


Preface

These notes are based on a course on minimal hypersurfaces given at the Beijing Institute of Mathematical
Sciences and Applications (BIMSA). The goal is to give a concise introduction to several central ideas in the
theory of minimal hypersurfaces, with an emphasis on stability, curvature estimates, regularity, and applications
to scalar curvature and mathematical general relativity.

The material begins with basic Riemannian geometry and the first and second variation formulas. It then
discusses geometric measure theory, regularity and compactness theorems for stable minimal hypersurfaces,
stable Bernstein-type problems, and recent applications of minimal hypersurface methods to positive scalar cur-
vature, the positive mass theorem, and related rigidity questions. The exposition is intended to be self-contained
enough for graduate students in geometry, while still keeping the main analytic and geometric mechanisms vis-
ible.

Comments, corrections, and suggestions are welcome and may be sent to wanggaoming@bimsa.cn.

mailto:wanggaoming@bimsa.cn
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Chapter 1 Background on Riemannian Manifolds and Minimal
Immersions

1.1 Riemannian Manifolds

Definition 1.1.1 (Riemannian manifold)

♣

A Riemannian manifold is a smooth manifold M equipped with a Riemannian metric g, which is a
smooth, positive-definite symmetric (0, 2)-tensor field.

We use either g(X,Y ) or 〈X,Y 〉 to denote the inner product of two tangent vectors X,Y ∈ TM with
respect to the metric g.

The Riemann tensor R = RM is defined by

R(X,Y )Z = −∇X∇Y Z +∇Y ∇XZ +∇[X,Y ]Z,

Here, ∇ is the Levi-Civita connection associated with g, i.e., it satisfies the following properties:
Torsion-free: ∇XY −∇YX = [X,Y ] for all vector fields X,Y .
Metric compatibility: X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ) for all vector fields X,Y, Z .

The convention for the (0, 4)-type Riemann curvature tensor is

R(X,Y, Z,W ) = g(R(X,Y )Z,W ).

If the ambient manifold is Euclidean space RN with the standard metric, we write X · Y for the inner
product of X and Y , and D for the standard connection.

1.2 Submanifolds

Definition 1.2.1 (Induced metric)

♣

Let (MN , g) be a Riemannian manifold and ι : Σn ↪→ M be a smooth immersion. The induced metric
on Σ is defined by

ḡ = ι∗g,

so that ḡ(X,Y ) = g(dι(X), dι(Y )) for tangent vectors X,Y ∈ TΣ.

Definition 1.2.2 (Second fundamental form and mean curvature)

♣

The vector-valued second fundamental form ~A is defined by
~A(X,Y ) = (∇XY )⊥,

where ∇ is the Levi-Civita connection of M and (·)⊥ denotes the projection onto the normal bundle of
Σ in M . The mean curvature vector ~H is defined as the trace of ~A:

~H = Tr( ~A) =

n∑
i=1

~A(ei, ei),

where {ei} is an orthonormal basis of TΣ with respect to the induced metric ḡ.



1.3 First and Second Variation Formulas

Definition 1.2.3 (Hypersurface and principal curvatures)

♣

A submanifold Σ is called a hypersurface when codim(Σ) = 1, i.e., n = N − 1.
If we assume Σ is a two-sided hypersurface, then there exists a globally defined unit normal vector field
ν on Σ. In this case, the second fundamental form can be expressed as a scalar-valued symmetric (0, 2)-
tensor A defined by

A(X,Y ) = g( ~A(X,Y ), ν) = −g(∇Xν, Y ) = g(∇XY, ν).

Then the mean curvature H = g( ~H, ν) is the trace of A.
The eigenvalues κ1, . . . , κn of A are called the principal curvatures.

Gauss equation for hypersurfaces.
For a hypersurface Σ in a Riemannian manifold (MN , g), the Gauss equation relates the intrinsic curvature

of Σ to the extrinsic curvature and the ambient curvature:

RΣ(X,Y, Z,W ) = RM (X,Y, Z,W ) +A(X,Z)A(Y,W )−A(X,W )A(Y, Z),

1.3 First and Second Variation Formulas

We consider a variation of the submanifold Σ given by a family of immersions ιt : Σ → M with ι0 = ι.
The variation vector field is defined as

V =
∂ιt
∂t

∣∣∣∣
t=0

.

