, connected, embedded hypersurfaces ¥; in B (x)
such that ¥; N B2 (x) = ;. In general, we redefine M such that each point in M is a regular point
and every regular point of M lies in M.

The (interior) singular set of M is defined by

singM = (M\M)NU.

4.1 Regularity and Compactness Results for Stable Minimal Hypersurfaces

The first result is the generalized Bernstein theorem from Schoen—Simon—Yau.

Theorem 4.1.1 (Schoen—Simon-Yau Bernstein Theorem, [

Suppose M C R"™1 is a complete, stable, minimal hypersurface without boundary and with at most

(intrinsic) Euclidean volume growth. Then, if n < 5, M must be an affine hyperplane. v

Remark 4.1.2. Note that the intrinsic Euclidean volume growth condition is weaker than the extrinsic Euclidean
volume growth condition. This is also a key condition for the Stable Bernstein Theorem without area growth

condition.

Theorem 4.1.3 (Schoen—-Simon Regularity and Compactness, [ )]

Let {M},} be a sequence of embedded, stable, orientable minimal hypersurfaces in By+*(0) with the
following properties:

1. 0 € My, for each k.

2. H"2(singMy,) = 0 for each k.

3. H" (M N Bg(0)) < A for some constant A > 0 independent of k.

Then, up to a subsequence, M}, converges in the varifold sense to a stable minimal hypersurface M in

BSH (0), which is smooth except for a closed singular set of Hausdorff dimension at most n — 7. O

u J

In addition, for n = 7, the singular set is discrete.

Remark 4.1.4. M}, converges to a stable minimal hypersurface M in the varifold sense means that the varifold
| M};| converges to the varifold | M| in the sense of measures of weak limit.
Recall that a closed set S is of Hausdorff dimension at most & if for any £ > 0, we have H*+¢(S) = 0.

Corollary 4.1.5

Suppose M C R™t1 is a complete, stable, embedded minimal hypersurface without boundary and with

at most extrinsic Euclidean volume growth. Then, if n < 6, M must be an affine hyperplane.

[ )

Remark 4.1.6. The dimension n < 6 is sharp, as we already proved that Simons’ cone is stable in R,



4.1 Regularity and Compactness Results for Stable Minimal Hypersurfaces

Bellettini’s work completes the corresponding area-growth statement in the borderline dimension n = 6 for
stable immersions. To state the result in a form that is independent of whether one measures volume intrinsically

or extrinsically, we also record the comparison theorem of Florit—Simon.

Theorem 4.1.7 (Florit—Simon intrinsic—extrinsic area equivalence, [ )]

Let Y% — RN be a complete, connected, smooth minimal immersion, and let p € Y. Define the intrinsic

and extrinsic area densities by

i B (p s Area(X N BEY (p
MRt(E,p) = | zfj )|’ M%t(z,p) — ( = R ( )),

where B5(p) = {x € ¥ : dx(v,p) < R}, and the extrinsic area is counted with multiplicity. Then

MRB(S, p) and MG (S, p) are monotone nondecreasing in R, and
lim MBY(Z, p) = lim MEY(E, p) € [wg, 00,
R—o0 R—oo

where wg = |B]1Rd|. In particular, 2 has bounded intrinsic area density if and only if it has bounded

extrinsic area density; in either case, the immersion is proper. O

Corollary 4.1.8 (Area-growth stable Bernstein for immersions, [

Let 2 < n <6, and let X" — R"* pe a complete, connected, two-sided, stable minimal immersion. If

> has Euclidean area growth, equivalently
|B}%(p)| < AR"™ forsomepe X, A < oo, andall R > 0,

or
Area(¥X N B}l%nﬂ(p)) < AR" forsomep € R"™ A < oo, andall R > 0,

then % is an affine hyperplane. .

Remark 4.1.9. For 2 < n < b5, this is the Schoen—Simon—Yau area-growth stable Bernstein theorem. The
new borderline case is n = 6: Bellettini proves the classification under extrinsic Euclidean area growth, and
Theorem 4.1.7 converts intrinsic area growth into the same extrinsic hypothesis. Thus the area-growth version

of the immersed stable Bernstein theorem is settled in the full sharp range 2 < n < 6.

A natural question is whether the compactness conclusion in Theorem 4.1.3 remains true if we assume
H" 1 (singM},) = 0 instead of H"2(singM},) = 0. The answer is yes, by the following deep result of Wick-

ramasekera.
Theorem 4.1.10 (Wickramasekera’s Regularity Theorem, [ )]
Suppose V; is a sequence of stationary integral n-varifolds in BSH (0) and V; also satisfies the following
conditions:
1. 0 € spt||Vi]|.

2. |[Vil(B5T1(0)) < A for some constant A > 0 independent of i.
3. (Stability) Each V; is stable in B;L'H(O) on its regular set, i.e., for any ¢ € CL(regV;),
[ 1apsami < [ vepam.
regV;

regV;
4. (Alpha-Structural Hypothesis) There exists a € (0, 1) such that for each i, no point of spt||V;|| N
BYH(0) has a neighborhood in which spt||V;| is the union of three or more embedded C*

hypersurfaces-with-boundary meeting only along their common boundary.
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4.1 Regularity and Compactness Results for Stable Minimal Hypersurfaces

Then, up to a subsequence, V; converges in the varifold sense to a stationary integral n-varifold V., in

BYT(0), which is stable and whose singular set in By (0) has Hausdor{f dimension at most n. — 7.

Q

Remark 4.1.11. The theorem is formulated for stationary integral varifolds, so no orientability assumption is
part of the statement. In applications to stable immersions, two-sidedness is imposed separately when one writes
the stability inequality on the regular set.

The next conjecture concerns compactness for stable minimal immersions with singular sets.

Conjecture 4.1.12

The class of branched two-sided stable minimal n-dimensional immersions with the singular set of locally

finite (n — 2)-measure is compact under varifold convergence.

Q

The first result in this direction is the following density-2 regularity theorem.

Theorem 4.1.13 (Density-2 regularity)

Let 5 € (0,1). Suppose My, is a sequence of orientable stable minimal hypersurfaces immersed in
BYT(0) such that:

1. 0 € M.

2. ||Mk\|(B§‘+1(O)) < (3= 9d)wp2™.

3. H"%(singM;,) = 0.

Then, up to a subsequence, Mj. converges in the varifold sense to a stable minimal hypersurface M in

Bg“ (0), which is smooth except for a closed singular set of Hausdor{f dimension at most n — 7.

@J

The general case, with non-optimal singular set dimension, is proved by Hong-Li-Wang [HLW?24].

Theorem 4.1.14 (dimy (singM) < n — 4 + 2 regularity, [

Suppose My, is a sequence of orientable stable minimal hypersurfaces immersed in BSH (0) such that:
1. 0€e Mk.
2. IMll(B3+(0) < A.
3. supy dimy/(singMy) <n—4+ 2.

Then, up to a subsequence, M}, converges in the varifold sense to a stable minimal hypersurface M in

BSH (0), which is smooth except for a closed singular set of Hausdor{f dimension at most n — 7.

(- QJ
Minter—Xiao subsequently proved the optimal non-branched version of this regularity and compactness
theorem.
Theorem 4.1.15 (Minter—Xiao optimal immersed regularity, [ D

Let n > 2. Suppose My, is a sequence of two-sided stable minimal hypersurfaces smoothly and properly
immersed in B} (0) such that:

1. 0€e ]\kafor each k;

2. supy, H™(My N BH(0)) < oo,

3. H"%(singMy) = O for each k, where

singMj, := BT (0) N (My, \ My).
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4.2 Key Steps in the Regularity Proofs

\

Then, after passing to a subsequence, My, converges as varifolds to a stationary integral varifold V in

BI(0). Moreover, there is a relatively closed set
S Cspt ||V nBy(0),  dimy S <n-—7,
such that V is represented on B{‘H(O) \ S by a proper, two-sided, stable minimal immersion, and M),

converges locally smoothly to this immersion away from S. In particular, S = () for 2 < n < 6, while S

is discrete forn = 7.

Q

Remark 4.1.16. The hypothesis %"~ 2(singM},) = 0 is the optimal non-branched assumption. It improves

Theorem 4.1.14, where the non-immersed singular set is required to have Hausdorff dimension strictly smaller

than n — 4 + %. The branch point case is not included here: when the non-immersed singular set has positive

H"2-measure, branch points may occur and the corresponding compactness theory remains a separate problem.

4.2 Key Steps in the Regularity Proofs

Up to a subsequence, we can assume | M| or Vj, converges to V' in the varifold sense. Pick any point

x € spt||V||. We need to analyze the tangent cone of V' at z. There are several cases:

o Hyperplanes. We need to develop a sheeting theorem to show the regularity and smooth convergence.

o Classical Cones. We need a minimum distance theorem (embedded case) or a decomposition theorem
(immersed case) to show the regularity and smooth convergence.

o C x R™ where C is a stable cone with isolated singularity. Classification of stable cones.

o other cones. We need dimension reduction argument to reduce to the previous case.

4.3 Regularity in the Immersed Setting

Theorem 4.3.1 (c-regularity for |A|) .

One of the key ingredients in the proof of Theorem 4.1.14 is the following e-regularity theorem.

Let n > 3. Suppose M™ is a two-sided stable minimal hypersurface immersed in BZH(O) and the
singular set of M satisfies n := dim(singM) < n — 2 — @ Additionally, assume H"™(M N
BH0)) < A for some A € (0,+00). Then, for any a € ("2 min { =02 1}), there exists ¢ =
e(n,n, o, A) € (0,1) such that if

AP <,
By 0)nM

sup A <O / AP
BYH (0)nM B (0)nM
2

for some constant C = C(n,n, A, «).

then

The above result relies on the following weak (intrinsic) Caccioppoli inequality.
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4.3 Regularity in the Immersed Setting

Lemma 4.3.2

For any o € (=2 min {

/ (1 - f) VP <O [ (kv
Mn{u>k} u Mn{u>k}
2 2 AN\ 3
+Ck <(u—k)a +ka)¢, 43.1)
Mn{u>k}

where the constant C = C(n,n, A, o). Here u = |A|“.

n—

2_2, 1}), and any locally Lipschitz function ¢ supported in B§L+1(O), we

have

[ )

We first show that (4.3.1) holds for bounded locally Lipschitz ¢ with compact support in Bf"(0),
vanishing in a neighborhood of singM N B} (0), and for any a € (=2 1).
For such ¢ and «, choose ¢ = (|A|* — k)¢ for k > 0. One checks that ((|A|* — k)*)2 € CY(M) N
VVE)COO (M). Hence we can insert ¢ into the stability inequality.

‘We observe that
1 k
ZA(JA]Y — k)2 = 1-—
SA(A] - k) = a ( y

k
+a | (1—
(e

2
[AJAJA] > S| V]A]* - AL,

) A2 AlAA

)@= 1) +a) lAP2TLAlR

Using Simons’ inequality

we obtain

1
/ Vel* = / o*[ AP VIAIPS + (A" = B2Vl + 5 (VA" = k)%, Vo)
M M,

1
= [ QPAPTIARGR + (A1 — R2ITOP - SAAR - kY

M

k
= [ qar-rpwor- [ a(l— a)|A|2a—2|A|A|A|¢2
M>k M>k ’A‘

k o
Falt-a) (1 ) AP T alPe?

a _ 1.)\2 2
< /M>k((‘A‘ 1)2)|Vo|

2 k
_/ o < + o — 1) (1 _ a) ‘A’2a_2|V‘AH2¢)2 +/ a’A‘2a+2¢2
M n |A’ M,
where M-, denotes M N {|A|* > k}. On the other hand, by stability, we have

[ 9ol = [ 1are = [ apqar - pie
M M M
Now, we write § := o — ”772 > (. Then the stability inequality gives
k
0 e (1 — i
Mey, |A]

< / (A" — 1)) Vo[ + / ol AP AP

M, M,

) A2V 4]

- / AR(JAI — k)22,
M>k
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4.3 Regularity in the Immersed Setting

Now, let u = |A|*. Then,
5/ <1 - k> |Vul?¢? < / (u — k)?|Ve|? +/ we (au® — (u— k)?) ¢°. (4.3.2)
Msy, u M~ M,

(0}

Now we estimate w & (au? — (u —k)?).
27.2

k
ou® — (u—k)?* = —(1—@)(u—kz)2+2ak(u—k)+ak2Sfé +ak2:1 k2.
-« -«
where we used Young’s inequality. By the trivial inequality (z + y)® < 2%(z* + y®) for z,y > 0, a > 0, we
have
us (au2 — (u— k)2) < 2% . @ ((u — k)% + k%> k2.
-«

Substituting this into (4.3.2), we obtain (4.3.1).

To complete the proof, we show by approximation that (4.3.1) holds for any bounded locally Lipschitz ¢

supported in B3(0), assuming o € (”772, min {"%H, 1}). Note that ¢ may be non-zero on the singular set of
M.

We first derive a preliminary estimate on |A|.

Lemma 4.3.3

IfH"2(sing(M) N BY(0)) = 0, then we have |A| € L?(BY(0) N M) and
2

/ AP < Cp?,
MnBy 1 (2)

for any x € B¥(0) and p € (0, 1), where C = C(A).
2

[ )

For each £ > 0, we choose balls { B2 (z;) }Jil such that sing(M) N By (0) ¢ U, B2+ () and

i

SoN 7772 < 2. We choose ¢; to be a non-negative C"' function such that ¢; is supported outside of B2 (x;),

¢; = 1 outside of B;LTJ: 1 (x;),and V(| < 7% Then, we define (. = min;<;<y ;. We insert (. ¢ into the stability

inequality where ¢ is a non-negative locally Lipschitz function with compact support in BZH (0). Then,

/ AP < [ Vo2 [ VeI
MNBYTH0) MnByt(0) MNByTH0)
by Cauchy-Schwarz inequality. Note that

N
VP < 62 / VG2
/MOBZ‘H(O) L (34“(0)); MABEH ()
N

2 n—2 2
< CHﬁbHLoo(BZH(O))Zri < CH(bHLOO(BZJH(O))6

=1

which converges to 0 as € — 0. Then, we have
[ 1ape <z [ |vop.
M M
In particular, it implies |A| € L*(B%2(0)) if we choose ¢ = 1 on B¥"!(0). Now, we choose ¢ supported on
2 2

ngﬂ (x), and equal to 1 on B;’“H (x), with [V¢| < %. Together with the monotonicity formula, we have

1
/ A < 2/ — < Cp" 2,
MnByt (2) MnBy I (@)\ByH (z) P

for some C' = C(A).

The remaining part is similar to the proof of the previous lemma. Based on the assumption of 2 and «a, we
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4.3 Regularity in the Immersed Setting

know H"~?72%(sing M) = 0. Therefore, for any & > 0, there exist B}, (1), B (22), - -, B (an) with
xT; € B’Z‘“( 0)and 0 < 71; < Z for each 1 < 4 < N, such that
: N N
singM N By (0) € | B (2i), and ) TP <e (4.3.3)
i=1 i=1
We choose (; and (. as in the proof of Lemma 4.3.3. For any locally Lipschitz ¢ with compact support in
BQH(O), (- vanishes near sing M, allowing us to use (4.3.1) with (. ¢ in place of ¢. Thus, we have

/ (1 - ’“) V228
M~y u

<c [ @-rpevep o [

M, M
by the Cauchy-Schwarz inequality.
For the first two terms on the right-hand side of (4.3.4), since | A|?* and | A|? are integrable in B (0) N M
by Lemma 4.3.3, we can let ¢ — 07, leading to

C (u — k)*|Vo|? + Ck:2/

Mg Mg

((u —k)a + k%) Co*+C [ (u—k)?|VC¢% (4.3.4)

M,

((w—k)2 + k) o2
Then, we need to show
lim (u — k)?|V¢ 2 0? = 0.

e=0" S,

Applying Lemma 4.3.3, (4.3.3), and Hdélder inequality, we obtain

/ (u— BV 22
M>k

2a 2
<ZH¢HMBM L ARG

ﬁBri (xz)
N a
< |6 2 a
S ) ; (/MnB;Liﬂ(:pi) A ) (/Mm3”+1 vl )
N N
2 a(n—2) ("‘%)(1_‘1) o 2 n—2—2«a
S CHQSHLOQ(BZ;%J(O));% Ti ' - CH¢H ‘X’(BgH_l(O))Z;ri

S C|’¢Hioo(3g+1(o))5
Hence, letting ¢ — 0, we conclude that (4.3.1) holds for any bounded locally Lipschitz ¢ supported in
BYH0).

Remark 4.3.4. The preceding proof also shows that |Vu|? is integrable in By*'(0) N M and hence u €
Wh2(ByT(0) n M).
We now prove Theorem 4.3.1.
4.3.1 Consider
1 1

1
kl:d<1_2l—1>’ and Rl:i—i_??

for 0 < d < 1. k; increases to d and R; decreases to 1/2 as | — oo. For simplicity, we write ; = M N
n+1
{u>Fk}n BRl (0).
Applying the previous lemma and noting that

L. S
U kipr — 2
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4.3 Regularity in the Immersed Setting

for any w > kj1, we have

1
ol Vul*¢® < C

Mg

/ (u— k) |V
M-,

+d2/ (u—kl)i¢2+d2+i/ ¢2].
M, M,

IV ((u = kir1)o)* < 2/Vul¢® + 2(u — kii1)? Vo,

Using

we obtain

/ IV — kiy1)@)P
M

>ki41

<2lC [/ (u—kl)2|V¢!2+d2/ (u—k,)i¢2+d2+i/ ¢2] .
M, M, M,

Now choose ¢ supported in BI”{ZH(O), with ¢ = 1 on BE:LI (0), |[Vo| < 242, and 0 < ¢ < 1. Together with
the Michael-Simon inequality [MS73]
2n nT72 2
n=2 < C ’v90| )
M

(/.

for a constant C' only depending on n. Then, we have

n—2

(/Qm(u a klﬂ)’?n?) n

< U (u—k)? + d2/ (u— ke + d“iﬁ”(ﬂz)] : 4.3.3)
] 9)

2
Hence, forany 0 < g < — n

Using the fact that when u > k;, we know u — k;_1 > T

211

(w—k)? < [ (uw—k)’ 27 e (u—kyy)nz?
J, fe=m (5

Cl Qn
< zn/ (u—kj—1)n=2
dm_ﬁ Qz 1

where constant C' = C'(n). Note that since = < W’ we can use the above inequality with 5 = 0, 2, and
(4.3.5) to obtain

S <CZ< L + ! + 1 )Sll, (4.3.6)

+1 2771_ 27n_,_ 2n_ 2
dis—2 g i? 0 B2

where
2n
S ::/ (u—ky)n==2.
Q

n

S S - n—2
< Cl< 25) : 4.3.7)
dn-2 dn-2

for some C' = C(n,n, A, «). Iterating (4.3.7), we obtain

Sori1 4(n=2) , n—2yl—1 S1 (m) n? S1 (m)

Tj; S 02+ n + +2l( n ) 02 o < C 2 02 “on_ .
-3

dn72 d n—2
Hence, if we require

Using d < 1, (4.3.6) implies

2n
51 < (eld) n—2
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4.3 Regularity in the Immersed Setting

for some positive £’ only depending on n, 71, d, A, and «, then we have lim;_,, So; 11 = 0. This implies

|A|* < don BY(0).
2

Finally, we need to ensure S1 < (& d)%

Using Lemma 4.3.2 with &k = 0 and a suitable test function, we obtain

/ |Vul? < C u
MNBYTH(0) MnBZTH(0)
2

2

for some C' = C(n, n, A, ). Thus, by Michael-Simon’s inequality, we have

n—2

s, <cC IV (up))? < C uw?=C | A% (4.3.8)
MBI (0) MnBy*T(0) MnBLT(0)

for o supported on B3 (0), equal to 1 on Bf"1(0), and |[V| < 4, where C' = C(n, 7, A, o). Now choose
2

e = (582, where C' is the constant in (4.3.8), and set d = \/% IMQBS—O—I(O) |A]2> € (0,1] by assumption.
n—2
Consequently, S;* < (¢'d)? holds by (4.3.8). For such a choice of d, we know lim;_,, S; = 0, which implies

sup AP <d®=C |AJ?
B717«+1(0)QM MQB;+1(0)0M
2

for some C' = C'(n, 7, A, ). ¢

With this e-regularity theorem, we can prove the following results.

Proposition 4.3.5

Letn > 3, andn < n—4+ %. Suppose M; is a sequence of immersed, two-sided, stable minimal
hypersurfaces in B} (0) with dim(sing(M;) N B} (0)) < 7, and that M; converges (as varifolds) to
q|P N BZH(O)\ as j — oo, where P is a hyperplane and q is a positive integer. Then,

lim  sup  |Ap,|=0.
I Bt (0)nM;
2
Moreover, singM; N BZH(O) = 0 and M; N BZH(O) has exactly q connected components for j large
4 4

enough, and each component of M; N BZH(O) converges smoothly to P in BZH (0) as smooth immer-
4 4

sions. Py

Proof We suppose P = {x,,+1 = 0}.
We claim that

/ ‘Aj‘2a — 0.
MjﬁBQ(O)

We also use the following theorem due to Schoen—Simon [SS81].