The volume element of Σt = ιt(Σ) is denoted by dΣt.
Suppose U ⊂ Σ is an open subset. We consider the variation of the volume functional

A(t) = |ιt(U)| =
ˆ
U
dΣt.

Proposition 1.3.1

♠

The first variation of the volume functional is given by

δV (U) := A′(0) =

ˆ
Σ
divΣV dΣ.

The second variation of the volume functional is given by

δ2V (U) := A′′(0) =

ˆ
Σ

n∑
i=1

−〈R(V, ei)V, ei〉+ divΣ∇V V + (divΣV )2

+
n∑

i=1

|(∇eiV )⊥|2 −
n∑

i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
dΣ.

Remark 1.3.2. Note that we do not impose any conditions on V and Σ for the above formulas. In particular, Σ
does not need to be a critical point of the volume functional, and V does not need to be a normal variation.

Suppose {ei} is an orthonormal basis of TΣ, and define ei(t) = ιt∗ei. Then the area element can be
expressed as

dΣt =
√

det(〈ei(t), ej(t)〉) dΣ,

where dΣ is the area element of Σ. We need the following lemma:

2



1.3 First and Second Variation Formulas

Lemma 1.3.3

♠

We have
det(I + tA) = 1 + t · tr(A) + t2

2
(tr(A)2 − tr(A2)) +O(t3),

Proof We recall the standard formula for the determinant of a matrix M :

det(M) = exp(tr(logM)).

Applying this to I + tA, we have

det(I + tA) = exp(tr(log(I + tA)))

= exp

(
tr

(
tA− t2

2
A2 +O(t3)

))
= exp

(
t · tr(A)− t2

2
tr(A2) +O(t3)

)
= 1 + ttr(A) +

t2

2
(tr(A)2 − tr(A2)) +O(t3).

♦
We thus obtain the first variation formula:

d

dt
|t=0|Σt ∩ U | = d

dt
|t=0

ˆ
Σ

√
det(〈ei, ej〉) dΣ

=
1

2

ˆ
Σ
tr(
〈
e′i, ej

〉
+
〈
ei, e

′
j

〉
)ij dΣ = n

ˆ
Σ
H dΣ

=

ˆ
Σ
〈∇eiV, ei〉 dΣ =

ˆ
Σ
divΣV dΣ

For the second derivative of the area element, set M(t) = (〈ei(t), ej(t)〉)ij . Then
d2

dt2
|t=0

√
det(M(t)) =

1

2

(detM(t))′′√
detM(t)

− 1

4

(detM(t))′2

(detM(t))3/2

=
1

2
(trM ′′ + (trM ′)2 − tr (M ′2))− 1

4
(trM ′)2

=
1

2
trM ′′ +

1

4
(trM ′)2 − 1

2
tr (M ′2).

We compute each term:
1

2
trM ′′ =

n∑
i=1

〈∇V ∇V ei, ei〉+
n∑

i=1

〈∇V ei,∇V ei〉

=
n∑

i=1

−〈R(V, ei)V, ei〉+ 〈∇ei∇V V, ei〉+
n∑

i=1

〈∇eiV,∇eiV 〉

=
n∑

i=1

−〈R(V, ei)V, ei〉+ divΣ∇V V +
n∑

i=1

|∇eiV |2,

1

4
(trM ′)2 =

1

4

(
n∑

i=1

〈∇V ei, ei〉+ 〈ei,∇V ei〉

)2

=

(
n∑

i=1

〈∇eiV, ei〉

)2

= (divΣV )2,

1

2
tr (M ′2) =

1

2

n∑
i,j=1

(
〈∇eiV, ej〉+

〈
∇ejV, ei

〉)2
=

n∑
i,j=1

〈∇eiV, ej〉
2 +

n∑
i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
=

n∑
i

|(∇eiV )⊤|2 +
n∑

i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
.

3



1.3 First and Second Variation Formulas

So
d2

dt2
|t=0

√
det(M(t)) =

n∑
i=1

−〈R(V, ei)V, ei〉+ divΣ∇V V + (divΣV )2

+
n∑

i=1

|(∇eiV )⊥|2 −
n∑

i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
.

Then, we have the second variation formula:
d2

dt2
|t=0|Σt ∩ U | =

ˆ
Σ

d2

dt2
|t=0

√
det(M(t)) dΣ

=

ˆ
Σ

n∑
i=1

−〈R(V, ei)V, ei〉+ divΣ∇V V + (divΣV )2

+
n∑

i=1

|(∇eiV )⊥|2 −
n∑

i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
dΣ.

If V has compact support in U , then by the divergence theoremˆ
Σ
divΣV dΣ =

ˆ
Σ
divΣ(V ⊥ + V ⊤)dΣ

=

ˆ
Σ
divΣV ⊥dΣ =

ˆ
Σ

〈
~H, V

〉
dΣ.

Definition 1.3.4 (Minimal submanifold)

♣

A submanifold Σ is called minimal if it is a critical point of the volume functional, i.e., δV (U) = 0 for
all variations V with compact support in U .

By the first variation formula, Σ is minimal if and only if ~H = 0.
Suppose Σ is minimal, and the variation vector field V is normal, i.e., V = V ⊥, with compact support in

U . Then, we know divΣV = 0, and
´
Σ divΣ∇V V dΣ = 0. So the second variation formula simplifies to

d2

dt2

∣∣∣∣
t=0

|Σt ∩ U | =
ˆ
Σ

n∑
i=1

−〈R(V, ei)V, ei〉+
n∑

i=1

|(∇eiV )⊥|2 −
n∑

i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
dΣ.

Furthermore, if Σ is a two-sided hypersurface, then we can write V = fν for some smooth function f with
compact support in U . In this case, the second variation formula becomes

d2

dt2

∣∣∣∣
t=0

|Σt ∩ U | =
ˆ
Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2 dΣ,

This formula is useful in the study of minimal hypersurfaces. For instance, it directly yields the second
variation formula for minimal hypersurfaces with free boundary.

Proposition 1.3.5

♠

Suppose (Σ, ∂Σ) ↪→ (M,∂M) is a minimal hypersurface with free boundary, i.e., Σ meets ∂M orthogo-
nally along ∂Σ. Then the second variation formula for normal variations V = fν with compact support
in U is

d2

dt2

∣∣∣∣
t=0

|Σt ∩ U | =
ˆ
Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2 dΣ−

ˆ
∂Σ
A∂M (ν, ν)f2 dσ,

Proof It remains only to handle the term
´
Σ divΣ∇V V dΣ in the second variation formula. By the divergence

theorem, we have ˆ
Σ
divΣ∇V V dΣ =

ˆ
∂Σ

〈∇V V, η〉 dσ =

ˆ
∂Σ
A∂M (ν, ν)f2 dσ,

4



1.3 First and Second Variation Formulas

♦

Definition 1.3.6 (Stable minimal hypersurface)

♣

A minimal hypersurface Σ is called stable if the second variation of the volume functional is nonnegative

for all variations with compact support, i.e., d2

dt2

∣∣∣∣
t=0

|Σt ∩ U | ≥ 0 whenever sptV ⊂ U .

If Σ is a two-sided stable minimal hypersurface, this is equivalent to the following stability inequality for
all smooth functions f with compact support in U :ˆ

Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2 dΣ ≥ 0.

Corollary 1.3.7

♠

The variation of mean curvature H is given by
d

dt
H = −∆f − (|A|2 +Ric(ν, ν))f,

where V = fν is a normal variation with compact support in U .

Proof We consider only the normal variation V = fν. The first variation givesˆ
Σ
HfdΣ.

Hence the second variation can be expressed asˆ
Σ
H
d

dt
f +

d

dt
Hf + (Hf)2dΣ.

Comparing this expression with the second variation formula, we conclude thatˆ
Σ

d

dt
Hf =

ˆ
Σ
−

n∑
i=1

〈R(V, ei)V, ei〉+
n∑

i=1

|(∇eiV )⊥|2 −
n∑

i,j=1

〈∇eiV, ej〉
〈
∇ejV, ei

〉
=

ˆ
Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2dΣ

=

ˆ
Σ
−f
(
∆f + (|A|2 +Ric(ν, ν))f

)
dΣ

Since this holds for all f with compact support in U , we have
d

dt
H = −∆f − (|A|2 +Ric(ν, ν))f.

♦
Define the Jacobi operator L by

L = −∆− (|A|2 +Ric(ν, ν)).

Then the stability condition can be written asˆ
Σ
fLf dΣ ≥ 0 for all f with compact support in U.