Theorem 4.3.6 (Schoen—Simon)

We have the following inequality
Jare < floef - - e’

By the monotonicity formula, we have

lim  sup  |zp4a| =0,
J790 grtt(0)n;

Otherwise, we can find a sequence p; € M, such that \pij] >0 > 0forsome 0 < § < 1. By the
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4.3 Regularity in the Immersed Setting

monotonicity formula, we have
H"(M; 0 B3 (py)) = Co™.
2

Then, we have
g|P 0 B{HH(0)|(Bs(po)) > limsup Vi(Bs (pj)) > C8",
j—00 2
where |po n4+1| > 6, a contradiction.
Now, we choose ¢?,,1e,+1 as a test vector field in the first variation formula where ¢ is a smooth function

supported in By (0). Then, we have

1
/s02|€;+1|2 = -2 /$n+190Vs0 et < 2/@%&1!2 +2/IV90|2\93n+1!2-
So we have

/M (1= (v ens1)?) < 4 / V2 lenl?,

J M;

which goes to zero as 7 — oo. Hence

/ 4,22 >0,
MjﬂBQ(U)

Now, we use Holder’s inequality to get

/ A2 < ( / Aﬂ) (HP(M; () By(0)))' > 0.
M;NB2(0) M;NB2(0)

Now we apply the e-regularity theorem (Theorem 4.3.1) to get
lim sup |Ang; | = 0. (4.3.9)
Jree B’%‘H (0)NM;
Next, let us denote S; = P(sing(M;)) where P is the projection to {x,41 = 0}. Then the projection P gives a
covering map from M;N (BT (0)\S;) xR to (B (0)\S;) x {0}, and the covering degree is g by (4.3.9) for j large
enough. Since BT (0)\S; is4simply connected (4because dim(S;) < n), we know that M; N (BT(0) \ S;) x R
has exactly ¢ connected components, and each component can be written as a graph of a smooth function over
B (0)\S;. By the removable singularity theorem (cf. [DGS65, Sim77]), we know that such a function can be
extended to a smooth function on B which solves the minimal surface equation. Hence, singM;NB" (0) xR =
() and it can be decomposed into ¢ connected components, each of which converges smoothly to B?(O) x {0}

as smooth immersions by standard PDE theory.

We consider a flat cone C in R™*! defined as a union of hyperplanes and half-hyperplanes. Explicitly, we

write
N N»
C:=> pilPl+>_ alHil,
im1 i=1

for {pi}f\gl, {qi}f\fl C N. Here {B}fvzll are distinct hyperplanes and {Hz}f\fl are distinct half-hyperplanes
such that 0 € P; foreach1 < i < N;,0 € H; foreach1 < i < N>, and H; ¢_ P; foreach 1 < ¢ < Nj and
1<j<Ns.
We denote the singular set of C' in the embedded sense as T'(C'), which is precisely defined as:
T(C) := {z € spt||C|| : spt||C|| is not part of a hyperplane near x} .
We denote T, (C) as the T-neighborhood of T'(C) for 7 > 0.
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4.3 Regularity in the Immersed Setting

Proposition 4.3.7

Letn > 3,andn <n—4+ %. Suppose M; is a sequence of smooth, immersed, two-sided stable minimal
hypersurfaces in B} (0) with dim(sing(M;) N BY1(0)) < n, such that M; converge (as varifolds) to
C|(B}1(0)) as j — oo. Then,

lim sup  |Ap;| = 0.

U 3?1 (0)NM;
In particular, C is a sum of hyperplanes with multiplicities, sing M; N B?‘l (0) =0, and M;N Bg"’l (0)

converges smoothly to C in B (0) as immersions with q connected components, where ¢ = ©(||C|, 0).
4

For each fixed 7 > 0, we know that M; N B4 (0) converges smoothly to C|(B5 ™ (0)\T;(C)) as
J — oo by Proposition 4.3.5. For each 7 > 0, by the proof of Proposition 4.3.5, we know
lim | A, > = 0.
3700 J By FH(0)NM;\T-(C)
Now take & = 0, and let ¢ be a nonnegative cutoff function supported in B4 (0), equal to 1 in B{"**(0), with
V| < 4. Applying Lemma 4.3.2 together with the Michael-Simon inequglity [MS73], we have

n—2
2an
/ A, |25 < © / A [22
M;NBY 1 (0) M;NB%TH(0)
2
nea
2 n n+1 nl=a)
<C | A, (H™*(M; N BTH0)) " =, (4.3.10)
M;NB%2TH(0) 3
2

for some C' = C'(n). Note that the stability condition and Lemma 4.3.3 imply that the right-hand side of (4.3.10)
is uniformly bounded. Hence,

2an
sup | Ang; |"=2 < oo.
>0 J M;NBTTL(0)

By Holder’s inequality, we have

2
/ ‘AM7| ¢
M;NT7(C)NBIT(0)
n—2

2

<(/ A |55 ) MM N TH(C) 0 B (0)F,
M;NT7(C)NBIT(0)

By a standard covering argument using the monotonicity formula, we know that
H"(M; N T, (C) N By(0)) < Cr,
for some C' = C'(n, ©(]|C]|,0)) for j large enough. Hence, we have
lim [ Apg,|?* = lim | Ay, |2 < O, 4.3.11)
J=o0 ) Brtl0)nM; J=00 ) B (0)nM; T (C)
for some C' < oo which is independent of 7. Since the left-hand side of (4.3.11) is independent of 7, and 7 is
arbitrary, we obtain

lim | A, |* = 0.
J=o0 J Bt (0)nM;
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4.3 Regularity in the Immersed Setting

Thus, we apply the e-regularity theorem (Theorem 4.3.1) to conclude that

lim  sup A =0,

J7roe B’%l+1 (0)NM;
which implies that each connected component of M; N BZH (0) converges to a hyperplane in the varifold sense.
Furthermore, by Proposition 4.3.5, for j large enough, SQingMj N B(0) is empty, and M; N B}*(0) has
exactly g connected components, each converging smoothly to a hype4rplane in B ’g“ (0). '

We now prove Theorem 4.1.14. By Allard’s compactness theorem (cf. Theorem 3.1.17), we obtain a
stationary integral varifold V in B}*'(0) such that, up to a subsequence, |M;| converges to V' in the varifold
sense. Let S = sing||V|| be the singular point set of V. We need to analyze the tangent cone C of V at

zo € SN BYH0). Indeed, we have the following lemma.
2

Lemma 4.3.8

For any C € VarTan(V, xo) for zo € S N BY(0), we can write C = C' x R"™P for some p > 7.
: o

4.3.8 For any cone C, we write S(C) (the spine of C) to be the linear subspace containing
all z € R™"! such that C is invariant under the translation along the line spanned by x. For any zo € S, we
introduce the notion of iterated tangents of V" at x( as follows. We say a collection of cones {C1,Ca, -+ ,Cn}
is iterated tangents of V' at xq if C is the tangent cone of V' at o, and C4 is the tangent cone of C'; at
z; € sing||C;|\S(C;) for 1 < j < N — 1. Moreover, we can choose iterated tangents satisfying the following
properties:

1. Each C} is not smoothly immersed (i.e., sing||C|| # ().
dim(S(Cj41)) > dim(S(Cj)) foreach j =1,2,--- N — 1.
Cn = C' x RI™(S(CN) where C”\ {0} is a smooth immersed cone after a suitable rotation in R"+?.,

won

&

For each 1 < j < N, we can find a sequence of points {y;} with y, — x0, a sequence of positive real
numbers {ry} with 7, — 07 as k — oo, such that 7, ,, (M},) converges to C; in the sense of varifolds
and the convergence is smooth away from the singular set of C'; by Proposition 4.3.5 and Proposition
4.3.7.
In particular, the fourth condition implies that the smooth immersed part of C'; is stable, and the second condition
implies N is a finite number.

The first three conditions are immediate from properties of tangent cones. The only nontrivial part is the
last condition, which can be proved by induction on j. Suppose we have found y, 74, such that 7y, ., (M)
converges to C; in the sense of varifolds. Then, by the choice of Cj;1, we know there exists pj, such that
Nz;.px (C) converges to Cjy1 in the sense of varifolds. Thus, with 2, = y + rxz; and s, = rppp, we have
Nzp,s, (M) converging to Cj4 1 in the varifold sense.

Now, let us determine the dimension of C’. Note that C'y cannot be a hyperplane by the first condition.

If the dimension of C’ is one, then C'y is the sum of distinct half-hyperplanes with multiplicity. But by
Proposition 4.3.7, we know C'py can only be a sum of hyperplanes with multiplicity, which contradicts the first
condition.

Therefore, we know C’ has dimension at least two. But the fourth condition implies that C” is a smooth
immersed stable cone away from {0}, and hence, C’ has dimension at least 7.
Hence, by the second condition, we obtain dim(C') > n — 7 for any C' € VarTan(V, ), and the lemma

follows.
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4.3 Regularity in the Immersed Setting

Now, we are ready to finish the proof of Theorem 4.1.14.

Theorem 4.3.9

Let V be the collection of all the limit varifolds defined in Theorem 4.1.14. Then,
dim(sing(||V]|NB1)) <n—T.

In particular, if n = 7, then sing(||V'|| N By) is discrete.

Q
Proof We denote F! = {V € V : H!(sing N By) > 0}.
Proposition 4.3.10
For each V € F', there exists C € VarTan(V,z) N F! for H'—a.e. x € sing(||V||) N By. N

Proof Recall that we actually have for H!-a.e. x € sing(||V||) N By, we have
Hi (sing|[V]| N By ()

lim sup 7 > 0.
r—0 wnT
We choose 7; — 0 such that
i etV B @)
1—>00 wWn T

(2

By taking a subsequence, we can assume (1), ,, )V converges to C' € VarTan(V, z).

If #. (sing | C||) = 0, then for any & > 0, we can find a covering of sing || C|| by balls { B, (y7)}521 such

that
oo
!
Z sk <e.
=1

Note that sing [|C||NB1(0) is compact, we know sing ||(7z,r,) # V|| B1(0) can also be covered by { Bs, (y;) }324

for 7 large enough. Thus, we have
HL, (sing V]| N By, (x))

7
T

<e€

for 7 large enough, which is a contradiction. ¢

Now we apply the above proposition iteratively to obtain a sequence of varifolds {Vk}i{:o such that:

1. Vo =V.

2. Viy1 € VarTan(Vy, i) for some xy, € sing(||Vi||) N B1\S(Vk).
3. dim(S(Vi41)) > dim(S(Vy)) foreach 0 < k < K — 1.

4. H'(sing(||Vi||) N By) > 0 foreach0 < k < K.

5. Vg = C x R™ where C\{0} is a smooth immersed cone for some m > 0.
In particular, the last two conditions imply m = [. By Lemma 4.3.8, we know | <n — 7.
In the case n = 7, we have
H(sing | Vic|| N B1) =0

for any o« > 0 by the above result.
If sing(||V'|| N By) is not discrete, then we can find x; € sing(||V'||NB1) such that z; — x¢ € sing(||V'||N

Bi). Now, up to a subsequence, we can assume (7|2, —z,|)#V converges to C' € VarTan(V, zo) and we

denote £ = lim;_, oo % # 0. So S(C) contains the line spanned by &. In particular, H' (sing(||C||)NBy) >
J
0 which is a contradiction. Hence, sing(||V|| N By) is discrete. ¢
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4.4 Bellettini’s Sheeting Theorem and Schoen—Simon Regularity

Theorem 4.4.1

Suppose M is a properly immersed, two-sided, stable minimal hypersurface in BZH(O) with
H"2(sing(M)) < oo and

H™(M N ByT(0)) < A.

Then there exists € = £(n, A) > 0 such that if

/ dist(z, P)*dH" < ¢
MnBYTH(0)

for P = {x, 41 = 0}, then 7 : MNBP(0) x R\7n~1(X) — B}(0)\X is a smooth projection map, where
Y is the projection of sing(M ) to P in B}(0).
In particular, if H"2(sing(M)) = 0, then ¥ = () and M N B?(0) x R is a union of minimal graphs

B1(0).
\ over B7(0) O

Theorem 4.4.2 (c-regularity for the tilt)

Suppose M is a properly immersed, two-sided, stable minimal hypersurface in BZH(O) with
H"2(sing(M)) < oo and

H™(M N ByT(0)) < A.
Then, there exists ¢ = e(n, ) > 0 such that if

/ |Zny1PdH™ <€,
MnBYTH(0)

4

) 4+n
g(l‘) =© (/MOBQ(O)Q (m)> ‘

Here, g(z) = \/1 — (v - en41)? where v is the unit normal vector of M.

then

@)
Geometric meaning of g.
Definition 4.4.3 (Tilt excess)
The tilt excess of M in B"1(0) with respect to P = {x,, 11 = 0} is
Ey(r,P) := r—"/ |T M — P|?dH".
MNBr1(0) &

For the codimensional one case, one can use |V — ep41||V + e,+1] as the distance between T, M and P.
We have

[ TeM = PI? = v — ep1 Plv + enia | = 4(1 = (v - en1)?) = 49°.

This agrees with the standard definition of tilt excess up to a constant multiple.
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4.4 Bellettini’s Sheeting Theorem and Schoen—Simon Regularity

Lemma 4.4.4

For any k € [0, 5

, %] we have

1 k
o Vgl (1 - —) ¢ < / (9= k)*IVel*
{g>k} 9 {g>k}

for any Lipschitz function ¢ supported in By*(0).
2

Proof Choose (g — k)t ¢ as a test function in the stability inequality, together with

Vg|?
By =170 4 AP - g

and
Vgl> _n—1
1-¢2~ n

AP,

we can finish the proof for this lemma for the ¢» with compact support in the regular part of M. The general case
can be obtained by a standard cut-off argument near the singular set of M.

The proof for e-regularity theorem for the tilt is similar to the proof of the previous e-regularity theorem
for | A|, as we only need to repeat the de Giorgi iteration process.

The proof of the sheeting theorem is as follows.

Note that by the Ist variation formula, (by choosing X = ¢%x,,1e,+1) we have
6 <4 lenaiver
So
2 2
/ g <C | |zpu|” <Ce
B Bu

Then, given any 0 > 0, we can choose ¢ small enough such that g < § in B} x R Nreg(M) by the e-
regularity theorem for the tilt. In particular, each small regular region of A N BT x R can be written as a graph
over a domain in P with small gradient. Then, by the connectedness of M N Bf* x R away from the singular
set, we know M N B x R\7~!(X) can be written as a graph of smooth multiple valued function (locally, it is
the union of smooth graphs) over B}\ Y. This can be viewed as a covering map from M N B} x R\7~}(¥) to
B\X.

In addition, if H"~2(sing(M)) = 0, then B\ is simply connected. So the covering map is trivial, and
hence M N B} x R is a union of minimal graphs over B} (0)\X. Again by the removable singularity theorem,
each graph can be extended to a smooth minimal graph over B} (0). ¢

Theorem 4.4.5 (Schoen—Simon Regularity and Compactness, [ )]

Let { My} be a sequence of embedded, stable, orientable minimal hypersurfaces in By (0) with the
following properties:

1. 0 € M, for each k.

2. H"2(singMy,) = 0 for each k.

3. || My || (B51(0)) < A for some constant A > 0 independent of k.
Then, up to a subsequence, Mj. converges in the varifold sense to a stable minimal hypersurface M in

BS'H (0), which is smooth except for a closed singular set of Hausdor{f dimension at most n — 7.

@)

Proof By Allard’s compactness theorem, up to a subsequence we have |M;| — V in the varifold sense.

Let S = sing||V|| be the embedded singular point set of V. By Federer’s dimension-reduction argument,
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4.4 Bellettini’s Sheeting Theorem and Schoen—Simon Regularity

it suffices to prove the following lemma.

Lemma 4.4.6

For any C € VarTan(V, z¢) for zo € S N BY1(0), we can write C = C' x R"™? for some p > T.
: L

The proof of this lemma is similar to that of Lemma 4.3.8. We construct the iterated tangents of 1/ at
zg € Sas {C1,---,Cn} with the following:
1. zj € sing||C;||\S(C}) foreach 1 < j < N — 1 and Cj4; € VarTan(C}, z;).
2. Each C| is not smoothly embedded (i.e., sing||C;|| # 0).
3. dim(S(Cj41)) > dim(S(C)) foreach j =1,2,--- , N — 1.
4. Cy = C" x RI™S(CN)) where C\ {0} is a smooth embedded cone after a suitable rotation in R"*+?,
5. Foreach 1 < j < N, we can find a sequence of points {y;} with y — x¢, a sequence of positive real
numbers {ry} with r, — 0T as k — oo, such that 1, , (M},) converges to C; in the sense of varifolds
and the convergence is smooth away from the singular set of C; by sheeting theorem.
We need to show that C’ has dimension at least 7. If the dimension of C’ is one, then Cj is the sum of distinct
half-hyperplanes with multiplicity.
For simplicity, we denote
Ny
Cy= Zqi{(coseir, sin@;r,y):r >0,y € R"1},
i=1
We denote M), = Nys,ri. (M},). By the sheeting theorem, for any 7 > 0 and all large k, the set
M 0 By (O\T+(Cy)

decomposes into ¢ = vazll q; connected components. Each component is a smooth graph over the correspond-
ing half-hyperplane in C'y.

Now, for #"!-a.e. point y € R"~' N B'1, Sard’s theorem and "2 (sing M) = 0 imply that M}, N
B? x {y} consists of ¢ embedded curves for large k.

Choose two pieces N1, No C Mk\TT(CN) such that N is a graph over a domain in {(cos ;r,sin 0;r,y) :
r > 7,y € R" 1} and Ny, N are connected by a curve +y as above.

Note that |v(y N {r =7} N N1) —v(yN{r =7} NNa)| > 1|sin(6y — )| for k large enough. So the

integral
1 .
/ |A| > 5\ sin(f; — 62)|.
y{r<7}

Now, we integrate over all such curves v for H"!-a.e. pointy € R* 1 N B{”_l, we have

/ 4] = Cmin6; — 6],

MnB2x Bt 7]

But on the other hand, using Cauchy-Schwarz inequality, we have
1
2

/ |A| < (H"(MkmBz X B{L_l)) / | A2
MpNB2x B~ MynB2x B
<CVT

for some C' = C'(n, A) independent of 7 and k by the monotonicity formula and the stability inequality. Since

N

T is arbitrary, this is a contradiction.
Hence, we know C" has dimension at least 2. But the fifth condition implies that C" is a smooth embedded

stable cone away from {0}, and hence C’ has dimension at least 7.
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4.5 Sketch of Wickramasekera’s Regularity Theorem

Theorem 4.5.1 (Wickramasekera’s Regularity Theorem, [ D
Suppose V; is a sequence of stationary integral n-varifolds in Bg“ (0) and V; also satisfies the following
conditions:
1. 0 € spt||V;]].

2. ||[Vi[(BET(0)) < A for some constant A > 0 independent of i.
3. (Stability) Each V; is stable in By (0) on its regular set, i.e., for any ¢ € CL(regV;),
| iapgavi< [ wepai.
regvi

regV;

4. (Alpha-Structural Hypothesis) There exists o € (0, 1) such that for each i, no point of spt||V;|| N
B(0) has a neighborhood in which spt||V;|| is the union of three or more embedded C*
hypersurfaces-with-boundary meeting only along their common boundary.

Then, up to a subsequence, V; converges in the varifold sense to a stationary integral n-varifold V., in

BYT(0), which is stable and whose singular set in By (0) has Hausdorff dimension at most n — 1. QQ

\ J

We write the class of such varifolds as V,(A).

Theorem 4.5.2 (Sheeting theorem) |

Let V; € Vo (A) such that V; — q|B5(0) x {0} in the varifold sense. Then, for i large enough, we have

q
Vi lpn = 3 lgraphus sl
k=1
with u; < - -+ < u; g and u; i, are smooth functions such that

%’lva(B") <C 9531+1d|MH
1 By

for some constant C = C'(n,a, A) > 0 independent of i.

i i

\

Theorem 4.5.3 (Minimal Distance Theorem)

Suppose C'is a classical cone. There is no sequence of varifolds V; € Vo (A) such that V; — C| Bo(0) iN

the varifold sense. O

\

Remark 4.5.4. Recall that a classical cone
N
C = Z qi| H;|
i=1

where H; are n-dimensional half-hyperplanes in R"*! such that they contains origin and share the same bound-
ary and g; are positive integers.
Sketch of the proof
1. The two theorems are proved simultaneously by induction on the density of planes and cones. Assume
that the sheeting theorem holds for ¢ < go and that the minimal distance theorem holds for ©(C, 0) < qo.
2. Show that minimal distance theorem holds for ©(C,0) < ¢o + 1. It is enough to treat the densities
O(C,0) =q + % and ¢ + 1.
3. Show that the sheeting theorem holds for ¢ = ¢qo + 1.
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4.5 Sketch of Wickramasekera’s Regularity Theorem

4. Dimension reduction argument plus the classification of stable cones implies that the singular set of Vi,

has Hausdorff dimension at most n — 7.
Proof of the minimal distance theorem

1. Assume the sheeting theorem holds for ¢ < go and the minimal distance theorem holds for ©(C, 0) < qo.
Together with dimension reduction, this implies the desired regularity whenever ©(||V||, X) < g for all
X € By(0).

2. Suppose V is sufficiently close to a classical cone C' in the varifold sense and O(||V|[,0) > ©(||C]|,0).
Then, outside neighborhood of the singular set of C, using the sheeting theorem, we can write V" as a
union of smooth graphs over the half-hyperplanes in C'.

3. Establish the L?-estimate for these graphs and key L? improvement in a smaller scale, following Simon’s
cylindrical-singularity argument [Sim93].

4. By iteration, we can obtain the set {O(||V||, X) > O(||C]||,0)} is C1*-regular for some a > 0, which
implies V' has classical singularity at 0, which is a contradiction.

Proof of the sheeting theorem

1. Same induction assumption as above.

2. Write V; as a union of Lipschitz graphs w; j, over the plane {x,41 = 0} outside a small bad set.

3. Consider the blow-up class v, which is the limit of F (Vi)_lui,k where E(V;) is the L2-excess of V;.

4. (x) Prove that v = (v) is harmonic.

First, we need a Lipschitz approximation for stationary varifolds.