Definition 1.3.8 (Morse index)
The Morse index of a minimal hypersurface Σ is the dimension of the space of smooth functions f with
compact support in U such that ˆ

Σ
fLf dΣ < 0,

5



1.4 Properties of Minimal Submanifolds in RN

♣i.e., the maximum dimension of a subspace on which the quadratic form is negative definite.

Remark 1.3.9. Equivalently, the Morse index counts the number of negative eigenvalues (with multiplicity) of
the Jacobi operator L under appropriate boundary conditions. A minimal hypersurface is stable if and only if
its Morse index is zero.

Theorem 1.3.10

♥

Let Σn be a complete minimal hypersurface in a Riemannian manifold (Mn+1, g). If Σ has finite Morse
index, then Σ is stable outside a compact set, i.e., there exists a compact set K ⊂ Σ such thatˆ

Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2 dΣ ≥ 0

for all f ∈ C∞
c (Σ \K).

Proof Let ind(Σ) = m <∞ be the Morse index of Σ. By definition, there exists a finite-dimensional subspace
V ⊂ C∞

c (Σ) of dimension m such that the quadratic form

Q(f) =

ˆ
Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2 dΣ

is negative definite on V , and Q(f) ≥ 0 for all f ⊥ V (in the L2 inner product sense).
Since each function fi in a basis of V has compact support, there exists a compact set K ⊂ Σ such that

spt(fi) ⊂ K for all i = 1, . . . ,m.
Now, for any f ∈ C∞

c (Σ\K), we have spt(f)∩K = ∅. This means f is orthogonal to every basis function
fi of V (since their supports are disjoint). Therefore, f ⊥ V , and by the definition of finite Morse index, we
have

Q(f) =

ˆ
Σ
|∇f |2 − (|A|2 +Ric(ν, ν))f2 dΣ ≥ 0.

This proves that Σ is stable outside the compact set K. ♦

1.4 Properties of Minimal Submanifolds in RN

Proposition 1.4.1

♠

Let Σn be a submanifold in RN with position vector x = (x1, . . . , xN ). Then its mean curvature vector
~H is given by

∆Σx = ~H.

Proof Let {e1, . . . , en} be an orthonormal basis for TΣ. The Laplacian of the coordinate xk on Σ is given by

∆Σxk =
n∑

i=1

DeiDeixk =
n∑

i=1

Dei(ei ·
∂

∂xk
) = (Deiei) ·

∂

∂xk
= ~H · ∂

∂xk
,

Hence
∆Σx = ~H.

♦

6



1.5 Monotonicity Formula

Proposition 1.4.2

♠

Let Σn be a submanifold in RN with position vector x = (x1, . . . , xN ). Then Σ is minimal if and only if
each coordinate function xi is harmonic on Σ, i.e., ∆Σxi = 0 for all i = 1, . . . , N .

Proposition 1.4.3

♠

Suppose Σn is a minimal submanifold in Rn+1. Then ν · ∂
∂xi

satisfies the following Jacobi equation:

∆Σ(ν · ∂

∂xi
) + |A|2(ν · ∂

∂xi
) = 0.

We may write this more concisely as
Lν = 0.

Proof This is because the flow generated by ∂
∂xi

is a family of isometries of Rn+1, so d
dtH = 0 for the corre-

sponding variation. By the variation formula for the mean curvature, we have

0 =
d

dt
H = −∆Σ(ν · ∂

∂xi
)− |A|2(ν · ∂

∂xi
).

♦

1.5 Monotonicity Formula

Proposition 1.5.1

♠

Suppose Σn is a minimal submanifold in RN and x0 ∈ RN . Then we have the following monotonicity
formula:

|Σ ∩Bρ(x0)|
ρn

− |Σ ∩Bσ(x0)|
σn

=

ˆ
Σ∩(Bρ(x0)\Bσ(x0))

|(x− x0)
⊥|2

|x− x0|n+2
dΣ

Proof Assume x0 = 0, and choose the following vector field:

V =

x
(

1
|x|n − 1

ρn

)
, σ ≤ |x| ≤ ρ

x
(

1
σn − 1

ρn

)
, |x| < σ

So

0 =

ˆ
Σ
divΣV dΣ =

ˆ
Bσ

n

σn
dΣ−

ˆ
Σ

n

ρn
dΣ+

ˆ
Bρ\Bσ

divΣ
x

|x|n
dΣ

=
n|Σ ∩Bσ|

σn
− n|Σ ∩Bρ|

ρn
+

ˆ
Bρ\Bσ

n

|x|n
− n|xT |2

|x|n+2
dΣ

=
n|Σ ∩Bσ|

σn
− n|Σ ∩Bρ|

ρn
+

ˆ
Bρ\Bσ

n|x⊥|2

|x|n+2
dΣ.