Theorem 4.5.5 (Almgren’s General Lipschitz Approximation for Stationary Integral Varifolds, [

Fix q € Z>1 and o € (0,1). Then there exists g = €o(n,q,0) € (0,1) such that the following holds.
Let V' be a stationary integral n-varifold in B;‘H (0) such that:

G n+1 1 L_ 1 n 1
() —5 IVI(BE0) <+ g anda— 3 < V(R x BI©)) <+
(i) B2(V) = / LR AV]I(X) < eo

RxB?(0)

Then there exists H"-measurable ¥ C B} (0) such that:
(&) H'(Z) +[[VI(R x ) < C B
(b) there exist Lipschitz functions ui, . ..,uq : B2(0) — R with Lip(u;) < % up < -0 < Uy
L1
sup |uj| < CEG™, and
B%(0)

Vi (Rx (BR0)\ X)) = |graph(u;| gy ons)|-
j=1

Here C = C(n,q,0) € (0,00).

Moreover, we can establish the following estimate

/ S Jugl? + | Dug? < CEA(V).
B.(0) %5

Definition 4.5.6 (Blow-up class)

We consider V; as above such that E2(V§) — 0" and 0; — 1 as i — oco. The above estimate implies that
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4.5 Sketch of Wickramasekera’s Regularity Theorem

Gy, := E~ 'y, satisfies
> k25, (o)) < C-
k

Up to a subsequence, we can find a weak limit function v. The blow-up class B, is the collection of all

such limits. &

Theorem 4.5.7 (Properties of the blow-up class) ~

The blow-up class B, has the following properties:

(BI) B, € W,22(BP(0); RY) N L2(B}(0); RY).

(B2) Ifv € By, then vl < v? < ... <o

(B3) If v € By, then Av, = 0 in B}(0), where v, = ¢~ E?:l v,

(B4) For eachv € By and each z € BY(0), either (34 I) or (134 II) below holds:

(B4 ) (Hardt-Simon inequality [HS79]). For each p € (0,2 (1 — |2])],

1 0 (7 —vg(2) 2 2
E R*™m ( z ) dz < C’p_”_Q/ v — Ly | dz,
= /;/2(2) OR, ( R, ) Bg(z)‘ |

where R, (%) = |z—2|, by2(z) = va(2)+Dva(2)-(x—2), andv—Ly , = (V' =Ly 2, ..., 01—y ).
(B4 II) There exists 0 = o(z) € (0,1 — |z|] such that Av = 0 in B}(z).

(BS5) If v € By, then:
(B5D 0,4(-) = |lv(z + U(-))HZQI(B{L(O)) v(z+0(-)) € By for each z € BY(0) and o € (0, 3(1 —
|2|)] whenever v # 0 in BY(z);
(B5 1) v o y € B, for each orthogonal rotation y of R";
(BS 1) ||v — &HZ%(B?(O))(U — {,) € By whenever v — {,, # 0 in B{'(0), where {,,(x) = v,(0) +
Dv,(0) -z forz € R" and v — ¢, = (vl — Ly, .., —EU).

(B6) If {vi}32, C By, then there exists a subsequence {k'} of {k} and a function v € By such that
v — v locally in L*(B}(0)) and locally weakly in W12(B}(0)).

(B7) If v € By is such that for each j = 1,...,q, there exist linear maps Lj, Lg : R" — R with
v (22, y) = L{(wz,y) ifx? > 0,0/ (22, y) = Lg(xz,y) ifz? <0, and L{(O, y) = L5(0,y) for all
1 <3,k <qandy € R" !, where (x2,y) are coordinates on R", then v = v? = ... =09 = L

for some linear map L : R" — R.

(B1) This a consequence of the definition of the blow-up class.

(B2) This is based on uy < up.11.

(B3) This is from the stationary property of V;.

(B5) We can consider a new sequence V; = (1,,)4Vi, where its blow-up limit is 0, ,. Similarly, we can
consider V/ = ~4Vj, where its blow-up limit is v o . Finally, the last property is from the rotation
involving direction e, 1.

(B6) This follows from the compactness of the blow-up sequence.

(B4) This is one of the key properties of the blow-up class, and the place that stable condition is used. The
idea is, either we have good density points accumulating at a given point, which implies the Hardt—Simon
inequality. Or we have a density gap, which by our induction assumption, implies that v is harmonic.

(B7) This is the most technical part of the proof. It rules out the possibility that a blow-up class contains the
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singular model of a classical cone.

Theorem 4.5.8

For any v € By, we have v is smooth and harmonic.

This proof is similar to the classical dimensional reduction argument.

We define the “singular set” of v as the set of points = € B} (0) such that 541 holds.

First, we can study homogeneous degree-one functions in the blow-up class, namely tangent functions of
a given function.
Claim. Each homogeneous 1 function in the blow-up class is a linear function.

Next, we can show that the ”singular set” is empty by the dimensional reduction argument.

After proving the blow-up class are all smooth and harmonic, we can show the sheeting theorem holds by
using the standard regularity argument.
Proof of the property 57

Suppose v € By is such that for each j = 1,..., ¢, we can write

vj(xl,y) = Mz ifz; > 0, and Uj(acl,y) =l ifx <0,

for some M, 7 € R.

We define the cone C', as the union of the graphs of the functions EiAj x1 for x1 > 0 and EZ Wy for
1 < 0.

We can define the fine excess E(V;) as follows:

E(V) = / (X, Cy)d|[Vi]|(X).
Rx B7(0)

Clearly, we have E(V;) < E(V;). But we expect that £(V;) is much smaller than £(V;).
Indeed, we can establish the following under suitable assumptions.

lim E~Y(V;)E(V;) = 0.
By the sheeting theorem, we can write V; as a union of smooth graphs over the cones C; for |z1| > o.
Now, we define h; and w; the vector valued function such that
q q
Vi=Y |+ ENay |+ jw! + Byl
j=1 J=1

and we expect that h{ and wf much smaller than E.
Establish the key L>-estimate for h?, w’

Such estimate containst the following

| X2 Lo d}(X,spt]|Cjl)) ro
+ les | + < CE:.
/ ’X|n+2 Q;H J |X|n+2 m i

We can also establish the uniform bound for E‘l(V;)hg and B! (Vl)wf and obtain the limit function A

and w. Such limit is called the fine blow-up limit.

Theorem 4.5.9

For the fine blow-up limit h and w, we know h,w are at least C* up to the boundary.

This relies on the key L? esimate using the fine excess.
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4.5 Sketch of Wickramasekera’s Regularity Theorem

First, we need to show the C%* estimate for h,w. We need to use the L?-estimate to finish the proof.

Now, we need to show the C*“ estimate for h,w. This is based on the stationary property of V; and the
definition of the blow-ups, and the properties of harmonic functions.

Note that each h, w are all harmonic in its interior, which is a consequence of the stationary property of V;
and definition of the blow-ups.

The key is actually the smoothness up to the boundary.

Improvement of the fine excess at a smaller scale

Using the properties of the fine blow-up limit, we can improve the fine excess at a smaller scale as follows.

Under suitable assumptions, with £(V;) small enough, £~ (V;)E(V;) is small enough, we can find a new
cone C', such that if we apply a rotation, a scaling to the original varifold V;, we can obtain a new varifold V/,
such that the fine excess of V; with respect to C, is much smaller than the fine excess of V; with respect to C;.
One can think of this as follows. Under suitable assumptions, if one zooms in the original varifold V;, it will
look closer to a new cone C',.
Iterative process

If such steps can be done infinitely many times for a given varifold V;, we can obtain a limit cone C; .
Note that the difference between C; ;. and C; ;.41 is much smaller than the difference between C); ;, and the plane
{zn+1 = 0}, because the fine excess is much smaller than the original excess. Hence C';  is still a classical
cone. These steps also imply that we can find varifolds V; , which converge to C; « in the varifold sense.

This is a contradiction to the minimal distance theorem.
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Chapter S Stable Bernstein Theorems

The classical Bernstein theorem asks when an entire minimal graph in R”*! must be affine. From the
variational point of view, an entire minimal graph is automatically stable, so a natural strengthening is to ask
whether one can replace the graph assumption by stability alone. This leads to the stable Bernstein problem:
classify complete stable minimal hypersurfaces in Euclidean space.

The statement below is the form relevant to the recent theory of stable immersions. The simply connected
assumption rules out possible topological complications coming from immersions, while the two-sided assump-

tion allows one to write the stability inequality with a globally defined normal field.

Conjecture 5.0.1 (Stable Bernstein conjecture)

Given 2 < n < 6, suppose M"™ — R"t1 is a complete, two-sided, simply connected, stable minimal

immersion. Then M is an affine hyperplane.

Q

Remark 5.0.2. Recall that Simons’ cone
C .= {x%—kx%%—m%—kxi :x§+x%+$$+aj§}
is a stable minimal hypersurface in R®. Thus the dimension range in the conjecture is sharp: the analogous
statement is false forn > 7.
Here are some landmarks in the history of the problem.
1. Indimension n = 2, do Carmo—Peng [dCP79], Fischer—Colbrie—Schoen [FCS80], and Pogorelov [Pog81]
proved the stable Bernstein theorem.

2. Schoen—Simon—Yau [SSY75] proved the result for 2 < n < 5 under an area-growth hypothesis. A key
step in their proof is an L” curvature estimate of the form

/yAEFP u?Pdy < ﬁvuﬁp s

f0r2p<4+\/§.

. Schoen—Simon [SS81] proved the corresponding classification for properly embedded stable minimal

(98]

hypersurfaces with area growth.

4. Chodosh-Li [CL24] proved the case n = 3. Other approaches to this dimension were later given by
Chodosh-Li [CL23] and by Catino—Mastrolia—Roncoroni [CMR24].

5. Chodosh-Li—Minter—Stryker [CLMS25] proved the case n = 4, and Mazet [Maz24] proved the case
n =>9.

6. Cabré—Catino—Mari—Mastrolia—Roncoroni gave a Green-kernel proof of the n = 3 case and proved a
sharp gradient estimate for Green kernels under spectral Ricci bounds [CCM™26].

7. The case n = 6 under an area-growth hypothesis follows from Bellettini [Bel25], together with the
intrinsic—extrinsic area equivalence of Florit—-Simon [FS26]; see Corollary 4.1.8. The unconditional
n = 6 case is not addressed by these area-growth arguments and remains open. A main difficulty is
that the present p-bubble and spectral-Ricci volume-control methods do not yet seem strong enough to

produce the needed area-growth input in this borderline dimension.



5.1 Stable Bernstein in Dimension Two

5.1 Stable Bernstein in Dimension Two

Let M be a complete, stable minimal surface in R3. Then M is a plane.

Q

The proof presented here is based on the method of Fischer—Colbrie and Schoen [FCS80]. The argument
has three main ingredients:
1. Properties of the Schrodinger operator —A + ¢, or equivalently of the equation (A —g)g = 0, on complete
Riemannian manifolds.
2. Properties of the operator A — aK on conformal metrics on the disc, where K is the Gauss curvature
function and a is a constant.
3. Classification of the topology of stable minimal surfaces in 3-manifolds with non-negative scalar curva-

ture.

5.1.1 Properties of differential operators on complete Riemannian manifolds

Let (M, g) be a complete n-dimensional Riemannian manifold, and let ¢ be a smooth function on M. For
any bounded domain D C M with smooth boundary, we denote by A\ (D) < Ao(D) < A3(D) < --- the
Dirichlet eigenvalues of the Schrodinger operator —A + g on D, where A is the Laplace—Beltrami operator
with respect to the metric g. Thus A;(D) is the bottom of the quadratic form associated with the equation
(A — q)g = 0. The standard variational characterization of the first eigenvalue is given by

A1(D) = inf {/ (\nyg +qf?*) dvoly : spt f C D7/ f2dvol, = 1}, (5.1.1)
D D

where |V f|, denotes the norm of the gradient of f with respect to the metric g, and dvol, is the volume form

induced by g. The following is a fundamental property:

If D, D' are connected domains in M with D C D', then \1(D) > \(D’). Moreover, if D'\ D # {,

then )\1(D) > )\1(D/). a

We now state the main result of this section.
:
The following conditions are equivalent:
(i) A\ (D) > 0 for every bounded domain D C M;
(ii)) A\1(D) > 0 for every bounded domain D C M,
(iii) there exists a positive function g satisfying the equation Ag — qg = 0 on M.

@l

(i) = (ii). This is a consequence of Lemma 5.1.2 since, for any bounded domain D C M and any point
xo € M we can choose R large enough so that the ball Br(zg) = {z € M : dist(x,z9) < R} satisfies
Br(7o) \ D # () and we have \;(Bg(xo)) > 0 by hypothesis.

(ii) = (iii). To prove the existence of a positive solution g of Ag — qg = 0 we fix a point g € M. For
each R > 0 we consider the problem
Au—gqu=0 on Bgr(xp),
u=1 on 0Br(zp).
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5.1 Stable Bernstein in Dimension Two

Since A1 (BRr(xo)) > 0, the Fredholm alternative thus implies the existence of the above problem.

We now prove that u > 0 on Bg(zg). It follows from the strong maximum principle that if v > 0 on
Bpg(z0), then u > 0 on Br(x). Suppose now that Q@ = {z € Bgr(zg) : u(xz) < 0} # (). Hence 2 C Bpr(xo)
is a bounded domain and thus, by Lemma 5.1.2, A\1(£2) > 0. Since Au — gu = 0 on  and © = 0 on 02, we
would have u = 0 in © contradicting the unique continuation property. We have shown that v > 0 on Br(xg).

We now set gr(x) = u(zo) tu(z) for v € M. We have seen that gp, satisfies

Agr — qgr = 0 on Bg(zo), gr(z0) =1, gr > 0 on Bg(o).
From the Harnack inequality, it follows that on any ball B, (), there is a constant C' depending only on o and
M (independent of R) such that, for R > 20
gr < C on B,(x).
It now follows from standard elliptic theory that all derivatives of g are bounded uniformly (independent of
) on compact subsets of M. We may therefore choose a sequence I?; — oo so that gr, converges along with
its derivatives on any compact subset of A, and by taking a diagonal sequence we can arrange that g, along
with its derivatives, converges uniformly on compact subsets of M to a function g satisfying Ag — qg = 0 and
g(zp) = 1. Since g is not identically zero and g > 0 the strict maximum principle implies that g > 0. This
finishes the proof that (ii) = (iii).
(iii) = (1). If g > 0 satisfies Ag — qg = 0 on M we define a new function w = log g. We now calculate
Aw = q — |Vw|? (5.1.2)
Let f be any function with compact support on M. Multiplying (5.1.2) by f? and integrating by parts, we obtain
— / qf? dvol + / |Vwl|? f2 dvol = 2/ f(Vf, Vw) dvol.
M M M
Applying the Schwarz inequality and the arithmetic-geometric mean inequality we have
2/f(Vf, V)| <2/f|IVIVw] < FAVwl* + [V

Putting this into the above equation and canceling the terms || ulf 2|Vw|? we obtain

—/ qudvolg/ IV f]? dvol.
M M

If D is any bounded domain and f is any function with support in D we have shown that

/ (\Vf|2 + qf2) dvol > 0.
D
It now follows from (5.1.1) that A1 (D) > 0. This finishes the proof of Theorem 5.1.3.

The last part of the proof actually yields

Corollary 5.1.4

If D C M is any bounded domain, and if there is a function g > 0 in D satisfying Ag — qg = 0, then

(D) = 0. o

5.1.2 The Operator A — a K on Surfaces

Let M be the unit disc in the complex plane endowed with the metric ds? = u(2)|dz|?. We assume ds?
is a complete metric. Let K denote the Gaussian curvature of M and A the metric Laplacian, i.e., Af =
11 (fea + fyy), Where z = z + iy. The well-known formula for K is K = —1Alog ui. We shall prove the

following theorem.
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5.1 Stable Bernstein in Dimension Two

Assume ds? is complete. For a > % there is no positive solution g of Ag — aKg =0 on M.

Remark 5.1.6. This is the key analytic input for determining the conformal type of stable minimal surfaces
in R3. Fischer—Colbrie and Schoen [FCS80] prove the case a = 1, while the method of do Carmo and Peng
[dCP79] gives the stated range a > % For the Poincaré metric on the disc the critical value is %. Under the

additional assumption K < 0, Kawai [Kaw88] proves the corresponding nonexistence result for a > %.

We define a function h by h = 1~'/2. We see from the definition of K that Alogh = K, i.e.,
A |VAP
h h?

=K.
In particular, h satisfies
hAh = Kh? + |Vh|>.
Let D C M be a bounded domain, and let ¢ be a smooth function on M with compact support in D. We now

calculate

| (vt +axicn?) = [ vepit + <v<2,w2>+<2|Vh|2+az<<cm2
= [ 19+ SO i)+ S
-2 hAh+aK(<h) dvol
/M (1vepe + 152w ) + 254w v

g/ C]VC\th—e/ |Vh|?¢? dvol.
M M
So we have

A (D) / (¢h)% dvol < / |V¢[*h? dvol — / |Vh|?¢% dvol. (5.1.3)
M M M
Now define a smooth function (r) for » € R which satisfies

1
((ry=1forr < -R, {(r) =0forr > R,
2 (5.1.4)
¢ > Oforall r, \§|< forallr

If » measures the metric distance to 0, and R is any positive number, then ((r) defines a Lipschitz function on
M with support in Br(0). A standard approximation argument justifies this choice of ¢ in (5.1.3). Then
9 97
272 -
/M |V({]“h* dvol < RQ/M dedy = oo
Putting this into (5.1.3) we have

A1 (Br(0)) /

M
Since /i(2)|dz|? is a complete metric on the disc, ;1 cannot be a constant function. Therefore, |VA|? is not

(Ch)? dvol < % - / |Vh|*¢? dvol. (5.1.5)
M

identically zero on M. Thus, by choosing R sufficiently large in (5.1.5), we conclude that A1 (Bgr(0)) < 0. By
Theorem 5.1.3 this implies that there is no positive solution of Ag —a/K g = 0 on M. This completes the proof
of Theorem 5.1.5.

The next result is an extension of Theorem 5.1.5 with an additional non-negative potential. It follows
directly from Theorem 5.1.3, Theorem 5.1.5, and formula (5.1.1).
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5.1 Stable Bernstein in Dimension Two

Corollary 5.1.7

Let ds* = ju(z)|dz|? be a complete metric on the disc. If a > 1 and P is a non-negative function, then
there is no positive solution g of Ag — aK g+ Pg=0on M.

[ )
5.1.3 Complete Stable Minimal Surfaces in 3-Manifolds
The stability of M is given by the following inequality:
2
/M IVFI> = | Ric(es) + > hi; | 2| dvol >0, (5.1.6)

i,j=1
where f is any function having compact support on M and Ric(e3) is the Ricci curvature of NV in the direction

of e3. We now do the rearrangement described in Schoen—Yau [SY79a]. The Gauss curvature equation says that
K = K3 + hithos — hi,,

where K is the intrinsic Gaussian curvature of M and Kj; is the sectional curvature of [V for the section deter-
mined by e; and e;.

Using minimality and symmetry of h;; we have

2
1 2
K=Kp—35 > hij

ij=1
Inequality (5.1.6) may then be written in the form
12
/ VAP = | S—K+2 Y h3 | 2] dvol >0, (5.1.7)
M 2 £
i,7=1
where S is the scalar curvature of N given by S = 2(K12 + Ki3 + Ko3).

Set
12
— 2
P:=S-K+5 > hj
ij=1
According to (5.1.1), this inequality is equivalent to
M(D;—A—P)>0

for every bounded domain D C M, i.e. to Theorem 5.1.3 with ¢ = —P. The associated equation is given by
the stability operator
2
1 2
A+ S—K—l—z'zlhij . (5.1.8)
1’7]:

We now classify the stable minimal surfaces in three-manifolds of non-negative scalar curvature.

Theorem 5.1.8

Let N be a complete oriented 3-manifold of non-negative scalar curvature. Let M be an oriented complete

stable minimal surface in N. There are two possibilities:
(i) If M is compact, then M is conformally equivalent to the sphere S? or M is a totally geodesic flat
torus T?. If S > 0 on N, then M is conformally equivalent to S>.
(ii) If M is not compact, then M is conformally equivalent to the complex plane C or the cylinder A. If
M is a cylinder and the absolute total curvature of M is finite, then M is flat and totally geodesic.
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5.1 Stable Bernstein in Dimension Two

If the scalar curvature of N is everywhere positive, then M cannot be a cylinder with finite total
curvature.

If the Ricci curvature of N is non-negative, then the assumption of finite total curvature in (ii) can be

removed. Q

Before giving the proof of Theorem 5.1.8 we state the following corollary for the case when NN is R3. This

implies the classical Bernstein theorem [Ber17] for complete minimal graphs in R3.

Corollary 5.1.9

The only complete stable oriented minimal surface in R is the plane. .

In this case the stability operator (5.1.8) becomes A — 2K and by Theorem 5.1.8 we know that M is
conformally either C or A. By Theorem 5.1.3 there is a positive function g on M satistying Ag — 2K g = 0. If
M is conformal to A we may lift g to the universal covering C of A. In either case we have a metric on C with
K < 0 and a positive g satisfying Ag — 2K g = 0. Thus Ag < 0, and g is a positive superharmonic function
on C which must be constant. Therefore K is identically zero and hence Zl j h?j = —2K is identically zero.
Consequently M is a plane.

Remark 5.1.10. Observe that each of the four possibilities of Theorem 5.1.8 does occur. For example, S? x R
has positive scalar curvature and has a stable 52, T2 x R is flat and has a stable 7. We can choose a metric on
C of positive Gaussian curvature and by crossing with R construct a metric of positive scalar curvature on R3

having a stable C. Similarly A x R has a flat metric with a stable A.

5.1.8 Case (i) was observed by Schoen—Yau [SY79a] and follows by choosing f identically
equal to one in inequality (5.1.7) to obtain

1
S+ = h?-) dvolg/ K dvol.
/M < 2 Z ! M

The Gauss-Bonnet theorem now implies that M is the sphere or the torus. In the torus case S = 0 on M. The

stability operator reduces to A — K and its first eigenvalue is

A = inf{/M (IVf|* + K f?) dvol : /M 2= 1}.

Since A1 > 0 by stability and | K dvol = 0 we conclude that A\; = 0 and the constant function f = 1 satisfies
Af — K f = 0 which implies that K = 0.

To prove case (ii), we first show that the universal covering of M is conformally equivalent to C. If this is
not true, then M is covered by the disc. Using stability and Theorem 5.1.3 we have a positive function g on M
satisfying

2
Ag-Kg+ 5453 0 | g=0
i,j=1

Lifting g to the disc we obtain a positive solution of this equation on the disc endowed with a complete metric.
Since S + % Z? =1 hfj > 0, this yields a contradiction by Corollary 5.1.7. Thus we have shown that M is
conformally covered by C and hence M is either conformally equivalent to C or M is conformal to a cylinder
A.

If M is a cylinder, let z = 2 + iy be a complex coordinate for M so that |dz|? is the flat metric on M,
and the given metric on M is ds® = u(z)|dz|?. Fix a point 29 € M and let 7 be the distance from zy taken

with respect to the flat metric. For any R > 0, choose ((r) satisfying (5.1.4). Substituting ¢ for f in (5.1.7) and
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5.1 Stable Bernstein in Dimension Two

using (5.1.4) and the conformal invariance of the Dirichlet integral we have

9 1
= dxdy—/ <S—K+ h§-> f?dvol > 0,
2 . y 5 >N

where Bp(z) is the ball taken with respect to the flat metric. Since |’ Br(z0) dzdy has growth bounded by a
constant times 12 and we are assuming [, | K| dvol < oo we can use the dominated convergence theorem to let

R tend to infinity to achieve
2
1
/ S+5 D hy | dvol < / K dvol.
M =1 M
Recall that the Cohn—Vossen inequality states that if M/ is a complete non-compact surface with finite total

curvature, then [, K dvol < 2mx (M), where x (M) is the Euler characteristic of M. Since M is topologically

a cylinder, we have x (M) = 0. Thus the Cohn—Vossen inequality gives [, K dvol < 0. Since S —1—% > h?j >0

we conclude that M is totally geodesic and S = 0 on M.
Hence the stability operator reduces to A — K. By Theorem 5.1.3 there is a positive function g on M
satisfying Ag — Kg = 0. Set w = log g. Computing we have
Aw =K — |Vuw|*

Choosing ( as above, we multiply by (2 and integrate by parts to get
1
/ |Vw|*¢? dvol = / C*K dvol + 2/ C(V¢, V) < / C*K + ~|Vw|*¢? dvol + 4|V (|2
M M M M 4
The Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality give
1
2/CI{VE, V)| < 3¢ Vwl* + 4 V(]

Therefore,

3
/ |Vw12<2dvolg/ QQKdvol—l—éL/ IV¢|? dvol.
4 M M M

Letting R — oo as above, we conclude that

3/ |Vw|2dvol§/ K dvol.
4 m M

Thus w is constant, so g is constant and we have K = 0.
In case IV has non-negative Ricci curvature, we write the stability operator as A+ Ric(e3)+ ZZZ =1 h?j and
note that the proof that M is totally geodesic now follows as in the previous paragraph (without the assumption

of finite total curvature). From the previous proof we also get that
Ric(es) = K13+ K93 = 0 on M.
Since

Ric(e1) = K12+ K13 >0, Ric(ez) = K12+ Koz > 0,

we have
Ric(eq) + Ric(eg) = 2K312 = 2K > 0.

Thus the Gauss curvature of M is non-negative and, since M is a cylinder, we have K = 0. This completes the

proof of Theorem 5.1.8.
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5.2 Higher-Dimensional Stable Bernstein Theorems

5.2 Higher-Dimensional Stable Bernstein Theorems

We outline the strategy for the unconditional stable Bernstein theorem in dimensions n = 3, 4, 5. The argu-
ment has three main steps: a conformal change producing positive spectral bi-Ricci curvature, the construction
of p-bubbles, and uniform area bounds for these bubbles via spectral Ricci estimates. The conformal and spec-
tral curvature estimates are proved in §5.2.1; the u-bubble reduction is treated in §5.2.2, and the spectral Ricci

estimates are recorded in §5.2.6.

Step 1: Conformal change and spectral bi-Ricci curvature. Let M" — R™! be a complete, two-sided,
stable minimal immersion. Fix 0 € M and write r(z) = |x| for the Euclidean distance from the origin.

Following Schoen—Simon-Yau and the recent stable Bernstein literature, we pass to the conformal metric
g=r"%9, g=¢,
where g is the induced metric. Stability of M yields a spectral inequality for the conformal Laplacian with a

curvature potential. To state it uniformly in dimension, we introduce the bi-Ricci curvature.

Definition 5.2.1 (Bi-Ricci curvature)

Let (N, g) be a Riemannian manifold of dimension m > 2. For orthonormal v, w € T, N, define
BiRic(v, w) := Ric(v, v) + Ric(w, w) — R(v, w, v, w).

As functions on N, we write BiRic and Ric for the minimum over unit directions (with v 1 w for BiRic):

BiRic(p) := v,wlgiﬁpN BiRic(v, w), Ric(p) := veuiq“fN Ric(v,v).
[v|=lw|=1, {(v,w)=0 lv|=1

In dimension m = 3, the bi-Ricci curvature is independent of the chosen orthonormal pair:
1
BiRic(v, w) = §R'
This is why the three-dimensional part of the argument is often stated as a spectral scalar-curvature condition.
We use spectral curvature condition to mean a lower bound for the first eigenvalue of a Schrodinger operator
whose potential is built from one of these curvature quantities. The coefficient depends on the dimension and
on the normalization used in the y-bubble argument.

In the conformal metric § = ~2g, stability gives the concrete inputs needed below: for n = 3,
3

_ 1.
M-A+ZR) > =
! ( 2) =2
by the conformal scalar-curvature computation in §5.2.1, while for n = 4,
A (—A - BiRic) > 1
after the corresponding conformal bi-Ricci normalization.
Thus, after conformal reparametrization, the problem is reduced to studying a manifold with non-negative
spectral bi-Ricci curvature (in dimension three this is precisely non-negative spectral scalar curvature). This

replaces the extrinsic curvature input of the minimal hypersurface by an intrinsic spectral curvature hypothesis
on (M, §).

Step 2: Construction of u-bubbles. The second step is to produce separating hypersurfaces inside a collar of
(M, g) with controlled geometry. These are p-bubbles.
Classically, a soap bubble is a hypersurface of constant mean curvature (CMC) enclosing a prescribed

volume—the archetypal prescribed mean curvature problem. More generally, one studies hypersurfaces whose
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5.2 Higher-Dimensional Stable Bernstein Theorems

mean curvature is a prescribed function of position and geometry; Gromov introduced and systematically used
such constructions in his work on scalar curvature, naming them p-bubbles (the name reflects the measure p
specifying the prescription). In the present setting, one considers a Riemannian manifold (N, g) with boundary
ON = 04N U O_N and seeks a domain 2 C N whose boundary ¥ = 00 \ 0_N (the p-bubble) solves a

variational problem of prescribed mean curvature type: schematically, one minimizes a functional of the form

A(Q):/wd%ml—/whde
P Q

for a weight w (often the first eigenfunction of a suitable operator on /NV) and a carefully chosen function h
determined by the curvature of N. Under the spectral bi-Ricci condition from Step 1, such a minimizer exists
and provides a p-bubble ¥ separating 0_ N from 04 N (Theorem 5.2.8).

In recent years, p-bubbles have become a central tool in positive scalar curvature geometry and have led to
breakthroughs in the classification of manifolds with positive scalar curvature, the resolution of the Riemannian
positive mass theorem in many settings, and the stable Bernstein program in dimensions three through five.
The method is flexible: by choosing the prescription (the u-data and the function h), one encodes the desired

curvature inequality into the Euler—Lagrange equation of the u-bubble.

Step 3: Volume and diameter estimates for u-bubbles. The third step controls the size of each p-bubble .
This is analogous in spirit to the dimension reduction in the Schoen—Yau proof of the positive mass theorem:
one does not work directly on the full ambient manifold, but on a hypersurface of one dimension lower whose
geometry is more rigid.

After Step 2, each u-bubble X is a closed hypersurface in NV (of dimension m — 1) lying in a thin collar
between 0_ N and 0, N. Using the construction and the spectral bi-Ricci hypothesis on N, one shows that 3
itself carries a spectral non-negative Ricci condition: the first eigenvalue of an operator of the form —A* +a Ric
is non-negative for some o € (0, 2) depending on n. One then studies manifolds with spectral non-negative Ricci
curvature by methods similar to Bray’s proof of the Bishop—Gromov comparison: spectral bounds on —A + Ric
imply diameter and volume upper bounds (Theorem 5.2.14 and the discussion in §5.2.6). In particular, each
component of 0€) has area and intrinsic diameter bounded by constants depending only on the spectral bound,

not on the size of the collar.

Conclusion of the proof. Combining Steps 1-3, one obtains separating p-bubbles in long conformal annuli
with uniform g-area and diameter bounds. As explained in the proof of the Euclidean volume-growth estimate

in §5.2.6, these conformal estimates imply
B, (0)]g < Cp"
forevery p > 0. Thus the p-bubble argument supplies the area-growth hypothesis needed for the stable Bernstein

theorems with area growth, and the cited classification results force M to be an affine hyperplane. This completes

the proof sketch; the conformal and spectral bi-Ricci estimates used in Steps 1-3 are proved in §5.2.1.

5.2.1 Conformal change of the metric on minimal hypersurfaces
Let M"™ < R™*! be a complete, two-sided, stable minimal immersion with induced metric g = ©*§. Fix
0 € M and write r(x) = |x|. Throughout we use the conformal metric
g=r"1g, dp=r""dpu, V=r?VM ¢ =ré.
We use the bi-Ricci convention fixed above: BiRic denotes the minimum over orthonormal two-frames,

and in dimension three BiRic = %R.
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5.2 Higher-Dimensional Stable Bernstein Theorems

Theorem 5.2.2 2

Let M™ < R™" pe a complete, two-sided, stable minimal immersion with induced metric g = ™.

Then, the conformal metric § = r2g satisfies

Biltic > 2(—n® 4 6n° —4n —8)

AT 8(n —2)

where A is the conformal Laplacian and BiRic is the conformal bi-Ricci curvature.

Q

Under a general conformal change § = f~2g, we first relate the intrinsic Hessian on M to the ambient

Euclidean Hessian.

Lemma 5.2.3 (Hessian on a hypersurface)

Let M™ C R™"! be a hypersurface with unit normal v, second fundamental form A(X,Y) = (DxY,v),
and ambient connection D. For f € C°°(M) and tangent vector fields X,Y on M,

HessM f(X,Y) == (VEVMF V) = D?f(X,Y) + A(X,Y)(Df,v),

where D f(X,Y) := Dx(Dy f) and VM is the Levi-Civita connection of the induced metric.

[ )

Proof Write the ambient gradient Df = VM f + (D f,v) v, so VM f is the tangential part. By direct compu-

tation,
V¥V f=XY(f) - VXY f=XY(f) — DxY(f) + (DxY,v)(Df,v)
= D’f(X,Y)+ A(X,Y)(Df,v).

For the conformal metric § = e??g, the change of Riemannian curvatures is given by

Rijij = € Rijij — €*°(Tyi + Tj;)

where .
Tij = ViVjp = VipVjp + §|V%0\29ij-
For ¢ = —logr, we have
1 ri? 1
Ty = —VZlogr — |ri|?/r* + §]Vr|2/r2 = —DZ2logr — |7"12| + §|V7‘\2/r2 — Aii(Dr,v)/r
So . .
Ty = —at ri?/r? + §|V7“|2/1“2 — Ai(Dr,v)/r
For the conformal metric § = r~2g with r(z) = |z|, ¢ = — logr, the conformal curvatures satisfy

Ry = ' Rijij
=7 Ryjij — r*(Tii + Tjj)
=1?Rijij — (=2 + |ri|> + |rj|* + |Vr|* = A (rDr,v) — Aj;(rDr,v))
]gf{i/c(él, é2) = r’BiRic(eq, e2) + 2(n — 3) — (2n — 1)|Vr|* — (n — 3)(|r:|* + |r5]%)
+ (n —3)(A11 + Ag2)(rDr,v),

We compute BiRic on M using the Gauss equation.
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Proposition 5.2.4

Let {e1,...,e,} be a local orthonormal frame on a minimal hypersurface M™ C R" . Then

BlRlC 61, 62 Z A Z Ag] — A11A22.
j=2

[ )
Proof Using the Gauss equation, we compute
BiRic(ey, e2) Z Ry + Z Rajo;
n
= Z(AllAu' — AT+ (Andj; — A3)
i=2 j=3
n n
== Ali= DA~ Andx,
i=1 j=2
where the last line follows since tr A = 0 for a minimal hypersurface.
¢
Now, we choose €7 and é5 such that ]gf{i/c(él, é2) takes the minimum value. Then, we have
n n
BiRic = — > A}, =) A5 — AnAg +2(n—3) — (2n — 1)|Vr|> = (n = 3)(Iril* + Ir*)
+ (n — 3)(A11 + Az2)(rDr,v).
Proposition 5.2.5
Forn > 3, we have
2 —_ T —
r2APR > = ((3n —3)— (20— 1)|dr? — BiRic) .
Proof Recall that
n n
DAL+ AL+ Andy |+ (n = 3) (7, ) (An + A)
~ = (5.2.1)

= (4n — 6) — (2n — 1)|dr[2 — (n — 3)(dr(e1)? + dr(e2)?) — BiRic.
Since (#,v) = r dr(v), we use Young’s inequality to obtain
|(n — 3)(&, V) (A1 + Aga)| < (n — 3)dr(v)? +
Combined with (5.2.1) and the fact that
dr(e1)? + dr(ez)? + dr(v)? < 1,

3
r2(Aq + Agp)2

we have

Z AL+ AL+ AnAg + T (A11 + Ag)?

Jj=2

> (3n — 3) — (2n — 1)|dr|? — BiRic.
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Now we compute, using the fact that Tr A = 0,

n—3
A3+ AL 4 A Ay + T(A” + Apy)?

1 -1
= *(Afl + A3y) + nes 1 (A1 + Ag)?

n—1
o(A11 + Ax)? + T(l —0)(Asz + - + Apn)?

= (A21+A 2) +

>
< (; "o ) (at e ag) + PR oy 2

= (1411Jr S+ A2,

where we took

in the last line. Hence, for n > 3, we have

T ZA +ZA £y
=3

Z AT + Z A3+ A Ags + 0 (A1 + Ag)?
: =

> (3n — 3) — (2n — 1)|dr|? — BiRic.
Therefore,

2 __
2 2 >_ 2 o - - 2 pips
PAP > ((3n 3) — (2n — 1)|dr] BlRlC) ,

and the proposition follows. ¢

Proposition 5.2.6

For any ) € C’?’l(N,g), we have
= N n(n —2 n(n —2 n — 2)? _
[vvtanz [ (e -m0m D (202D BB ) g2
N N

Proof Recall that in the conformal metric, we have

dip=r""du and |@f|!2} = 2|V f2

Then the stability inequality for M implies
[omavigdnz [ a2
N N

forany f € C’g’l(N,g). We take

f=r=4%
fory € CSH(N, g). Then
—2 -
Vf=r7 Ve - SR,
SO 9
~ e n—2 n ~
9112 = 2l + 22 2
— (n = 2)rt (V) Vr);
g

=a+b+ec.
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We have
/r”zad/}:/ ]@wlgdﬂ.
N N
Since
7‘_2|@r|§ = |dr|2,
we have

—92)2
/N "2 dji = /N (n—27 . Va2 dp.

Finally, we use integration by parts and the displayed formula for A log r below to compute

Recall that we have the following
Alogr = r?(Alogr — (n —2)r2|Vr[?) = n — nr2|Vr|?
Altogether, we obtain

[vanz [ (ap -2t (H2D o2 ) g2

as desired. ¢

Proposition 5.2.7

For 3 <n <5, we have

2 —— _ 2(-—n®+6n%—4n —8)
BiRic >
e 8(n —2)

in the spectral sense. o

-A+

Proof Combining Proposition 5.2.6 with Proposition 5.2.5, for every ¢ € C ’1(N ,J) we get
~ 2 —_ —
/ <|w|§ + BiRic¢2> dpn > / (Co + Cildr?) ¢ dja,
N N

n—2
where (3n-3) n(n—2) (2n-1) -2 (n—2?
2(3n — 3 nin — 2 2(2n — 1 nin —2 n—2
== ~— 5 G Tt

Since 0 < |alr|2 < 1land C; <0for3 <n <5, the right-hand side is bounded from below by
2(—n3 +6n% —4n — 8)
8(n — 2) )
This proves the claimed spectral lower bound. ¢

Co+Cr =
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5.2.2 Construction of the ;-Bubble

Theorem 5.2.8

Suppose (N", g), 3 < n < 4, is a compact manifold with boundary ON = 0; N U O_N. Assume that

there are O < a < 2 and a positive smooth function w such that

—aANw + BiRicy w > w.

Suppose that the distance between O— N and 0+ N is bounded below by 5m. Then one can find a smooth
w-bubble Y separating O— N from O+ N such that, for every ) € C°(X),

4 2 02 1 . 2
E/ZW Y| Z/E<§—Rlcz>¢-

Equivalently, in the spectral sense,
4

—a

A¥ + Ricy, >

N =

@)

The constant 1 is only a normalization and can be replaced by any positive constant after rescaling the

metric.

5.2.3 Second variation of weighted area functional

Lemma 5.2.9

The minimizer to the following functional

A(Q) = / wdH™ ' — / hwdH",
o0 Q

satisfies the following equation

1 1 1
/ w ‘VE¢|2 + §R2¢2w — pATw — Ew_l <VNw, I/>2 P — / ¢2(—ANw + §RNw)
b b

—/E [(]5211) (VNh,v) + %h%ﬁw] > 0.

for any smooth function ¢ on X. o

Given a domain 2 in IV, we do a variation €2, under vector field V and denote ¥; = 9Q2;\0_N and ¥ = %.
We choose V' such that Vi,V = 0 and V' = ¢v along X.. (Note that in general, we do not have V' L 3, for every

t.)

Lemma 5.2.10

The following first and second variation formulas hold:

A = / o [<VNw, 1/> +wH — wh] , Recall that H = Z (Ve,é€i, )
3 =1

A — /E¢2(AN7~U ~ AZw) +/Ew (}V2¢\2 — (|A2\2 + Ric(v,v)) ¢2>
- /2 (¢*h (VNw,v) + ¢*w (Vh,v)).
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The first variation is straightforward.

Al = / (VNw, V) — wdiv(V) — hw (V, v) dH
b

— / (VNw, V) + wdiv(VT) + wH (V,v) — hw (V,v) dH"
b
Hence, the stationary gives us the formula
H=h—w! <VNw,1/>
For the derivative of |, 5 W div®(VT) dH™ ', we rewrite it using integration by parts as
— / <V2w, VT> .
X
After differentiating,
/ (VZw, Vy(VT)) = / (VZw, pVyv)
where we have used Vi,V = 0. Note that we have
(Vv e) = — (1, Vve) = — (1, Ve, (¢v)) = —ei(¢) = Vyv=-V"¢
Then, the derivative of [y, (V=w, ¢Vyv) is
/ (VZw, pVyv) = / —{(VZw,V¥¢) ¢
b pX
Now, we can compute the second variation. Note that we can use V (V, v) = 0.

= / $*HessNw(v,v) — ¢ <V2w, VZ¢> — ¢? <VNw, 1/> H
b

- / w (A% + (A + Ric(v, v))6) — / (62 (VNw, v) + 62w (VVh,v)).
For the Hessian% we have ”
HessVw(v,v) = div] (VNw) — div*(VNw) = AVw — A%w — div*({(VVNw, v) v
= ANw — A%w + (VNw,v) H
using integration by parts, we have
A= [ AV =A%) 0 (T50P = (AP + Ricy (.))67)
- /E (*h (VNw,v) + ¢*w (VN h,v)).

This is the weighted-area second variation formula used below.

5.2.4 Properties of the minimizer

Proposition 5.2.11

Suppose () is the minimizer to A. Assume that the weight is W = w?®, where 0 < a < 2, w > 0, and

—aANw + BiRicy w > w.
We also assume that the function h satisfies the following condition:

14 h% —2|VVh| > 0.

Lt
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We can also write it as A

A” + Rics, >
4 —a

N

)

Suppose €2 is the minimizer to .A. In the spectral bi-Ricci application the weight in the functional is

W = w?,

and we consider
b =W 21h = w 2eh.
Then .
V3¢ = W3VSy — 5W—%WE log W.

Hence

1

/ WIVEe|? = / V) + ZWWE log W|? — 1 (V¥, V¥ log W) .
by b
The first variation gives
H=h- <VNlogVV,V> = h—a<VNlogw,1/>.
Put
v = <VN log w, u>.

Then H = h — av, and hence . 1 )
ahv = §h2 + ~a*0?® — ZH?.