♦
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1.6 Area-Minimizing Hypersurfaces and Calibration

1.6 Area-Minimizing Hypersurfaces and Calibration

Definition 1.6.1 (Area-minimizing hypersurface)

♣

A (complete) hypersurfaceΣn in a Riemannian manifold (MN , g) is called (absolutely) area-minimizing
if it minimizes the area functional among all hypersurfaces agreeing with Σ outside a compact set. More
precisely, Σ is area-minimizing if for every compact set K ⊂M , we have

|Σ ∩K| ≤ |Σ′ ∩K|

for all hypersurfaces Σ′ with Σ′ \K = Σ \K.
We say Σ is area-minimizing in its homology class if we also require Σ′ to be homologous to Σ, i.e.,
Σ− Σ′ = ∂Γ for some (n+ 1)-dimensional chain Γ in M .
One can also define area-minimizing submanifolds in other classes, e.g., homotopy classes.

Proposition 1.6.2

♠Every area-minimizing hypersurface is minimal, i.e., its mean curvature vector ~H = 0.

Proposition 1.6.3

♠

Area-minimizing hypersurfaces are stable. That is, the second variation of the area functional is non-
negative for all variations with compact support.

Definition 1.6.4 (Calibration)

♣

Let (M, g) be a Riemannian manifold. A k-form ω ∈ Ωk(M) is called a calibration if it satisfies:
1. Closedness: dω = 0.
2. Comass ≤ 1: For every point p ∈M and every unit simple k-vector ξ at p, we have

ωp(ξ) ≤ 1.

Definition 1.6.5 (Calibrated submanifold)

♣

An oriented k-dimensional submanifold Σk in M is calibrated by a k-form ω if ι∗ω = dHk|Σ, where
ι : Σ ↪→M is the inclusion map and dHk|Σ is the volume form on Σ induced by the Riemannian metric.

Theorem 1.6.6

♥

If an oriented k-dimensional submanifold Σk is calibrated by a closed k-form ω, then Σ is area-
minimizing in its homology class. More precisely, for any other oriented k-dimensional submanifold
Σ′ with ∂Σ′ = ∂Σ, we have

|Σ| ≤ |Σ′|.

Proof For simplicity, we assume Σ is a compact submanifold with boundary. Let Σ′ be any k-dimensional
oriented surface with ∂Σ′ = ∂Σ. Define the (k + 1)-dimensional chain Γ such that ∂Γ = Σ− Σ′.

So we have ˆ
Σ
ω −
ˆ
Σ′
ω =

ˆ
Γ
dω = 0,

since ω is closed. Now, we have
|Σ| =

ˆ
Σ
ω =

ˆ
Σ′
ω ≤ |Σ′|,

8



1.7 Minimal Graphs

which shows that Σ minimizes area among all surfaces with the same boundary. ♦

Theorem 1.6.7

♥

Any complex analytic variety (i.e., complex submanifold or more generally, integral current defined by a
holomorphic equation) in C2 is absolutely area-minimizing.

Proof The proof uses the theory of calibrations. In C2, consider the standard Kähler form

ω =
i

2
(dz1 ∧ dz̄1 + dz2 ∧ dz̄2) = dx1 ∧ dy1 + dx2 ∧ dy2,

The real 2-form ω is closed (dω = 0) and has comass 1, i.e., for any oriented 2-plane ξ in C2, ω|ξ ≤ 1 with
equality if and only if ξ is a complex line.

Any complex curve (complex 1-dimensional submanifold) Σ ⊂ C2 is calibrated by ω, since the restriction
of ω to Σ is exactly the area form of Σ:

ω|Σ = dH2|Σ.

By the preceding calibration argument, Σ is area-minimizing in its homology class. Also note that R4 has trivial
second homology group, so any two surfaces with the same boundary are automatically homologous.

Therefore, any complex analytic variety in C2 is absolutely area-minimizing. ♦

Example 1.1 (Singular complex curve). The set {z2 = w3} is a complex analytic variety inC2 with an isolated
singularity at the origin. It is area-minimizing, but not smooth.

1.7 Minimal Graphs

Definition 1.7.1 (Minimal graph)

♣

Let Ω ⊂ Rn be an open domain and u : Ω → R be a smooth function. The graph of u is the submanifold

Σu = {(x, u(x)) : x ∈ Ω} ⊂ Rn+1.

We say Σu is a minimal graph if it is a minimal hypersurface in Rn+1, i.e., its mean curvature vanishes
identically.

The graph Σu is parametrized by the immersion ι : Ω → Rn+1 given by ι(x) = (x, u(x)). The tangent
vectors are

ηi = ∂iι = ∂i + ∂iu ∂n+1, i = 1, . . . , n,

where {∂1, . . . , ∂n+1} is the standard basis of Rn+1.

Basic geometry of graphs.
The induced metric on Σu is given by

gij = δij + ∂iu ∂ju,

and its determinant is
det(gij) = 1 + |∇u|2,

where |∇u|2 =
∑n

i=1(∂iu)
2. Thus, the area functional of the graph over Ω is

A(u) =

ˆ
Ω

√
1 + |∇u|2 dx.

9



1.7 Minimal Graphs

The upward-pointing unit normal to Σu is

ν =
(−∇u, 1)√
1 + |∇u|2

=
1

W
(−∂1u, . . . ,−∂nu, 1),

where we denote W =
√

1 + |∇u|2.
The second fundamental form of Σu is computed by

Aij = −〈∂iν, ∂jι〉 =
∂i∂ju

W
=
uij
W
.

The inverse of the induced metric is
gij = δij − ∂iu ∂ju

W 2
.

Proposition 1.7.2

♠

The mean curvature of the graph Σu is given by

H = div

(
∇u√

1 + |∇u|2

)
=

n∑
i=1

∂i

(
∂iu√

1 + |∇u|2

)
.

Proof The mean curvature is the trace of the second fundamental form with respect to the induced metric:

H = gijAij =

(
δij − ∂iu ∂ju

W 2

)
uij
W

=
1

W

(
∆u− ∂iu ∂juuij

W 2

)
=

1

W
∆u− ∂iu ∂juuij

W 3
= div

(
∇u
W

)
.

♦

Definition 1.7.3 (Minimal surface equation)

♣

The minimal surface equation (MSE) is the quasilinear elliptic PDE

div

(
∇u√

1 + |∇u|2

)
= 0,

or equivalently,

(1 + |∇u|2)∆u−
n∑

i,j=1

∂iu ∂ju ∂i∂ju = 0.

The minimal surface equation is the Euler–Lagrange equation of the area functional

A(u) =

ˆ
Ω

√
1 + |∇u|2 dx.

Indeed, for any compactly supported variation φ ∈ C∞
c (Ω),

d

dt

∣∣∣∣
t=0

A(u+ tφ) =

ˆ
Ω

∇u · ∇φ√
1 + |∇u|2

dx = −
ˆ
Ω
div

(
∇u√

1 + |∇u|2

)
φdx.

Hence, u is a critical point of A if and only if it satisfies the minimal surface equation.

Example 1.2 (Classical minimal graphs).
(i) Scherk’s surface. In R3, the function

u(x1, x2) = log

(
cosx1
cosx2

)
defined on Ω = {|x1| < π/2} ∩ {|x2| < π/2} is a solution of the minimal surface equation, known as

10



1.8 The Dirichlet Problem for the Minimal Surface Equation

Scherk’s first surface.
(ii) Catenoid. The catenoid is a minimal surface of revolution in R3 that can be locally written as a graph

u(r) = cosh−1(r) for r ≥ 1.

1.8 The Dirichlet Problem for the Minimal Surface Equation

Definition 1.8.1 (Dirichlet problem for the minimal surface equation)

♣

The Dirichlet problem for the minimal surface equation asks: given a bounded domain Ω ⊂ Rn and
boundary data φ ∈ C0(∂Ω), find u ∈ C2(Ω) ∩ C0(Ω̄) such that

div

(
∇u√

1 + |∇u|2

)
= 0 in Ω,

u = φ on ∂Ω.

Definition 1.8.2 (Mean-convex domain)

♣

A bounded C2 domain Ω ⊂ Rn is mean convex if the mean-curvature vector of ∂Ω points weakly into Ω.
Equivalently, with the scalar convention for which Euclidean balls are mean convex, the boundary mean
curvature satisfies H∂Ω ≥ 0.