2 2
We also need to compare the ambient and intrinsic Laplacians of the weight W = w®. Along 3.,
AW A
W= ww +a(a —1)|V¥logw|?,
ANW AN
ikl ww +a(a—1) (Nzlogw|2+1)2) :

Thus

ANW  AEW <ANw AZw
— =a —

W W >+a(a—1)v2.

w w

Since X is stable for the weighted functional, the second variation formula with weight W gives, after moving

the potential terms to the right-hand side,

/ W (|[V¥¢]* — aw™ ' A%w ¢?)
%

AN 1 1
> / Y2 <—a Yy |A|> + Ricy (v, v) — —H?> 4+ ~h? + <VNh, 1/>>
» w 2 2
L a2=9) / W2, (5.2.2)
2 s

The final term is obtained by combining the Laplacian comparison contribution —a(a — 1)v? with the ahv term.
Since 0 < a < 2, it is nonnegative and can be discarded.
It remains to estimate the left-hand side of (5.2.2). After substituting ¢ = w~24p, it becomes

2
/ (VEY|? + ar) <V2¢, v= logw) — (a - 1) V2|V log w|?,
s
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and Young’s inequality with ¢ = (4 — a)~! gives the estimate. Therefore,
4
[ W (9% —aw 8% ) < o [ 950,
> 4—a s
Combining this estimate with (5.2.2) and the spectral inequality —aA™Nw + BiRicyw > w gives

! 1
/ VEy|? > / p? <1 — BiRicy + |A]* + Ricy (v, v) — H2)
4—a » > 92

+ /Eap? <;h2 + <th,u>> .

Now, we need to use |A|> + Ricy (v, ) to bound BiRic)y.

We have the following inequality:
—n

6
|A|2 4 Ricy (v, v) > BiRicy — Ricy + H?

Remark 5.2.13. This is the extension of the usual Schoen—Yau trick. Recall that we have (for n = 3)

1 1 1 1 1 1 3
AP +Ri =_-Ry—-Ry+-|A?+-H*> Ry — =Ry + - H”.
|A|* + Ricy (v, v) 5 N 22+2\|+2 25BN —SRs+
This is exactly the same as the inequality in the lemma.

Proof” Suppose e; € T, is a unit direction where Ricy, attains its minimum. Using the Gauss equation, we
have

Rics(e1,e1) = ZRMM

n—1 n—1
= Z Rifyi+ Au ) A= AT
=2 1=2 1=2

Note that we have
n—1

A Y A= — A} + AnH =-A}, ~H) Ay + H’
- i—2

2
AL - () (1)
=2

n—1 6
> - AL+
i=1

By the choice of ej, Ricy; = Ricx(e1, e1). Hence, we have

v

n—1
Ricy + Ricy (v, v) > Z RY,; + Riey(v,v) — |A]? +
=2

6;H2

6—n

> BiRicy — |A]> + H?.

Equivalently,

6 —
|A|*> 4+ Ricy (v, ) > BiRicy — Ricy + H?,

4
which is the desired inequality. ¢

and therefore

+(VVh, u>).

Now, we go back to our inequality. When 3 < n < 4, we have 4
/ |VEY|2 > / Y*(1 — Rics) + (
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Together with the condition for h, 1 + h? — 2|VN h| > 0, we have

1 1 1 1

1+ -h? + (VVh,v) > = + (1 + 1 = 2|VVA|) > =
2 2 2 2

Hence
4 DD 2 (1 :
[V=y|© > | ¥* | = — Ricy | .
4—a » » 2
This is the desired inequality. ¢

5.2.5 Completion of the ;i-Bubble Construction

To prove Theorem 5.2.8, choose h by
() = — & tan( A0 OR) T
where d(x, d_N) is a smoothing of d(z,d_N) with Lipd < 2. We denote o(z) = w — 5. Then
|VNM§%UAWM9¢% 2|VNh| <14 A2
To show the existence of the minimizer, fix a domain (2 containing 0_ /N but not 0, IV such that 0 lies
ind(x,0_-N) < 47. We consider minimizing the following (relative) energy functional

M@=/1MWW4—/ hWﬂﬂ+/ hw*dH"
oQ 2N\ Qo Q0\2

The direct method gives a minimizer in the corresponding relative homology class. Since 3 < n < 4, the
free boundary part ¥ = 9Q \ O_N is smooth after the usual regularity theory for prescribed-mean-curvature
hypersurfaces. The choice dy (01 N,0_-N) > 5 gives enough room for the smoothing d and hence for the
above choice of h. Applying the stability inequality from the preceding proposition proves Theorem 5.2.8.

5.2.6 Diameter estimate and volume estimate under spectral Ricci curvature bound

The following result of Antonelli-Xu [AX24] gives the radius/diameter and volume estimates under a
spectral Ricci lower bound. In this subsection Ricy (v, v) denotes the Ricci tensor on a unit vector; when Ricy
appears without arguments in a spectral inequality, it means the smallest eigenvalue of the Ricci tensor. The bi-
Ricci notation is the one fixed above. In the low-dimensional range considered here, the minimizers appearing
in the p-bubble arguments are smooth. The parameter o below denotes the coeflicient of the spectral Laplacian

term.

Theorem 5.2.14 (Antonelli-Xu spectral Bonnet-Myers and Bishop—Gromov)

Let (N™, g) be a compact smooth Riemannian manifold, 3 < n <5, and let
-1
0<a<™2  A>0.
n—2
Suppose that there is a positive smooth function u such that

—aAu + Ricyu > (n — 1) \u. (5.2.3)

Let (N, g) be the universal cover and let U be the lift of u. Then the diameter upper bound is
n—3

. ~ T (maxyu\ -1
N.g) < — . 2.4
diam(N, ) < = (minN u) (5:24)

Moreover the sharp volume upper bound is

IN| < A73|57, (5.2.5)
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where S™ denotes the unit round sphere. In particular 71 (N) is finite. If equality holds in the volume

estimate, then i is constant and N is the round sphere of radius X\~ /2.

Corollary 5.2.15 (Complete case in the subcritical range)

Let (N™, g) be complete, not assumed compact, with3 < n < 5. Ifn>3and 0 < a < %, orifn=3

Q

and 0 < o < 2, and if (5.2.3) holds for some positive smooth u, then N is compact. Moreover 71 (N ) is

finite and, for the universal cover N,

n—3
. ~ T maxy u n=1% ~ _n
dlam(N,g) S ﬁ <m1nNu> 9 |N| S)\ 2|STL|

In particular |N| < X="/2|S™|. In addition there is a constant C = C(n, o) such that

diam(N) < CA™Y/2.

)

This is precisely the complete-case corollary in [AX24], based on Xu’s subcritical spectral Bonnet—Myers
theorem. The latter gives compactness and the uniform bound diam(N) < C(n,a)\~'/? in the stated range.
Once compactness is known, Theorem 5.2.14 applies and gives (5.2.4) and (5.2.5). Since N is the quotient of
N by a finite group of deck transformations, the same volume upper bound also holds for N.

Remark 5.2.16. Even in the larger sharp range 0 < a < (n — 1)/(n — 2), if N is complete and the positive
function w in (5.2.3) satisfies 0 < infyu < supy v < oo, then Corollary 5.2.19 below proves compactness

directly. Thus noncompact examples in the super-subcritical range must have v degenerating at infinity.

Weighted geodesic proof of the diameter estimates. We also record the weighted-geodesic calculation, since
it gives another way to see the Bonnet—Myers part.
For a positive function w on (M™, g), we define the weighted geodesic distance from p to ¢ by
Lilpq) = int [ uds,,
" Jn
where the infimum is taken over piecewise smooth curves from p to gq. As above, Ricy in a spectral inequality

denotes the smallest eigenvalue of the Ricci tensor, while Ricy/ (7, T') denotes the tensor on the vector 7.

Lemma 5.2.17 (Spectral weighted Laplacian comparison)

Let (M™, g) be complete, m > 3, and suppose that u > 0 satisfies
—aAu + Ricyru > (m — 1)\, A > 0. (5.2.6)

Let o : [0,1] — M be an LS -minimizing curve from p to q, parametrized by g-arclength, and assume
first that q is not a weighted cut point along «. Then the following hold in the barrier sense at q.
If0 < o < 4/(m — 1), then for every C* function 1 on [0, 1] with

$(0)=0,  P(1) =u(g)*?,
we have

l
AgLy(p,g) < / (Crma®? — (m —1)Ay?) ds, (5.2.7)
0

where
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In particular, choosing
$(s) = u(q)*?sin ()
21
gives
Cinam? — 1)
AgL3(p,q) < ulq)” ( mé’;w _m 5 ) ) : (5.2.8)
If0 < a < (m—1)/(m — 2), then for every C* function 1 with
w(o) =0, 1/)([) = u(q)a/(mfl),
we have l
m=3
AgLy(pq) < / un=1% ((m = 1)¢7 — (m = 1)Ap?) ds. (5.2.9)
0 ®
Let T = o and put
g=uy.
Then L¢ is exactly the distance function of the conformal metric g. Write
Along o we have, by the definition of § and of the distance function p,
ds = u® ds, T =u T, VILS = u°T.
We first compute Ap in the conformal metric. Choose a j-parallel orthonormal frame along v,
El?"'vEmfla Em:T>

and write EZ- = u “e;. Thus eq,...,em—1,T is g-orthonormal and e; | T. Let ¢ be a test function with

¢(0) = 0and ¢(l) = 1, and set
Vi = ¢E;.

These fields vanish at p and equal Ei(q) at q. Hence the ordinary second variation formula for the g-distance
gives,for1 <i<m —1,

l
e 2 R2RT BT B da
VoB B < [ ((Fof ~ #ROT.B.T.B)) d

The missing m-th direction is radial and contributes nothing, since V2 p(T, T) = 0 away from the cut locus.
Summing the preceding inequality over the transverse directions gives

l —_—
Ap(g) < /0 u ((m ~1)¢? — ¢Ric(T, T)) ds. (5.2.10)

Here we used d3 = u®ds, T¢ = u~“¢,, and EE(T, T) = u_QO‘/P—{\iE(T, T).
Now return to the original metric. The conformal Laplacian formula for § = 21°8%" ¢ gives, at ¢,

A9p = u(q)**Ap — (m — 2)u(q)*(log u®)4(1). (5.2.11)
Combining (5.2.10) and (5.2.11), we get

Nplg) < (q) [ ue ((m - 162 — PRoc(T,T)) ds
0

— (m —2)u(q)*(log u®)s(1). (5.2.12)
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Now rewrite the curvature term in (5.2.12) in the original metric. The conformal Ricci formula is
Ric = Ric — (m —2) (V2 logu® — dlog u® @ dlogu®)
— (Alogu® + (m — 2)|Vlog u®|?) g.
The conformal connection formula is
VxY = VxY + X(logu®)Y + Y (logu®) X — g(X,Y)V log u®.
Applying it to the g-geodesic equation @TT = 0 gives
0= u**V;T = V7T + (logu®),T — Vlog u®,
and therefore
VT = V+logu®, V2logu®(T,T) = (logu®)ss — |V log u®|?.
Using this in the Ricci formula gives the pointwise identity along «
R\iE(T, T) = Ricy (T, T) — (m — 2) ((logu®)ss — VT - Vlogu® — (log uo‘)f)
— (Alogu® + (m — 2)|Vlog u®|?)
= Ricy (T, T) — (m — 2) <(log uY)ss — |V logu®|? — (log uo‘)z)
— (Alogu® + (m — 2)|Vlogu°‘|2)
= Ricy (T, T) — Alogu® — (m — 2)(log u®)ss- (5.2.13)

The endpoint term in (5.2.12) is written in the same u(g)?® [u=°(---) ds scale as

l
—(m — 2)u(q)*(logu®)s(l) = —u(q)Qa/O ((m— 2)p*u(log ua)s)s ds,

because ¢(0) = 0 and ¢(I) = 1. Substituting (5.2.13) into (5.2.12) and expanding this total derivative gives the

original-metric formula
l
A%p(a) < u(a)®* | 0= [(m = 1)62 = 2(m 20004 (log ),
+ (m — 2)¢*(log u®)? — Ricp (T, T)d* + ¢*Alogu®| ds.
Using (5.2.6) and Ricy/ (T, T) > Ricyy, along the curve

CRien(T,T) + a2% < —(m — DA,

u
Together with
A Vul?
Alogu® = o2 oz‘ Z’ ,
u u
this gives

l
A%p(a) < u(@)® | =" [(m = 1)62 = 2m — 200 (log "),

\V4 2

+ (m — 2)¢>(log u®)? — (m — 1)A¢p? — a¢2|J‘2‘] ds. (5.2.14)
Only at this point do we change the test function. The subcritical estimate uses the substitution

ua/2

¢: 5 wozo, l:uqo‘/2.

s o) v(1) = u(a)

Thus /2
u® a U
b=t B+ 5YT) . m =T,
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Inserting this into (5.2.14) cancels the weight «® and gives

: _ 2
AqLy(pig) < /0 [(m — 1y +a(3 - m)ws% i mTlazwz%
_ a¢2 ‘VUQ;P _ (m _ 1))\17[}2] ds.

Since |Vu|? > 2, this implies

l
AL < [ [(m =16 + (3 = myu 2

m—1 o u? 9
—a<1— 1 oz)z/Ju;—(m—l))ﬂb}ds.
When o < 4/(m — 1), Cauchy’s inequality gives

s -1 g _32
a(3—m)¢¢s% -« <1 - m4 a> 1/}2% < m#@.
1

This proves (5.2.7); the sine choice gives (5.2.8).

For the bounded-u diameter estimate one uses a different exponent. Put

_ U%? _ _ a/(m—1)
Then .
um—1 -2 wu
o= S (0 miw D)

Substituting this into (5.2.14), the cross term cancels exactly and we obtain

a ! m=3, m— 2 ug
AqLu(p,Q)S/Ouml [(m—1)¢§+a<m a—1> @Z)Q?

-1

2,2
_ mp?wi?% —(m — 1))\¢Q] ds.
u

If « < (m—1)/(m—2), the two terms involving derivatives of u are nonpositive. Dropping them gives (5.2.9).4

Corollary 5.2.18 (Subcritical finite diameter from weighted geodesics)

Let (M™, g) be complete, m > 3, and suppose u > 0 satisfies (5.2.6). If
0<
Ssa< m_1
then
diam(M) < 7 Crm.a (5.2.15)
(m—1)A
In particular M is compact. o

Proof Assume first that two points p, ¢ are joined by an LS -minimizing curve « : [0,[] — M parametrized by
g-arclength. Let z = «(l/2). The weighted excess

e(y) = Lu(p,y) + Ly (y, q) — Li(p, q)
has a local minimum at x. Using the two subsegments of « as barriers and applying (5.2.8) to each half, we get,

in the viscosity sense,

Crmam  (m—1)N
- 21 2 )

0 < Ae(z) < u(z)® ( .

Therefore | < 71/Cpn.o/((m — 1)A). Since dy(p, q) < I, this gives (5.2.15).
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5.2 Higher-Dimensional Stable Bernstein Theorems

If the weighted minimizer is not realized, take a minimizing sequence. The usual Calabi limiting argument
gives a broken minimizing object made of finite minimizing segments, weighted minimizing rays, and weighted
minimizing lines. At the point where the corresponding excess vanishes, replace any ray by the point at parameter
t on that ray and use the finite-segment barrier above. The right hand side contains the term —(m — 1)At/2
for that ray and is negative for ¢ sufficiently large, contradicting the local minimum of the excess. Thus the

non-realized case cannot occur, and the same diameter bound holds for all pairs of points. Hopf—Rinow then

implies compactness. ¢
Corollary 5.2.19 (Diameter bound with two-sided bounds for w)
Let (M™, g) be complete, m > 3, and suppose u > 0 satisfies (5.2.6) with
m—1
0<a< .
- T m—2
If
0<u_:=infu <supu=:uy < oo,
M M
then o
. T Uy 2(m—1) @3
diam(M) < — | — . (5.2.16)
o= 72 ()
In particular M is compact. .

Proof Because u is bounded above and below, the weighted metric u2®g is complete, so L%-minimizers exist.
Let o« : [0,{] — M be an L%-minimizer from p to ¢, parametrized by g-arclength, and let x = «(l/2). As
above, the weighted excess has a local minimum at x.

Use (5.2.9) on each half of o with

¥(s) = u(z)® ™=V sin (%) .

m—3 -3

Since a(m — 3)/(m — 1) > 0, we estimate the positive term by uff’la and the negative term by u™ ", Thus
m—3

_2a Ur_laﬂ'

0 < Ae(z) < (m—1Du(z)m-1 57 5

m—3
T Uy 2(777,71)04
[ <— | — .
“ VA <u_)

Since dy(p, q) <l and p, g were arbitrary, this proves (5.2.16). Compactness follows from Hopf-Rinow. ¢

3

m—3
m=2x
20 umt

Hence

Volume estimate.

Lemma 5.2.20 (Weighted profile differential inequality)

Assume the hypotheses of Theorem 5.2.14 and normalize ming i = 1. Set 0 = 2a/(n — 1) and define,
on N,
I(v):inf{/ @*:EE€N, /129:1)}.
OE E

Then I satisfies

('’

'<-—-2_ _—(n-1)x (5.2.17)

n—1

in the viscosity sense. o
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5.2 Higher-Dimensional Stable Bernstein Theorems

By the diameter part, Nis compact; hence the minimizer E exists for every vy € (0, [ N @”). We suppress

tildes. Put
V(E):/ u?, A(E):/ u®.
E OFE

Let X = OF and take a smooth normal variation with variational field pr. We extend ¢ to a neighborhood of
> and use the same symbol for the extension. With the convention used here,
Odpy = Hedp, o = —-V=p, OH =—-A*p— (\A2|2 + Rien (v,v)) .
Also
Or(utw,) = u HessNu(v, v)p — uH{VZu, VE¢) — u 2.
Thus
V'(0) = /Euecp, V"(0) = /E(H + Ou" ) ul p? + u o,

A'(0) = /Euagp(H + au_lu,,),

and differentiating this last expression gives the following formula. In the following displays, the same color

marks the terms with the same origin: magenta terms cancel by integration by parts or by the normal derivative
2.

v

«

of ¢ = u~; green terms are the spectral-Ricci pair; blue terms come from |Ayx|?; red terms come from u

orange terms come from Hwu,; and purple terms come from the surviving part of the last line.

A" (0) = A(AwaiCN(y.,y)@ME\Qap )uo‘cp

—ou" 2l p+ou T ANu p—auT AT u g N
+/ 1 1,o% b vy
s \—au  Huy,p—au™ (VZu, VZ¢)

0—1 2 0

au” U, PTH+UT PP,

+/ uO‘*G(H + au"tu,). (5.2.18)
X +Hubp?

The last line is just the derivative of the factor u® dpu; in A’(t), rewritten with a factor u’:
au® tu, o +uC e,
Or(u*pdpur) = ) dp.
+Hu%p
The volume constraint implies that
u Y (H 4 autu,) = A (v),
where A, is the area of this variation written as a function of V. Choose ¢ = u~“ and set
Q= / u=, X = uf A (vy), Y =u tu,.
b

Then H = X —aY. For ¢ = u~®, the tangential A*¥w term cancels after integration by parts with the tangential
gradient term
—au"H(V=u, VZp).

Hence the first two lines of (5.2.18), together with (5.2.3) and |Ax|?> > H?/(n — 1), are bounded above by

H2
/uo‘ [— 170’HY—O[Y2—(TL— DA .
2

n —

/ u *XH,
by
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5.2 Higher-Dimensional Stable Bernstein Theorems

because p, = —au Y and H + oY = X. Therefore

2
A"(0) < / (T [— il l—arHY—aYQ—(n— DA+XH|.
b

/rL —
Expanding H = X — oY gives

X2 2 2 .
Ayxo)gt/zfﬂ[— 2 xy - Y v a2 XY raly?
) n—1 n-—1 n—1

+X%ﬂXY—m—1M]
The inverse-function chain rule gives
A (vo) = (V'(0))72A"(0) — (V'(0)) > A'(0)V"(0).
Substituting the formulas for V/, V" and using 6 = 2a/(n — 1) yields

Q2 A" (vg) < /Eua [— o +< 20 9) XY—i—(n_2a2—a> Yz—(n—l)A}

n—1 n—1 n—1

< (Aéj(iiof +(n_1))\)/2u20—3a.

Here we used o < (n — 1)/(n — 2) and uw > 1. Holder’s inequality gives

(o) /E 203 s ( /E ue_a)2 o

Thus

A’ 2
Ay(vo) A" (vg) < —“(”01) —(n— 1A
n —
Since A, is an upper barrier for I at v, this is exactly the viscosity inequality (5.2.17). ¢

Lemma 5.2.21 (ODE comparison for the volume upper bound)

Let V € (0,00] and let I : [0,V) — R be continuous with 1(0) = 0 and 1(v) > 0 forv € (0,V).

Suppose
(I’

I'T <~ —(n—1)A

n —
in the viscosity sense on (0, V'), and suppose

lim sup v_nT_lI(v) < n|B"M™,
v—0F

Then
V< )\—n/2|Sn|‘

Proof Set
W= In1.

Applying the chain rule to positive upper test functions for I, the preceding viscosity inequality is equivalent to
e

in the viscosity sense. The small-volume assumption gives

¢’ (0) := limsup ¥w) < pae |B”|n11 = n]S”_1|n£1.
v—0T v
For ¢ > 0 define
sin(v/Ar) /T 1 ™
r)=——F7-, ve(r) =¢ s)" " ds, 0<r< —,
() = ) = ¢ [ ) =
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5.2 Higher-Dimensional Stable Bernstein Theorems

and define the model profile I by
Ie(ve(r)) = Culr)" 1.
Let ¢ = Ig/(n_l). Since
Ve(ve(r)) = Crrp(r)®, == = Cu(r)"
direct differentiation gives
W= () (0) = e,

The existence interval of I has length

7/VA .
Vo= [ ey as

For ¢ = |S™ 1, this is exactly A="/2|S™|.

Assume by contradiction that V' > A\~"/2|S"|. Choose ¢ > [S™~!| so close to |S™!| that V; < V. Then
(1¢)'(0) > !, (0), s0 9 < )¢ on (0,6) for some 6 > 0. If the two functions first meet at a € (0, V¢), then on
(0,a) wehave 1) < v¢. Since the function s —nXs2~")/" is increasing on (0, o0), the difference w = Y—1p¢
satisfies w” < 0 in the viscosity sense on (0, a). Thus w is strictly concave there. But w(0) = w(a) = 0 and
w < 0on (0,a), which is impossible for a concave function. Hence ¢» < % on (0, V¢). Since 9¢(Vz) = 0
while V; < V and I > 0 on (0, V), continuity gives a contradiction at V. Therefore V' < A\="/2|S"|.