Theorem 1.8.3 (Jenkins–Serrin [JS68])

♥

Let Ω ⊂ Rn be a bounded C2 domain. Then the Dirichlet problem for the minimal surface equation has
a solution u ∈ C2(Ω) ∩ C0(Ω̄) for every boundary data φ ∈ C0(∂Ω) if and only if Ω is mean convex.
In this case the solution is unique. If, moreover, ∂Ω and φ are C2,α, then the solution is C2,α up to the
boundary by the standard boundary regularity theory for quasilinear elliptic equations.

Thus mean convexity is part of the existence theorem, not merely a technical regularity assumption. On a
non-mean-convex bounded domain, arbitrary boundary data need not be solvable; Jenkins–Serrin instead prove
solvability under an additional smallness condition involving osc(φ) and the first two boundary derivatives of
φ.

Definition 1.8.4 (Direction field)

♣

For a minimal graph Σu = {(x, u(x)) : x ∈ Ω}, the direction field is defined as

X =
(−∇u, 1)√
1 + |∇u|2

.

This direction field satisfies

divX = 0,

X · ν = 1.

where ν is the unit normal to Σu.

Theorem 1.8.5

♥

Every minimal graph in Rn+1 is area-minimizing within the class of hypersurfaces with the same bound-
ary.

11
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Proof Define the vector field
V =

(−∇u, 1)√
1 + |∇u|2

.

Then the form ω = ιV dvol is a calibration, and Σu is calibrated by ω. Therefore, Σu minimizes area among all
hypersurfaces with the same boundary. ♦

Corollary 1.8.6

♠Every minimal graph in Rn+1 is stable.

1.9 Bernstein’s Theorem and Generalizations

Theorem 1.9.1 (Bernstein’s Theorem [Ber17])

♥

Let u : R2 → R be an entire solution of the minimal surface equation. Then u is an affine function, i.e.,
u(x1, x2) = ax1 + bx2 + c for some constants a, b, c ∈ R.

This result was generalized to higher dimensions:

Theorem 1.9.2 (Fleming [Fle62]–De Giorgi [DG65]–Almgren [Alm66]–Simons [Sim68])

♥

Let u : Rn → R be an entire solution of the minimal surface equation.
(i) If n ≤ 7, then u must be affine.
(ii) For n ≥ 8, there exist non-affine entire solutions (as shown by a counterexample due to Bombieri–

De Giorgi–Giusti [BDGG69]).

Proof of Bernstein’s theorem in dimension 2 Let

Σ = {(x, u(x)) : x ∈ R2} ⊂ R3

be the graph of an entire solution of the minimal surface equation. By the calibration argument above, Σ is
area-minimizing. In particular, Σ is stable, so for every ϕ ∈ C∞

c (Σ),ˆ
Σ
|A|2ϕ2 dΣ ≤

ˆ
Σ
|∇Σϕ|2 dΣ,

since RicR3 = 0.
We first establish a quadratic area bound. For a.e. R > 0, the intersection

ΓR := Σ ∩ ∂BR

is a smooth 1-cycle in the sphere ∂BR = SR. Since H1(SR) = 0, the curve ΓR bounds a region DR ⊂ SR.
Replacing DR by its complement if necessary, we may assume

|DR| ≤
1

2
|SR| = 2πR2.

Since Σ is area-minimizing and ∂(Σ ∩BR) = ΓR = ∂DR, we obtain

|Σ ∩BR| ≤ |DR| ≤ 2πR2

for a.e. R > 0.
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Now choose the logarithmic cutoff

ηR(x) =


1, |x| ≤ R,

k + logR− log |x|
k

, R < |x| < ekR,

0, |x| ≥ ekR,

Here |x| denotes the Euclidean distance to the origin in R3. Since |∇Σ|x|| ≤ 1, on the annulus R < |x| < ekR

we have
|∇ΣηR| ≤

1

k|x|
.

Applying stability with ϕ = ηR gives ˆ
Σ
|A|2η2R dΣ ≤

ˆ
Σ
|∇ΣηR|2 dΣ.