5.2.14 Normalize min= @ = 1 and set

N
Voz/fﬁ.
~

The profile [ satisfies (5.2.17). Since © attains its minimum at some point p, small geodesic balls centered at p

satisfy
[ a =0 [ =t 06n)
B (0) 05,7

Since these balls are admissible competitors for 7, it follows that

limsupv_nT_lI(v) < n|B"Y/™,
v—0

Lemma 5.2.21 applied with V' = 1}, therefore gives
Vo < AT2|87).
Since u > 1, we have
IN| < /Nfﬁ = Vo < AT257).

If equality holds, then | I = |N | and @ > 1, hence u = 1. The spectral inequality becomes the pointwise
Ricci bound Ricy > (n — 1)), and the equality case in the classical Bishop-Gromov theorem gives that N is

the round sphere of radius A~1/2,

We need a comparison of distance.

Let o : M — R""! be the immersion and § = r~2g and g = ¢*(8) with 0 € M. Given two points

p,q € M with d3(p, q) < D, we have r(p) < ePr(q). .
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5.2 Higher-Dimensional Stable Bernstein Theorems

Let « be a curve joining p and g with length D + €. Then, we have

log (p) — logr(q) = /ﬁ&i%”dtﬁ / |O/§f)‘9dt

= /|o/(t)\§d£= D+e.

Let M™ < R™*! be as in the theorem, where n = 3 or n = 4. We fix any point zo € M and suppose
xo = 0 after a translation. Let § = r—2g, where r(z) = |z|.

The preceding spectral estimates and p-bubble constructions give the following dimension-dependent con-
stants. There exist L,,, A,,, D,, < oo such that, whenever N is acompact collarin (M, ) withdg(0—N,0L N ) >
L,,, one can find a smooth p-bubble component 3 which separates d_ N from 9, N, lies in B 1, (0_N), and
satisfies

|E|g < An, diamg(E) < Dn.

For n = 3 and n = 4 this follows from the p-bubble reduction in Theorem 5.2.8 together with the spectral Ricci
estimates in §5.2.6.
For any p > 0, choose R large such that
dg(0B) ,OBY') > Ly.
Set N = BM\ BM with0_N = 832/[ and 0, N = 0B and apply the preceding paragraph. If z € ¥, then
there is y € aB[])\/" with dg(z,y) < L. By the distance comparison lemma,
r(z) < elnr(y) < elmp.
Therefore ¥ C B, , in the Euclidean metric. Since g = 72§, the induced measures on the (n — 1)-dimensional
hypersurface ¥ satisfy du, = r"~1dpz, and hence
[Zlg < (Cop)" 25 < Cop™
Since M is simply connected and has one end [CSZ97], the side of X containing Bé” (x0) is a compact
region. Let €2, denote this region; then BFJJW (zg) C €, and 09, = ¥. The Michael-Simon isoperimetric
inequality for minimal submanifolds [MS73] gives
2]y < CulSl5 .
Consequently, .
1B, (20)] < [Qly < CulZl5™" < Cap"™.

5.2.7 Mazet’s proof in the ambient space R°

Here R® means the hypersurface dimension is 5. Mazet [Maz24] proves that every complete, connected,

two-sided stable minimal immersion
M? — RS

is flat. The proof follows the Chodosh—Li—Minter—Stryker strategy [CLMS25], but with one extra parameter in
the curvature quantity. This extra parameter is the weighted bi-Ricci curvature.
Let (N™, g) be a Riemannian manifold, and let {ey, ..., e,,} be an orthonormal basis. For o € R, Mazet
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5.2 Higher-Dimensional Stable Bernstein Theorems

defines the a-weighted bi-Ricci curvature by
m
BRicq(e1, €2) ZR €1, €, e, e1) + ZR(eQ,ej,ej,eg).
7=3

Its pointwise minimum is
A = mi BRicy(e, f).
a(p) e,fEI’I?)N ica(e, f)
le|=If[=1, {e,f)=0
When o = 1, this is the usual bi-Ricci curvature:
BRic; (61, 62) = Ric(el, 61) -+ RiC(GQ, 62) — R(el, €2, €9, 61).
Thus « lets one change the relative weight of the curvature directions which are tangent to the eventual p-bubble.
The first step is the same conformal change as before. Remove the points where the immersion hits the
origin and set
g=r"%g, N:=M\F0).

The Gulliver-Lawson observation is that (N, g) is complete. Mazet’s main spectral estimate says that, in di-

mension 5, one can choose
11 40 3

a=— a=— 0=

10’ 43’ 10’

so that the stability inequality implies the following weighted bi-Ricci spectral lower bound:

- 1 ~
/Nywﬁdﬂza/]vw?dﬂ, V>06-Re peCHN)

[ (al¥eP + G- 9)¢?) dn =0
N

So (N, g) does not have a pointwise lower bound Ka > 0, but it has the corresponding spectral lower bound.

Equivalently,

The second step is to build a weighted p-bubble in a long annulus of (N, §). The bubble is a hypersurface
= 02

which separates the inner and outer boundary of the annulus. The second variation of the weighted p-bubble

turns the spectral BRic, bound on N into a spectral Ricci bound on Y. More precisely, if

As(z) := min Ricy (v, v),

then the induced metric on X satisfies an inequality of the form

/2 <(44)|V¢\2+)\2¢2) dus > 2 / & dpis.

4 3 3 k-1
S R — dimX = 4.
A 292 koo F=dm

This is the numerical point that allows the Antonelli-Xu spectral Bishop—Gromov theorem [AX?24] to be applied

For Mazet’s parameters,

to the 4-dimensional bubble. It gives a uniform g-volume bound for X..
Finally one returns to the original metric g. If ¥ is chosen around Béw (po), the conformal collar bound
gives
r<Cp on X,
so the g-volume bound for > becomes a g-area bound

1Xlg < CP4-
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5.3 Green-kernel proof of the stable Bernstein theorem in R*

Since M has one end, one can choose the relevant component of > to enclose Bé\/[ (po). The Michael-Simon—

Brendle isoperimetric inequality [MS73, Bre21] on minimal hypersurfaces then gives
B, (po)| < C|B[5/* < Cp°.
This is the Euclidean volume growth needed by the Schoen—Simon—Yau stable Bernstein theorem. Hence M°

is flat. In short, the new feature in R® is that the weighted curvature BRicy /43 creates just enough spectral Ricei

positivity on the 4-dimensional p-bubble for Antonelli-Xu’s volume estimate to close.

5.3 Green-kernel proof of the stable Bernstein theorem in R*

The Green-kernel proof of the stable Bernstein theorem in R* is due to Cabré—Catino—Mari—Mastrolia—
Roncoroni [CCM™26]. The key point is that this proof does not use p-bubbles. Instead, it combines:
1. the positive supersolution furnished by stability;
2. the minimal positive Green kernel ¢ of —AM;
3. asharp pointwise estimate for | V¥| obtained from Bochner—Kato and a simple convexity lemma;
4. a weighted Schoen—Simon—Yau inequality;
5

. alogarithmic cut-off in the variable ¢.

Theorem 5.3.1 (Stable Bernstein in R*)

Let M3 < R* be a connected, complete, two-sided, stable minimal immersion. Then M is an affine

hyperplane. O

Reduction to bounded curvature. It is enough to prove the theorem under the auxiliary assumption
|A| € L*(M).
Indeed, if the theorem were false, then |A| is nonzero somewhere. If | A] is globally bounded, we are already in

the bounded-curvature case. If not, one performs the standard point-picking argument on intrinsic balls B jM (po):
choose ¢; and a scale \; = |A(q;)| — oo so that, after replacing the immersion by

Fj(z) = X (F(z) — F(q5)),
the rescaled hypersurfaces have |A;|(¢;) = 1 and uniformly bounded curvature on larger and larger intrinsic
balls around ¢;. Stability and minimality are scale invariant, so a smooth local compactness theorem gives a
complete, two-sided, stable minimal limit in R* with bounded second fundamental form and |A|(0) = 1. The

bounded-curvature case below would force this limit to be flat, a contradiction.

Green kernel and stability supersolution. Let now M" — R"*! be complete, two-sided, stable, and minimal,
with n > 3, and assume |A| € L*°(M). We keep n arbitrary until the last step. Stability means

[ 1aPddn< [ [VoPdn o€ Lin ), (53.1)
M M

Equivalently, the operator —A — |A|? is nonnegative. By the positive solution characterization of nonnegative

Schrodinger operators, there exists a positive C? function u such that
Au+ |APu<0  on M. (5.3.2)

We next explain why the Green kernel exists. The needed potential-theoretic input is the following.
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Definition 5.3.2 (Parabolic and non-parabolic manifolds)

Let (N, g) be a connected, complete, noncompact Riemannian manifold. We say that N is non-
parabolic if the Laplacian —AN admits a positive minimal Green kernel: for some, equivalently for
every, point o € N there is a function G(o,-) > 0 on N \ {o} such that

ANG(o,-) = b,
in the distributional sense, and G is minimal among all positive fundamental solutions. If no such positive
Green kernel exists, N is called parabolic.

Equivalently, N is parabolic if every positive superharmonic function on N is constant, equivalently, the

Brownian motion on N is recurrent. Another useful equivalent criterion is the capacity criterion below. &

Definition 5.3.3 (Capacity)

For a compact set K € N, define its 2-capacity by

Capy(K) := inf {/ \Vo|?du: ¢ € C°(N), ¢ > 1onaneighborhood ofK} :
N

Then N is non-parabolic if and only if Caps(K) > 0 for some nonempty compact set K ; it is parabolic

if and only if Capy(K) = 0 for every compact K. &

Proposition 5.3.4 (Sobolev inequality implies non-parabolic)

Let (N™, g) be complete and noncompact, with m > 2. Suppose that there is a constant S > 0 such that

(/ Iflfbmzdu>mss/ IVf%dy — Vf e CP(N). (5.3.3)
N N

Then N is non-parabolic.

[ )

Choose a compact set K € N with |K| > 0. If ¢ € C2°(N) and ¢ > 1 near K, then
_2m_ _2m_
K< [ 1o dus [ 1o du
K N

Raising both sides to the power (m — 2)/m and using (5.3.3), we get

m—2

m— 2m_ Tme
w7 < ([ 1o a) T o<s [ voran

Taking the infimum over all admissible ¢ gives
Capy(K) > S7HK| ™ > 0.

By the capacity criterion, N is non-parabolic.

Proposition 5.3.5 (Minimal hypersurfaces of dimension n > 2 are non-parabolic)

Let M™ — R™"" be a complete minimal hypersurface with n. > 2. Then M is non-parabolic.

[ )

We use the sharp Michael-Simon Sobolev inequality of Brendle [Bre21]; in the present minimal hyper-

surface case it gives the following 112 Sobolev consequence:

n—2
2n_ n
(/ |f’"‘2dﬂ> e / V[ d
M M

Since n > 2, Proposition 5.3.4 applies and M is non-parabolic.

For the theorem, Proposition 5.3.5 applies to our M™", since n > 3. Hence there exists a minimal positive
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Green kernel ¢ of —A with pole o € M:
AY = —6,, G >0, G(x) -0 aszx — oo.

For a.e. s > 0, the level set

is smooth, and the Green flux identity gives
/ VY| do = 1. (5.34)
s

Indeed, applying the divergence theorem to {& > s} \ B.(0) and letting ¢ — 0 gives exactly the mass of the
pole.

Ricci lower bound from the Gauss equation. Let {e;}!" ; diagonalize A at a point, with principal curvatures
i and ), k; = 0. The traced Gauss equation gives
Ric(e;, e;) = ZAiiAjj = —K2.
J#i
Thus, for every unit vector v,
Ric(v,v) = —|A(v, )%

Since A is trace-free,
2

ri=| Dk | <(—=1)) kf=(n-1(AP 7).
G#i J#
and hence k7 < %|A[2. Therefore

Ric > — 1A (5.3.5)
mn

The key convexity lemma. We shall use the following elementary computation several times.

Lemma 5.3.6 (Subsolution from a subsolution and a supersolution)

Let w,v > 0 be C? functions on a domain Q C M satisfying
Aw + Ww > 0, Av+ Vo <0.

For § > 0, set
&5 = witiy ™o,

Then )
Ags > (6V — (14 8)W)&s + 6(1 + 6) ‘Vlog%‘ G5 (5.3.6)

Since &5 = el°8%s,
A& =& (Alog&s + |V1og &) .

Now
logé&s = (14 6)logw — dlogw.

Using
A A
Alogw:—w—\VIng\z, Alogvz—v—|V10g’U|2,
w v
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we get

Alogés = (14 d)Alogw — 0Alogw
> 6V — (14 0)W — (1 +6)|Viogw|? + §|V log v|?.

Also,
IV log&s12 = (1 4+ 0)%V1ogw|* + 62|V log v|?

—26(140)(Vlegw, Vlogv).
Adding the last two displays gives
Alog&s +|Viogés)? > 6V — (1+8)W +6(1+6) [Viegw — Viegv|?,
which is (5.3.6). ¢

Pointwise gradient estimate for the Green kernel. We first record the local differential inequality for the

Green kernel.

Proposition 5.3.7 (Bochner—Kato subsolution for the Green kernel)

Let .
(=¥, a=""Z  w=g"
n—1
On the open set {q > 0} \ {0}, the function w satisfies
=2
Aw + 2= APw > 0. (5.3.7)
K ®

Proof Recall first the standard Bochner formula: for every smooth function f on a Riemannian manifold,
SAVSP = (V212 + (V. VA) + Rie(V £, V)
We apply this to f = % on M \ {o}. Since AY = 0 away from the pole, the middle term vanishes. Hence
%AqQ _ [V?%P + Ric(VY, VD).
The refined Kato inequality for harmonic functions gives
V22 > Vgl

Together with the Ricci lower bound (5.3.5), this gives
n—1

1 n
A2 > " |Vg| — Al2q2.
500 = —|Vd| —I1A[q

Since .
§Aq2 = gAq+ |Vq|?,

we subtract |V¢|? and obtain

n—1

1
40q = ——|Val* = ——|AP¢". (538)

n
Now compute the Laplacian of w = ¢*:
Aw = aq® ' Aq + ala —1)¢* 2| Vq|?

n—1

_ 1 _
> ag®? [HIVQ\Q - !AIQQQ] +ala —1)¢**|Vg|?,

n

where we used (5.3.8) in the second line. The coefficient of |V¢q/|? is

1 1 n—2
— -1)= —-1)=0.
a(n—1+a > a(n—1+n—1 ) 0
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Hence . 5
Aw > —a——|AP¢™ = - 22| A]Pw,
n n

which is exactly (5.3.7).

Apply Lemma 5.3.6 to

n—2

W = |A%, V =|A], v =u, 0> 0.

n
For

145, 6
5(5 =w'u )
the coefficient of the zeroth-order | A|?¢; term in Lemma 5.3.6 is

SV — (1+0)W = 5—(1+5)”T_2 |A|2:25_(:_2)

A%
Thus this coefficient is nonnegative when § > ”T_Q, and it vanishes exactly at the critical choice
n—2

5

5 =

With this choice, 1 +§ = 5, and

n—2

€ = w222 = |V§4|%u_T

is subharmonic on {g > 0} \ U, where
U:={9 > 1}.

Because | A| is bounded, (5.3.5) gives a lower Ricci bound, and the Cheng—Yau gradient estimate [CY75] applied
outside U gives
VY| < CY.

We package the remaining two comparison-principle arguments into one lemma. First ¢ is compared with the
stability supersolution u; this auxiliary estimate is used only to remove the negative power of u and prove £ — 0

at infinity. Then & is compared directly with the harmonic barrier ¢.

Lemma 5.3.8 (Comparison of £ with the Green kernel)

There is a constant Cy > 0 such that

£E< Cy9 on M\ U.

We first prove the auxiliary comparison
4 < Cu on M\ U.
Since ¢ — 0 at infinity, the set U = {¢ > 1} is compact. Choose C' so large that
9 <Cu on OU.

This is possible because 4 = 1 on OU and u > 0 there. Let 2 be a smooth exhaustion of M with U e Qp,
and let %, be the Dirichlet Green function on §2; with pole 0. On the annular region 2 \ U, the function %5
is harmonic and vanishes on 0Q2. Also,

A(Cu) = CAu < —C|A|Pu <0,
so Cu is superharmonic. On the boundary of Qr \ U we have

Yr<9Y=1<Cu onoU, Yr =0<Cu ondQg.
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5.3 Green-kernel proof of the stable Bernstein theorem in R*

The comparison principle on the bounded annulus therefore gives
“Yr < Cu on Qp\ U.
Letting R — oo and using ¥ 1 ¢, we obtain
4 < Cu on M\ U.
This is where the first comparison is used. Combining it with |[V¥| < C¥, we get
§§Cg%u*%2§(7542&7_—21)—>0 as r — o0.

Now we perform the second comparison, this time between the subharmonic quantity £ and a multiple of

the harmonic Green kernel ¢. Since U is compact and ¢ is continuous up to U, while &4 = 1 on U, we can

choose Cj so large that
E<CWY on OU.

Set
h:=¢—Cp¥9.

On M \ U, the pole o is not present, so ¢ is harmonic. Also £ is subharmonic there, in the weak sense obtained
from the preceding pointwise computation by the standard regularization ¢, = (¢ + 7‘)1/ 2 and then letting
74 0. Hence

Ah = A — CoAY >0 on M\ U.

Thus h is subharmonic. Moreover,
h <0 on OU.

We now explain how the boundary condition at infinity is used. Since {(z) — 0 and ¢4 (x) — 0 as x — oo, for
every € > 0 there is a compact set K. O U such that

hiz) =¢&(x) — Co¥(z) <&(x) <e  onM\K..
Choose a smooth bounded domain 2. with K. € 2.. On the bounded annular domain 2. \ U, the maximum
principle gives
h <max{0,e} =e.

Indeed, the inner boundary gives A < 0, and the outer boundary lies in M \ K., where h < . Letting ¢ | 0,
we obtain A < 0 on M \ U, namely £ < Cp¥9.

Taking the power 2/n yields the Green-kernel gradient estimate
V|t < Cu'i 9% on M\ U. (5.3.9)

Weighted Schoen—Simon-Yau inequality. Set

n—2
p=""2
n
Simons’ identity and the refined Kato inequality for A give, on {|A| > 0},

2
[AJAJA] = ~|V]A]* - A%
Let w = |A|’. Then
AT = BlAPTLAIAl + B(B - 1)|AIP2|V| A2

> 61AP~2 291417 - 14| + 66 - DIAPIVIAIR,
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5.3 Green-kernel proof of the stable Bernstein theorem in R*

Again the gradient coefficient vanishes because

2 2 n-2
Syp-1==41"2 1,
n n
Hence 9
AT+ 22| AP > 0.
n

For 0 <t <1, (5.3.2) gives
Aut = tu' ™ Au 4 t(t — Du! 72| Vu? < —t| A%

Apply Lemma 5.3.6 to
n

-2
A7,V =t]AP
n

w=w, v=ul, W =

For § > 0, define
o |A|B(1+6)u—t6.

Then 5
AzZ(M—(L+®n;>MPz

Adding |A|?z to both sides,

2 -2
Az + APz > v]|A]22, vi=—+ <t . ) J. (5.3.10)
n n
Assume v > 0. Using (5.3.1) with test function 2z and integrating by parts gives

os/ﬁvwwﬁ—mﬁfw

M

:/ zz\Vw\z—/ 2p?(Az + |A]22).
M M

7/|A%wﬂs/“¥ww?
M M

m =14 B(1+9).

Together with (5.3.10),

Put

Taking v = ("™ and using Young’s inequality,
/M | A|2my 20 p2m < C/M u V™, o € Lip.(M). (5.3.11)
Indeed, the right-hand side before Young is
C/M |14|2(m71)u72t6(p2me‘VSOIZ7

and this is bounded by

1

- / |A‘2mu—2t5902m + C/ U_2t6|v<,0|2m.

2/ M

The parameter choice and the logarithmic cut-off. We now choose ¢ = 7(¥). By the coarea formula,

/u_2t5|vw2m:/ u—2t5|n/(g)|2m|vg|2m
M M

oo (5.3.12)
:/ |77/(S)|2m |:/ u—2t6|vg|2m—1 do | ds.
0 s

The estimate (5.3.9) gives
u~B ||+ < Oyt =2 (140) g 205 (140).
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5.3 Green-kernel proof of the stable Bernstein theorem in R*

We therefore impose

15 = W(l +9).

n2
Then

)
—2t5‘vg’2m 1 ’vg’< —té‘vg‘,é’(l—&-(i) < C’\V%% (1+5)

On X, this becomes

u—Qté‘V%qu < CW%S“ZEI) (1+0).

Using the flux identity (5.3.4), (5.3.12) becomes

(1)
/ 2t5‘v77 ’2m < C/ ’2m ! (1+9) ds.
M
For a logarithmic cut-off to close, we need
4(n—1 2(n—2
M(l—i—é) ZQm—lzl—i—M(l—F&).
n
This inequality has a nonnegative solution § only for n = 3. In that case,
1 7 2 5 1
= — 5 = — t = — = — = —,
/8 37 27 77 m 27 7 2
Then (5.3.11) reads
/ |A]Pu2p5 < 0/ u 2| Vel5. (5.3.13)
M

Also, the Green gradient estimate becomes

‘vg‘1/2 < Cu1/3g2/3'

Therefore
u VY|P < 092,
and, on X, )
WVt = |vg|(—wvgﬁﬂ) < C|V¥|s.
Hence

/ V(@) < C/ (5)|°s* ds.

For R > 1, choose the logarithmic cut-off

0, 0<s<R7?2
1
Nr(s) =42+ ogs’ R?2<s< R,
log R
1, s> R

Then |n;(s)| = (slog R)~! on (R72, R™!) and 0 elsewhere. Putting ¢ = ng(¥) in (5.3.13),

/ \A|5u_2 < C/ u_QIVnR(g)P
{9>R-1} M

R™! g4
<C ——d
~—  Jr2 s°(logR)? §

. C /R_lds_ C
" (logR)5 Jp—2 s (logR)*

Letting R — oo, the sets {¢ > R~1} exhaust M up to the end, and the right-hand side tends to zero. Hence
|APu™2 = 0.
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5.3 Green-kernel proof of the stable Bernstein theorem in R*

Since u > 0, we conclude A = 0. Thus the immersion is totally geodesic, and the connected complete image is

an affine hyperplane in R*. This proves Theorem 5.3.1.
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Chapter 6 Applications to Positive Scalar Curvature and

General Relativity

We now turn to applications where stable minimal hypersurfaces are used as probes of scalar curvature.
The guiding mechanism is the Schoen—Yau dimension-reduction argument [SY79a, SY79b]: a stable minimal
hypersurface inside a manifold with a scalar-curvature lower bound inherits, after a conformal change, a related
lower bound in one lower dimension. This simple idea has two closely connected roles. In positive scalar
curvature it leads to topological obstructions such as Geroch’s conjecture. In mathematical general relativity it
becomes a tool for proving mass inequalities, beginning with the positive mass theorem and, in the negatively
curved setting, the Horowitz—Myers conjecture.

We first record the conformal calculation behind the descent argument, then explain how it proves the
positive-scalar-curvature obstruction for tori. The last two sections reinterpret the same method in general rel-
ativity: the asymptotically flat case leads to the positive mass theorem, while the asymptotically locally hy-
perbolic toroidal case leads to the Horowitz—Myers mass inequality. A convenient modern reference for the

positive-scalar-curvature part is Chodosh’s notes Stable minimal surfaces and positive scalar curvature.

6.1 The conformal Laplacian

Let (X™, g) be a closed Riemannian manifold, n > 3. We use the conformal Laplacian
4(n—1)

Ly = —c,AY + Ry, Cp = p—

Here R, is the scalar curvature of g. With our sign convention,
/ uLgudpg = / cen|Vul? + Ryu? dpy.
X X
If
~ 4
g =un-2g, u >0,
then this is the same as writing § = e/ ¢ with

2 _4
e')l‘:Q/L'r7,—27 f:

log u.
n_o 84
For a general conformal change § = €2/ g, the scalar curvature formula is

Ry=c¢ 2/ (Ry—2(n—1)AYf — (n —1)(n—2)|Vf]?).

We now plug in f = —2 log u. First,

n—2

2 Vu s 4 |Vu?
Vf_n—Qu’ ‘vf’ _(TL—2)2 'LLQ )

and | ’2

2 2 A9y Vu
AYIf — A1 — _ )
/ n—2- YT 9 ( u u? )
Therefore

4 - 1) <A9u - |v1;\2> 4 -1 \VZP]

n—2 U U n—2 U

4(n —1) A9
it (- DAY,

n—2 u


https://web.stanford.edu/~ochodosh/Math258-min-surf.pdf

6.2 Conformal descent on a stable minimal hypersurface

The two |Vu|?/u? terms cancel exactly: the first comes from —2(n — 1)A9f, and the second comes from
—(n—1)(n — 2)|Vf]2. Since ¢, = 22D e get

n—2 °

_n+2 _ni2
R;=u n—2 (—angu + Rgu) =u n2Lgu. (6.1.1)

Lemma 6.1.1 (Positive first eigenvalue gives positive scalar curvature)

Ifthe first eigenvalue of L, is positive, then X admits a metric of positive scalar curvature in the conformal

class of g. o

Proof Letu > 0 be the first eigenfunction:
Lgu = \1u, A1 > 0.
For g = ud/(n=2) g, formula (6.1.1) gives

Ry = A\ju" 2 > 0.

Lemma 6.1.2 (Nonnegative scalar curvature, positive somewhere)

Let X™ be closed, n > 3. If Ry > 0 and Ry > 0 somewhere, then X admits a metric of positive scalar

curvature. ‘

Proof We show that A;(L,) > 0. For every nonzero ¢,
/X PLypdy = /ch|v¢12 + Ry dpy > 0.
Thus A1 > 0. If Ay = 0, let u > 0 be a first eigenfunction. Then
0= /X en|Vul? + Ryu® dpy.

Both terms are nonnegative, so Vu = 0 and Rgu2 = 0. Since u > 0, this forces R, = 0, contradicting the
assumption that R, > 0 somewhere. Hence A1 > 0, and Lemma 6.1.1 applies. ¢

6.2 Conformal descent on a stable minimal hypersurface

Let (N1 gn) be a closed Riemannian manifold and let ¥ C N be a closed, two-sided, stable minimal

hypersurface. Denote the induced metric on ¥ by g. The stability inequality is

/ V| duy > / (JA? + Ricn (v, v))¢* dpg, ¢ € C(2). (6.2.1)
b pX
The Gauss equation, using H = 0, gives

RN = Ry + 2Ricy (v, v) + |A]2. (6.2.2)

Combining (6.2.1) and (6.2.2),
/ 2|Vo|* + Red? duy > / (Ry + |A*) ¢ dpug. (6.2.3)
b ¥

This is the basic Schoen—Yau rearrangement.

Proposition 6.2.1 (Conformal descent)

Assume Ry > 0 and n > 3. Then every closed, two-sided, stable minimal hypersurface ¥ C N™t!

admits a metric of positive scalar curvature. o
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6.3 Geroch’s Conjecture by Dimension Reduction

Proof Since X is compact and Ry > 0 on IV, there is a number « > 0 such that Ry > « on Y. From (6.2.3),
/ 2|Ve|? + Rep? dugy > n/ ¢* dpg.

Because ¢, =4(n—1)/(n —2) > 22, we also have ”
/ cn|Vo[? + Reg? dugy > /1/ ¢* dpu,.

Thus the first eigenvalue of the conf(?rmal Laplacian L, is positive.EThe claim follows from Lemma 6.1.1. ¢

Remark 6.2.2 (The surface case). When n = 2, the same rearrangement gives useful topological information
directly. Taking ¢ = 1 in (6.2.3) gives

/deﬂg—Q/szug>0.
b b

Hence x(X) > 0 by Gauss—Bonnet. In particular a closed orientable stable minimal surface in a three-manifold

with Ry > 0 is a union of two-spheres.

6.3 Geroch’s Conjecture by Dimension Reduction

The following theorem is the form of the Geroch conjecture used in the positive mass theorem. The dimen-
sion restriction comes only from the regularity theory for area-minimizing hypersurfaces: an area-minimizing

hypersurface in an n-manifold is smooth whenn < 7.

Theorem 6.3.1 (Geroch conjecture, Schoen—Yau)

Let 3 <n < 7. Let X™ be a closed oriented smooth manifold. If there is a continuous map
F:X—->T"

of nonzero degree, then X admits no metric of positive scalar curvature.

Proof We argue by induction on n. The base n = 2 is Gauss—Bonnet: if a closed oriented surface maps to T?
with nonzero degree, then it has genus at least one, so it cannot carry a metric with positive Gaussian curvature.
Assume now 3 < n < 7, and suppose the theorem is known in dimension n — 1. Let g be a positive-scalar-
curvature metric on X. Write
61,...,0, € HY(T™ 7Z)

for the standard degree-one cohomology classes, and set
wi = F*0; ¢ H(X;Z).
Since deg F' # 0,
wp— - —wp #0 in H"(X; 7).

Let & = wy,. Its Poincare dual is a nonzero integral homology class in H,,_1(X;Z). Choose an area-
minimizing integral current X in this class. Since n < 7, regularity theory implies that 3 is a smooth embedded
closed hypersurface, possibly with several components and integer multiplicities. It is oriented, two-sided,
minimal, and stable.

By Proposition 6.2.1, every component of ¥ of dimension at least three admits a positive-scalar-curvature
metric; in the surface case, Remark 6.2.2 says that every component is a two-sphere.
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

Now compute the cup product on X. Since [¥] is Poincare dual to w,,

/w1v~~-vwn1:/w1v---vwn5£0.
b X

Therefore at least one connected component Yy has

/ wl\—/"'vwn_l#o.
3o

Fo:=(Fi,...,Fp1)|g, : B — T}

Equivalently, the map

has nonzero degree.
If n — 1 = 2, this contradicts the fact that X is a two-sphere. If n — 1 > 3, then 3 carries a positive-

scalar-curvature metric by conformal descent, contradicting the induction hypothesis in dimension n. — 1. This

proves the theorem. ¢
Corollary 6.3.2
For 3 < n < 7 and for every closed oriented n-manifold Y, the connected sum
T#Y
admits no metric of positive scalar curvature. .

Proof There is a degree-one map
T"#Y — T"

obtained by collapsing Y minus a ball to the connected-sum point and using the identity map on the torus side.
Theorem 6.3.1 applies. ¢

6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

We now explain how the Riemannian positive mass theorem is reduced to Corollary 6.3.2. We state the

time-symmetric version, which is the one governed by scalar curvature.

Remark 6.4.1 (Historical guide to the positive mass theorem). The time-symmetric, or Riemannian, positive
mass theorem was first proved by Schoen—Yau by the minimal-hypersurface method [SY79b, SY81]. In the
smooth dimension-reduction form of their argument, the regularity theory for area-minimizing hypersurfaces
gives the theorem for 3 < n < 7. Witten then gave a spinorial proof for spin asymptotically flat manifolds,
without this regularity dimension restriction [Wit81].

The later history is largely about removing the non-spin dimension restriction. Schoen—Yau proposed an all-
dimensional singular minimal-slicing approach [SY 19], while Lohkamp’s cut-off/compactification observation
relates the Riemannian PMT to Geroch torus rigidity; this is the reduction used below. The generic-regularity
work culminating in Chodosh—Mantoulidis—Schulze—Wang pushes the minimal-hypersurface/L.ohkamp route
to dimension 11 [CMSW25]. Bi—-Hao—He-Shi—Zhu then proved the Riemannian PMT up to dimension 19
[BHH'26], and Brendle-Wang subsequently gave a dimension descent scheme which closes the Riemannian
theorem in arbitrary dimension [BW26a]. They also derived the spacetime positive energy theorem in arbitrary
dimension from the Riemannian theorem and Jang-type arguments [BW26b].

There are also alternative proofs and stability directions which are useful to keep mentally separate from

the reduction below. In dimension three, Bray—Kazaras—Khuri—Stern gave a harmonic-function proof of the
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

Riemannian PMT [BKKS22]. Stability versions ask whether small ADM mass forces the geometry to be close
to Euclidean space. Lee—Sormani proved pointed intrinsic-flat stability for rotationally symmetric asymptoti-
cally flat manifolds [LS14]. Huang—Lee—Sormani proved pointed intrinsic-flat stability for graphical hypersur-
faces in Euclidean space under natural technical hypotheses [HLS17]. Dong—Song proved a three-dimensional
stability theorem in the general asymptotically flat setting: if the mass of a chosen end tends to zero, then af-
ter removing subsets whose boundary areas tend to zero, the remaining spaces converge to Euclidean 3-space
in the pointed measured Gromov—Hausdorff topology [DS25]. The proof below records the classical smooth
Schoen—Yau/Lohkamp/Geroch mechanism, because that is the version whose topology is most visible from

stable minimal hypersurfaces.

Theorem 6.4.2 (Riemannian positive mass theorem, Schoen-Yau)

Let 3 < n < 7. Let (M",g) be a complete one-ended asymptotically flat Riemannian manifold with
nonnegative scalar curvature. Then the ADM mass is nonnegative. If the mass is zero and the usual

rigidity hypotheses hold, then (M, g) is isometric to Euclidean space. O

For a manifold with several asymptotically flat ends, the same conclusion is applied to one end at a time
after the standard reduction which compactifies or fills the other ends without changing the sign of the chosen
mass. We focus on the one-ended case because it contains the topological argument.

Recall the ADM mass of an end with asymptotically flat coordinates x:

1 . i
mADM(g) = m}g& s (ajgz] - ’ng])l/ do.

The nonnegativity part is the one whose topology is most transparent.

Definition 6.4.3 (AF coordinates and weighted Sobolev decay)

Fix an asymptotically flat end and write its coordinate chart as

m:($1,...,x"):M\K—>Rn\BR, r=|z|.

The symbol § denotes the Euclidean metric in these coordinates. For a tensor T on the end and a number

T > 0, we use
||TH’£,, = / |(1 + r)TT|p(1 +7r) "dx,
-7 M\K

and

k
Il ep =D 10Tl .
j=0
Thus T € W]ff means that T decays like r—T and its j-th coordinate derivatives decay like r~"=7 in
weighted LP sense.

In particular, an AF metric of Sobolev type (p, q) means
n—2
5
together with the integrability condition R, € L' when the ADM mass is used. The condition p > n

gij — 0ij € WE’;’, p>n, q>

gives enough Sobolev embedding to read the metric and first derivatives pointwise, while q > "T_Q is the

decay threshold which makes the ADM mass stable under the density deformation.

&

Remark 6.4.4 (How this follows from the usual pointwise AF definition). If one starts instead from the
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

classical pointwise AF assumption of order 7,
0% (g1 — 6:) = O(r™ 771, o] <2,
then the weighted Sobolev hypothesis follows with every smaller decay rate ¢ < 7. Indeed, for |a| < 2,

o dr
l0*(g— o)l < C/R ppa+lal)—p(r+lal) 4

r

= C/ r P01 dr < 0.
R

Thus a C? AF end of order 7 > ”7_2 gives the Sobolev assumption needed below after choosing g with
"?*2 < ¢ < 7. Many analytic statements of the density theorem take this Sobolev condition as the defini-

tion of asymptotic flatness.

Remark 6.4.5 (Attribution of the compactification step). There are two different ideas which should not
be conflated. The original Schoen—Yau proof of the positive mass theorem uses a noncompact minimal hyper-
surface produced by a limiting Plateau argument. The more topological shortcut described below—cutting off
a negative-mass end, compactifying it to a torus, and then contradicting torus rigidity—is usually attributed
to Lohkamp’s compactification observation; see [Loh99]. Modern accounts phrase this as follows: using
Lohkamp’s idea, one can reduce the Riemannian positive mass theorem to the impossibility of ® > 0 on
T"#X"™; see the discussion in [LUY?24].

Theorem 6.4.6 (Standard deformation to a negative harmonically flat end)

Let (M™, g) be complete, one-ended, and asymptotically flat, with R, > 0 and negative ADM mass

m < 0. Assume the usual decay for which the ADM mass and the weighted elliptic theory are valid,
including Ry € L'; for instance one may work with the Sobolev AF condition in Definition 6.4.3. Then,
for every sufficiently small € > 0, there is a complete asymptotically flat metric g- with the following
properties:

R, >0,  |mapmse) —m| <e,

and on some exterior coordinate region {r > R.},
4

ge = ul 9, Ay, =0, Ue = 14 @™ + Ono (r' ™).
Moreover

MADM (ga) = 2q..

Thus, ife < —m/2, then a. < 0. In the positive-mass contradiction argument, we may therefore replace
the original metric by one which is conformally flat and scalar-flat near infinity, with negative harmonic

mass coefficient.

Q

Here the notation in the conclusion is as follows. The function u, is a positive harmonic function on the
exterior Euclidean coordinate region, and a. is the coefficient of its leading 72~ term. The notation OOO(TB )
is a shorthand for “big-O with all derivatives”. More precisely, if E = Ou(r?), then for every multi-index o

there is a constant C,, such that, in the chosen exterior coordinates,
|0°E| < CyrP=lel for r large.

Thus O (r!~™) means not only that the error itself is O(r!~™), but also that every coordinate derivative has

the corresponding differentiated decay; for example

0% Ouo(r' ™) = O(r'7"710),
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

l—n)

This is stronger than ordinary O(r notation and is the form needed when differentiating the expansion

in the ADM mass or scalar-curvature computations. The equality mapm(g:) = 2a. is the standard ADM
normalization for a conformally flat end ug/ (n_2)6 .
This is the standard density step in the positive mass theorem; see [Bar86, LLU23]. We spell out the
mechanism because it is the analytic part which precedes Lohkamp’s compactification.
Choose a large radial cut-off y ) on the asymptotically flat end, with xy, = 1 for » < X and x, = 0 for

r > 2. Let ggpye = 0 be the Euclidean metric in the AF coordinates and set

gr = xx9 + (1 = Xa)9Buc
on the end, extending it by g on the compact part. Thus gy = ¢ on a large compact set and g, = ¢ for r > 2.
The only scalar curvature error is in the annulus {\ < r < 2)}. Define

V= Ry, — xaRy.

The basic estimate is

HV)\Hinq , + VAl grsz + [[Vall p2n/mezy — 0 6.4.1)

!

for every ¢’ < g with ”7_2 < ¢’ < n—2. The point is that the linear part of the scalar curvature at the Euclidean
metric is
DR(;(]C) = 8i6jkij — 8]({9]]{11

When k) = xx(g — d), the terms with two derivatives on g — ¢ are exactly x\DRs(g — §); the remaining
terms contain at least one derivative of x and are supported in the annulus. Since |V¥x,| < CA~¥ there, and
g—9d € WE’;’, these commutator terms go to zero in the weighted norms above. The nonlinear terms in Ry,
contain either (g — 0)9%gy or (9gy)?, and have the same decay. This proves (6.4.1).

For A large, solve the conformal correction equation

—cp, AP wy + Vawy =0, wy — 1 on the chosen end, (6.4.2)

4(n—1)
n—2 °

with the smallness of V) in (6.4.1), gives a unique solution with

where ¢, = The weighted Fredholm estimate for the Laplacian on an asymptotically flat end, together

2,p
w)\—IGW_q,, H’u})\—IHWE,qp/ — 0.
Equivalently, writing wy = 1 + 7, the equation is
(—enA +Vi)my = =V

The operator on the left is a small perturbation of the AF Laplacian —c¢,, A9 : WE’;: — IP which is an

7q/72’
isomorphism for 0 < ¢’ < n — 2. Thus a Neumann-series/Fredholm argument solves for 1, and gives the
norm estimate above. This is the only analytic input in the deformation step. Since p > n, weighted Sobolev

embedding gives [|wy — 1[co — 0; after increasing A we therefore have 3 < w) < 2. Define
~ ni2
gx =Wy Gx-

The conformal scalar curvature formula gives
_n+2
n—2
Ry, =w, " (—angkwA + RgAwA)
_n+2 __4
n—2 n—2
= Wy (RgA - V)\)w)\ == X)\Rg Wy > 0.

Thus the scalar curvature sign is preserved. Since w) stays uniformly bounded above and below and g, is

uniformly equivalent to g, the new metric is complete.
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

On the region r > 2\, we have gy = § and V), = 0, so (6.4.2) becomes
A‘Sw)\ =0.

Therefore g, is harmonically flat there:
4

gy = wFé, wy =14 A\r?™" + O (r1™™).
Here the “conformal mass formula” is the following elementary consequence of the ADM boundary integral. If

an AF metric go has mass mapwm(go) and
g= uﬁgo, w=1+Ar*" + Oy (rt™"),
then
mapm(g) = mapm(go) + 2A. (6.4.3)
Indeed, in the flat coordinates of the end, u%/("=2) = 1 + %73_” + Ouo(r17™), so the extra contribution to
the ADM integrand is
3 ("= —1)8;;) — 9 (w2 —1)3;;) = —(n — 1)d;(u =2,

and the boundary integral gives 2A.

Applying (6.4.3) with go = g, gives

mapm(gx) — mapm(gr) = 24,.
The equation for w) then identifies this coeflicient. Integrating
—Ccn AP wy + Vywy =0

over a large coordinate ball and letting the radius tend to infinity, using that gy = ¢ near infinity, gives

0= —c, lim 8 LWy, d0+/ Vawy djig, -
M

7—00

Since d,wy = —(n — 2)A\r! "+ O(r ") and ¢, = 4(n 1) , this becomes

24, = — / Vawy dyg, -

2(n—1wn 1

Hence
1

mapm(gn) — mapm(gr) = 2= Dwns /M Vawy djg,
Here g), is exactly Euclidean at infinity, so mapu(gy) = 0; the integral above is precisely what produces the
new harmonic mass coeflicient.
To see that this new mass is close to the original mass, one uses the standard mass-continuity lemma in
the density theorem. The construction gives gy — g — 0in W~ ’p for every "52 < ¢’ < n — 2, and the scalar

curvatures also converge in L':
4

Rj, — Ry = x\aRg(wy, "7 — 1) + (xo — 1) Ry.
The first term goes to zero because wy — 1 uniformly and R, is integrable on the AF end; the second goes to
zero because its support escapes to infinity. The ADM boundary integral is continuous under this W ,, conver-
gence together with L' scalar-curvature convergence: this is the usual Bartnik density mass lemma, obtamed by
writing the mass integrand as the Euclidean linearization of scalar curvature plus quadratic terms, whose tails

are integrable when ¢’ > “-=. Hence

mapm(gr) — mapm(g) = m.

Choosing A large, the mass of g, therefore differs from m by less than €.
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

It remains only to identify the coefficient A with the ADM mass. Set v = wi/ (n72), SO g,ij = v0;j near

infinity. Since
4A)\ 7,2771

=1
v +n—2

+O(rt ™), v = —4A\r " 4 o(rt ™),

we compute
0j9xn,ij — 0igrj; = —(n — 1)0v.

Substituting in the ADM formula yields
s — 1 : 1-n _
mapm(ga) = 2(n — 1won_1 rlggo . 4A\(n — 1)r " do = 2A,.

Taking g. = g and a. = A proves the theorem. ¢

Lemma 6.4.7 (Lohkamp cut-off on a negative harmonically flat end)

Assume that on an exterior coordinate region {r > Ry} the metric is

g:uﬁ(;’ Ry >0, a <0,
u=1+a?"+0o(r’™),  Vu=—(n—2)ar' "9 +o(r'").
Then, after increasing Ry if necessary, one can replace u outside a large compact set by a smooth positive
function u such that

U =u near the compact core, U

c >0 near infinity, A% <0,

with strict inequality somewhere. Therefore
4

g = an72 5
has nonnegative scalar curvature on the end, has positive scalar curvature somewhere in the transition

region, and is exactly flat near infinity. Since u = u on a full neighborhood of the inner matching sphere,

this replacement glues smoothly to the original metric on the compact part.

[ )
Proof The conformal scalar curvature formula on the flat background gives
_nt2 4n—1
Ry, = —cyu s A‘Su, Cp = M
n—2

Since Ry > 0, the conformal factor is superharmonic:
Ay <0.
The negative coefficient a < 0 says that v approaches 1 from below. More precisely, for r sufficiently large,
ou=—(n—2)ar'™™ +o(r'™") > 0.
After enlarging the compact core, choose € > 0 and radii 21 < Rp so large that
u < 1—3e onacollarof Sg,, u>1—e forr> R,
and such that 9, u > 0 throughout Ry < r < Rs. Thus the transition set
l-3e<u<l—e¢

is contained in a compact annulus in the end, and |Vu| # 0 somewhere inside this transition set.

Choose a smooth function ¥ : R — R with the following properties:
U(t)=t fort <1-—3e, U(t)=c fort>1—c¢,
where ¢ > 0, and
0< VU <1, U’ <0,
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

with ¥ < 0 somewhere in (1 — 32,1 — ¢). Such a function is obtained by choosing a smooth nonincreasing
function 6 : [1 — 3¢,1 — ] — [0, 1] which equals 1 near the left endpoint and 0 near the right endpoint, and

then setting
t

U(t)=1-3e+ / 0(s) ds

1-3¢
on the transition interval, with the two constant/identity extensions above.

Now set

on the end, and keep & = wu on the compact core. This is smooth across the inner matching region because
U(t) =t wherever u < 1 — 3e. Itis positive because v > 0 and ¢ > 0, and it is constant equal to ¢ near infinity
because VY is constant for ¢ > 1 — .
By the chain rule,
AT = 0" (u)|Vul|? + ¥ (u) A% < 0.

The inequality is strict somewhere in the transition annulus: there |[Vu| # 0 at some point where U” (u) < 0.
This proves the desired superharmonic cut-off. Notice that no spherical symmetry is used here; the only inputs
are conformal flatness, superharmonicity, and the negative mass asymptotic.

Finally use the conformal scalar curvature formula with flat background metric. For any positive function

o, A1)
_nt2 n—
R¢4/(n—2>5 = —cpop "2 A6¢> Cn = Th_9
Applying this to ¢ = u gives
__nt2 5
Ry = —cp,u n2A%u > 0,
and it is positive somewhere. Since « is constant near infinity, g is flat there. ¢

Proposition 6.4.8 (Negative mass produces a PSC torus connected sum)

If a one-ended asymptotically flat manifold (M", g), 3 < n < 7, has nonnegative scalar curvature and

negative ADM mass, then some closed manifold of the form

T #Y

admits a positive-scalar-curvature metric. o

Proof First apply Theorem 6.4.6, choosing the deformation so that the mass remains negative. Then apply
Lemma 6.4.7 to the harmonically flat end. We obtain a new complete metric, still denoted by g, with the
following properties: R, > 0, R, > 0 somewhere in a compact annulus in the chosen end, and on {r > Rs}
the metric is

4
g= cn—2¢

for a constant ¢ > 0.
Choose a coordinate radius R with Ry < R < Ry, and let K := M \ {r > R} be the compact manifold
obtained by cutting the chosen end at the coordinate sphere Sp = dBpr. Then choose L > Ry and let
Qr=[-L,L]" CR™
Since every point of @)1, has Euclidean radius at least L. > Rj, a whole collar of 0@, lies in the exactly flat

region. Remove from M the part of the chosen end outside (7. Equivalently, the remaining compact manifold
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6.5 The Horowitz—Myers Conjecture

with corners is
W = KR USR (QL \ BR)7

where )1, \ Bp is read in the asymptotic coordinate chart. The outer boundary of this fundamental domain is
the boundary of the cube Q..
Now identify opposite faces of Q) by the translations
(..., 2" =L,....2") ~ (z},..., 2" = —L,..., 2", 1=1,...,n.

These translations are isometries for the constant flat metric ¢%/(7—2)

0. Hence the metric descends smoothly
across the identified faces. There is no corner singularity: the cube is only a fundamental domain for the standard
smooth quotient @),/ ~= T", and the metric is the translation-invariant flat metric in a neighborhood of the
boundary faces.

Let X be the closed quotient. We next identify its topology. Form the closed manifold
Y :=Kg Usg Bpg.

On the other hand, after the opposite faces of (), are identified, ()1, becomes T", and the image of the interior
ball By is an embedded ball in this torus. Therefore
X =KpUs, ((Qr\ Br)/~) ~ Y#T".

This is the promised torus connected sum.

The scalar curvature statement is local, so it survives the quotient. Thus the induced metric on X has
R > 0 everywhere and R > 0 somewhere. By Lemma 6.1.2, the closed manifold X admits a metric with
R > 0 everywhere. Since X ~ T"#Y, this proves the proposition.

6.4.2 Suppose, to the contrary, that the mass is negative.

By Proposition 6.4.8, some T"#Y admits a positive-scalar-curvature metric. This contradicts Corollary 6.3.2.

Hence the ADM mass is nonnegative.

Remark 6.4.9 (Rigidity). The equality case is less topological but fits the same philosophy. If an asymptoti-
cally flat manifold with R, > 0 has zero mass and is not Euclidean, one uses a conformal/deformation argument
to produce a new asymptotically flat metric with ® > 0 and strictly negative mass. This contradicts the non-
negativity just proved. In the original Schoen—Yau proof this is combined with the strong maximum principle

and the regularity theory for the minimizing hypersurfaces.

Remark 6.4.10 (Summary of the positive mass argument). The proof has three moving parts.
1. Stability plus the Gauss equation gives

[ 290+ Rsd? > [ (R + 1476

b pX
This is the whole reason positive scalar curvature descends to a stable minimal hypersurface.

2. A nonzero-degree map to a torus supplies cohomology classes whose cup product remains nonzero after
passing to a Poincare-dual minimizing hypersurface.

3. A negative-mass end can be flattened to make a closed positive-scalar-curvature metric on T"#Y’, con-

tradicting Geroch.

6.5 The Horowitz—Myers Conjecture

The Horowitz—Myers conjecture [HM98] is a positive mass statement for spaces with negative cosmological

constant. The point of this section is to explain the Riemannian version proved by Brendle-Hung [BH24], and
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6.5 The Horowitz—Myers Conjecture

then to outline how their systolic inequality proves it.

6.5.1 From AdS energy to a Riemannian inequality

Recall first the analogy with the positive mass theorem. For asymptotically flat initial data, Euclidean space
is the reference geometry and the expected lower bound for the ADM mass is 0. With a negative cosmological

constant, the natural reference geometry is anti-de Sitter space. In spacetime language the Einstein equation is
) 1
Ricg — QRgg + Ag = 8nT.
For AdS geometry one takes A < 0; in our normalization,
n(n —1)

2
On a time-symmetric spacelike slice, the second fundamental form vanishes and the Hamiltonian constraint

A= —

becomes a scalar-curvature condition. In vacuum it is

Ry = —n(n—1),
and under the dominant energy condition it becomes

Ry > —n(n —1).

For asymptotically hyperbolic data with spherical conformal infinity, the ground state is pure AdS, whose
time-symmetric slice is hyperbolic space. The Horowitz—Myers phenomenon begins when the conformal infinity
is toroidal. In that case the product hyperbolic end is not the expected lowest-energy geometry. One circle
direction at infinity can fill in smoothly in the interior, producing the AdS soliton on R? x 7™~2. This metric
has negative mass relative to the product hyperbolic end. The conjecture says that, among metrics with the same

toroidal asymptotics and R, > —n(n — 1), the AdS soliton has the least possible mass.

6.5.2 The Brendle-Hung mass inequality

Let ~ be a flat metric on S* x 772, The model end is
g =r"2dr’ +ry
on (rg,00) x St x T™2. An asymptotically Horowitz—Myers end has an expansion
9=g+r"Q +o(r ™),

where @ is a symmetric 2-tensor on S! x 7" 2. The quantity

/ ntr, QdV,
SlxTn—2

is the mass term in the normalization used here.
There is also a systolic quantity built into the toroidal end. Let ¢ : S* x T"~2 — S be the circle projection

and let = be the pullback of the volume form on S'. Define
o = inf {lengthv(oz) ca C ST x T" 2 closed and / = # 0} .
(0%

Thus o is the length of the shortest loop which winds nontrivially in the distinguished S'-direction.

Theorem 6.5.1 (Horowitz—Myers mass inequality, Brendle-Hung)

Let 3 < n < 7, and let y be a flat metric on S* x T" 2. Let

g =r2dr® 4+ r?y

107



6.5 The Horowitz—Myers Conjecture

on (rg,00) x St x T2, and let Q) be a symmetric 2-tensor on S* x T2, Suppose (N, gy ) is a smooth
n-manifold such that:

(1) N\ E = (rg,00) x St x T"=2 for some compact set E C N;

(2) the T™2-projection on the end extends smoothly to a map N — T"2;

(3) on the end,

lgx =3 =12 "Qly =o(r™),  |Dlgn — g —r>"Q)ly = or™");
(4) Ry > —n(n—1),

Then 4\ "
/ n tr,(Q) dV,, > —/ <—”> dv,.
SIXTn72 SIXTn72 no

The left-hand side is the Horowitz—Myers mass term. The right-hand side is the mass of the corresponding

Q

AdS soliton. The rigidity statement, proved by Brendle-Hung in a subsequent work [BH25], says that equality
forces the metric to be locally isometric to a Horowitz—Myers metric.

6.5.3 The systolic boundary inequality

The mass inequality is proved by cutting off the end and applying a sharp boundary inequality to the re-
sulting compact manifold. We state that inequality in the compact form in which it is used.

Let M be a compact, connected, orientable n-manifold with nonempty boundary. Suppose
£:0M — S, 0=(01,...,0n0 2):OM — T" 2

are smooth maps such that (£,6) : 9M — S x T™~2 has nonzero degree. Let Z = £*(dfg1), where dfg1 is
the volume form of the circle. Similarly, let ©; = 07 (df;) denote the pulled-back volume forms from the circle
factors of 7" 2. Define o to be the shortest length of a closed curve o C 9M with fa = # 0. Let Hyps be the
mean curvature of 9M with respect to the outward unit normal 7).

Theorem 6.5.2 (Brendle-Hung systolic boundary inequality)

Let3<n <T7let>n,andlet p € C*(M). If

B 9Nl + R+ 58— 1) 20,

—2AMp —
then

= B
20 inf ({V"p,) + Hons — (8~ 1)) < (%) .

@J

For the mass theorem, one only needs the scalar-curvature consequence obtained by taking ¢ = 0 and

letting 8 — n.

Corollary 6.5.3 (Scalar-curvature boundary inequality)

With the same topological notation, if Ry > —n(n — 1), then

Ar\"
ux —m=1)<(2Z) .
20 (191(11\5 (Hopr — (n—1)) < ( - )
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6.5 The Horowitz—Myers Conjecture

6.5.4 The AdS soliton and sharpness

The sharp example is the Horowitz—Myers, or AdS soliton, metric. Geometrically one should picture the
S'-factor at infinity as a polar-angle direction which collapses smoothly in the interior. Thus the underlying
manifold is R? x 772, while the conformal infinity is S* x 772,

For simplicity, assume that (S!, gg1) has length 47 /n. On (1,00) x St x T"72, set

1
= 5 ———=dp’ + p*(1 — p")gs1 + p*grn—2.
p*(L=p7™)
~\ 2/n
p= <cosh n2p> ,

~ 4/n ~\ 2
g=dp*+ <cosh n2p> [<tanh n2p> gst + ng_2] .

Near p = 0, the first two directions look like

~\ 2
A + (”;) gg1.

The choice length(S') = 4 /n is exactly the no-cone-angle condition, so the metric extends smoothly across

With the substitution

this becomes

the collapsed circle. The resulting metric has scalar curvature
Ry = —n(n—1).

To compare it with the asymptotic model, define r by

1
pn/2 — ,’,n/2 <1 + 47‘”) )

1 4/n—2 1 2 1 4/n
g =r"2dr? +r? <1 + 4r_”> (1 — 47"_") gg1 + 12 <1 + 7”_"> grn—2

4
= 2dr? + 12 (1 I

Thus the tensor Q) is

Then

1
7“_”> ggr + 12 (1 + nr_”> grn—2 +o(r™").

n—1 1
Q=- gst + —grn-2,
n n
and
try QQ 1
r = ——.
K n

Since o = 47 /n, the right-hand side in Theorem 6.5.1 is exactly the mass of this metric. Hence the inequality

is sharp.

6.5.5 How the Brendle—-Hung proof works

We keep the proof in three parts. The first part converts the boundary inequality into the mass inequality.
The second part proves the boundary inequality by dimension reduction. The final part is the two-dimensional
endpoint, where the sharp constant is computed.

Step 1: from the boundary inequality to the mass inequality.
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6.5 The Horowitz—Myers Conjecture

The goal is to prove Theorem 6.5.1:

4 n
/ ntr, QdV, > —/ (W> v,
SlxTn—2 SlxTn—2 no

The compact input is Corollary 6.5.3. Thus we need to cut off the end of N in such a way that the boundary
mean curvature sees the mass aspect.
Choose u and a constant ; on S x T2 by
A7u+2tr7Q—|—u:0, / udV, = 0.
2 Sl Tn—2
Equivalently,

/Slen2 (ntry @+ 2u)dVy, = 0.

For large 7, cut off the end by the graph
ﬁ:Nﬁ{TS?—l—?B*"ﬂ}, U=uor.
The reason for using this graph, rather than the coordinate torus {r = 7}, is that the graph makes the first

nontrivial term in the mean curvature constant. The two estimates one needs are
D*u = Diu —r Ydr @ da+di®dr)+ 0"
and

D*r =rg — gTS_”Q + o(rt=m).

Substituting these into the level-set formula
Hoo o try 5 D2(r — 737"0)
o8 = T|D(r — 7a)

gives
Hyi = (n=1)+7"u+o(r").

Therefore Corollary 6.5.3 applied to N gives
P 4 \"
20" " < <F> +0o(1),
n

where & is the boundary systole on ON. Since

~

~9 o
r gaﬁ—>"}/, ?—>0',

we pass to the limit and recover the mass inequality. Equivalently, one may argue by contradiction: if the mass
integral were too negative, then for some € > 0,

n
2(1 _ e)n—f—lo_nu 2 <47T> ,

n
whereas the boundary inequality gives

4 n

2(1 — &)™ "y < (”)

n
for large 7. Hence o /7 < (1 — )0, contradicting 7 /7 — o.

Step 2: dimensional reduction for the systolic inequality.

The goal is now Theorem 6.5.2. The proof reduces the n-dimensional boundary inequality to a two-
dimensional one by repeatedly taking free-boundary hypersurfaces which preserve the relevant cohomological
information.

The inductive object is a pair (X¥, ¢y), where X has boundary and carries the nontrivial topological

110



6.5 The Horowitz—Myers Conjecture

information coming from =, @1, ..., ©_o. The pair is required to satisfy
k B8—k+1 k
Bk, gr) := =207 ¢, — ﬂwz ek’ + Rex + 8(8—1) > 0,

and the boundary term is
Bk = anQOk + Hazk.

Starting with 2™ = M and ¢,, = ¢, the reduction step is:

Reduction proposition.
Assume Ey(or, gx) > 0 and By, > 0. Then there is a compact free boundary hypersurface ¥~ ¢ ¥¥,
stable for the weighted area functional

Au(S) = / P dA,,,
S

and a function ¢;,_1 on £*71, such that

Ep_1(or—1,9k-1) >0
and
6,,%,1 + Hyse—1 = 877<pk + Hysw.

The hypersurface is chosen in the homology class detected by the remaining forms, so the relevant systole cannot
decrease in the direction needed for the final inequality.

Let us indicate why the differential inequality is preserved. Write & = XF, ¥ = %=1 and ¢ = orls. All
geometric quantities below are computed in the original metric g;. If v is the unit normal of > C %, then the

second variation of Ay, gives, for every smooth test function ¢,
0< [ e (I9¢P - (RRe@.9) + A7) ¢ + 927 9)6%)
b
- [ _ePag@e

ox
Here A is the second fundamental form of 3 C . The usual Gauss equation and the free-boundary relation
give

~ - 1 /- ~ ~ ~ 1 /- ~ =~
A2 + Ric(. ) = 5 (R—R+ AP +H2) = (R—R+H2) ,
and
Ags(v,v) = Hys — Hps.
Thus the stability inequality may be weakened to
[~ 1 - ~ o~ .
0< /~ e? (yng —5(R-R+ H*)(? 4+ V2p(7, y)¢2>
b
— ey~ Hyg).

ox
By the first-eigenfunction argument for this Robin problem, there is a positive function w on ¥ and a number
A > 0 such that .

— div>(e?Vw) — 5(}? — R+ H?)ePw + e?V2@(0, 0)w

= \ePw > 0,

with boundary condition

Ogw — (Hgs, — Hys)w = 0.
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6.5 The Horowitz—Myers Conjecture

Define
P = 1:=¢+logw.

The Schoen—Yau rearrangement of the stability inequality gives
—2A%+ R — |V
> —2A¢+ R—|Vo|* + Vg — V3.
The only algebraic point is
p 2
a—b?+pla® > b|“.
ja— b+ plaf* > 2

Taking p = 1/(8 — k) gives

1 ~
Ve’ >

~ ~ 1 ~
- ~12 ~|2

Therefore )
A+ R— (14— ) |IVE]? -1
R ey L CRY

- _ 1 _
> 2A¢+R— (Hﬁ—k) IV@l> +B(B—1) > 0.
This is exactly the inequality £;_; > 0. The boundary equality follows directly from the Neumann condition
for w:

87];54‘ Hazkfl = 67,95 + Hazk.

Iterating the reduction either stops early, in which case the boundary infimum is already nonpositive and
the desired inequality is immediate, or reaches a surface (32, o). In the latter case the boundary terms are the
same along the construction and, if o5 is the corresponding systole on %2, then o < o5. The two-dimensional

estimate therefore gives

207 inf (Oyp + Honr — (8= 1))

B . 47 B
< 205 inf (Ope2 + Hoxz — (B-1) < (5> :

Step 3: the two-dimensional endpoint and the monotonicity.
The dimension reduction leaves a sharp inequality on a surface. This is the only place where the numerical

constant (4 /3)? is produced explicitly.

Theorem 6.5.4 (Two-dimensional endpoint)

Let 3. be a compact connected orientable surface with nonempty boundary. Let K be its Gaussian cur-

vature, K the geodesic curvature of 0%, and 1 the outward unit normal. Suppose

Dy %IWF 42K + B(B—1) > 0.
Then:

(i) If ¥ is diffeomorphic to a disk, then

3. A\ P
2051 inf (B + 5~ (B-1) < () -
(ii) If ¥ is not diffeomorphic to a disk, then
inf (O + 5 — (8- 1)) 0.
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The second case is proved by reducing further to a free-boundary geodesic. The main new estimate is the
disk case.
For the disk case define the parallel domains

O, ={z € :dx0%)>s}, 7,=09,  L(s)=H(7)
and let | = sup{s: Qs # 0}. Put
Bs Bs

F(s) =tanh 52, G(s) = (cosh 2)’3.

For almost every s, the curve 7, is piecewise smooth. If I'(s) denotes its total curvature, then the comparison
geometry gives
L'(s) < —TI'(s).

Since the connected components of €2, are disks, Gauss—Bonnet gives

2 <T'(s) + K.
Qs

Now define
I(s)=2m— (B—1)F(l —s)L(s) —|—/ (AY — K).

Qs
The fundamental monotonicity statement is
I'(s)— (B—1)F(l—s)I(s) >0  forae. s € (0,1).
The computation is short enough to record the structure. Differentiate I, use L'(s) < —I'(s), use Gauss—Bonnet

to replace I'(s), and use the scalar inequality to control the integral over 7. The last point is the elementary

(B-1)(-2)
2

estimate

B-1
2(8 - 2)

These inequalities combine to give

V| + F(l—s) > (B—=1F(—s)|Vy|.
I'(s) > (B — 1)F( - s)I(s).
Since
(log G)'(s) = (B — 1)F(s),
the equivalent formulation is
J(s)=G(l—s)I(s) =  J(s)>0.

This is the monotonicity one should remember.
Finally J(0) < J(I). Using Gauss—Bonnet on the original disk, this gives

on 2 GO) ([ (0,040 - (3-1F(I0Z]).
)
Let 0 = |0X] in the disk case. Write
@ i=inf (O + 5~ (B 1))

The preceding inequality controls the boundary average, hence also the infimum:
27

1
0 < J/az(anwm ~(8-1) < g — (- D= FA).

Multiplying by 207 gives
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Since 0 < F(I) < 1, we have

1 1 __B8_
1= F() > 5(1- F(1) = ;G() 7
Therefore 51 5
205a§47m _(B-1) aﬁ

G(1) G(1)7T

Now set
o
xr =

The right-hand side becomes
draP~t — (B — 1),

This one-variable expression is maximized at x = 47/, and its maximum is

(5)
3 .
This proves Theorem 6.5.4. Step 2 gives Theorem 6.5.2, Corollary 6.5.3 follows by taking ¢ = 0 and 5 — n,

and Step 1 proves the Horowitz—Myers mass inequality.
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