To estimate the right-hand side, decompose

BekR \BR =
k−1⋃
i=0

(
Bei+1R \BeiR

)
,

Using the area bound,
ˆ
Σ
|∇ΣηR|2 dΣ ≤ 1

k2

k−1∑
i=0

ˆ
Σ∩(Bei+1R\BeiR)

1

|x|2
dΣ

≤ 1

k2

k−1∑
i=0

1

(eiR)2
|Σ ∩Bei+1R|

≤ 1

k2

k−1∑
i=0

1

(eiR)2
2π(ei+1R)2

≤ C

k
.

Hence ˆ
Σ∩BR

|A|2 dΣ ≤ C

k
.

Letting k → ∞, we conclude that A ≡ 0 on Σ ∩ BR. Since this holds for a.e. R > 0, we have A ≡ 0 on Σ.
Therefore Σ is totally geodesic, hence a plane in R3.

Since Σ is a graph over R2, that plane cannot be vertical. Thus

u(x1, x2) = ax1 + bx2 + c

for some constants a, b, c ∈ R. This proves the theorem. ♦

Remark 1.9.3. The key point in dimension 2 is that stability plus the quadratic area growth

|Σ ∩BR| ≤ CR2

allows the logarithmic cutoff to force ˆ
Σ
|A|2 dΣ = 0.

This argument is specific to two dimensions and yields the classical stability proof of Bernstein’s theorem.
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Chapter 2 Simons’ Inequality and Generalized Bernstein
Theorems

We now discuss several generalizations of Bernstein’s theorem and curvature estimates for stable minimal
hypersurfaces.

2.1 Simons’ Identity and Inequality

Lemma 2.1.1 (Simons’ Identity [Sim68])

♠

For a minimal hypersurface Σn in Rn+1, the second fundamental form A satisfies the following identity:
1

2
∆|A|2 = −|A|4 + |∇A|2.

Proof
Recall that the Ricci identity states that for any 2-tensor Tij on Σ, we have

Tij,kl − Tij,lk = RlkimTmj +RlkjmTim,

where Rijkl is the Riemann curvature tensor of Σ. The Gauss equation in Euclidean space gives

Rijkl = AikAjl −AilAjk.

Hence
1

2
∆|A|2 = Aij∆Aij +A2

ij,k

Moreover,

Aij∆Aij = AijAij,kk = AijAik,jk (Codazzi equation)

= AijAik,kj +Aij(RkjimAmk +RkjkmAim) (Ricci identity)

= AijAkk,ij +Aij(AkiAjm −AjiAkm)Amk

+Aij(AkkAjm −AkmAjk)Aim (Gauss equation, Codazzi equation)

= −AijAjiAkmAmk +AijAjmAmkAki −AijAjkAkmAmi minimal

= − |A|4.

This proves Simons’ identity. ♦

Lemma 2.1.2 (Refined Kato inequality)

♠

For the second fundamental form A of a minimal hypersurface Σn in Rn+1, we have

|∇A|2 ≥
(
1 +

2

n

)
|∇|A||2.

Proof Let {ei} be a local orthonormal frame onΣ that diagonalizesA at a point, soAij = λiδij with
∑

i λi = 0.
Then

|∇|A|2|2 =

∣∣∣∣∣∇∑
i

λ2i

∣∣∣∣∣
2

=

(
2
∑
i

λiAii,k

)2

.



2.1 Simons’ Identity and Inequality

Hence ∣∣∇|A|2
∣∣2 = 4

∑
k

(∑
i

λiAii,k

)2
≤ 4

∑
i

λ2i
∑
i,k

A2
ii,k = 4|A|2

∑
i,k

A2
ii,k.

Since 2|A| |∇|A|| = |∇|A|2|, we have

|∇|A||2 = |∇|A|2|2

4|A|2
≤
∑
i,k

A2
ii,k.

Moreover,
n∑

i,k=1

A2
ii,k =

∑
i ̸=k

A2
ii,k +

n∑
i=1

A2
ii,i

≤
∑
i ̸=k

A2
ii,k +

n∑
i=1

(
∑
j ̸=i

Ajj,i)
2

≤
∑
i ̸=k

A2
ii,k + (n− 1)

n∑
i=1

∑
j ̸=i

A2
jj,i

= n
∑
i ̸=k

A2
ii,k

=
n

2

∑
i ̸=j,k

A2
ik,i +A2

ki,i

Therefore, (
1 +

2

n

)
|∇|A||2 ≤

∑
i,k

A2
ii,k +

∑
i ̸=j,k

A2
ik,i +A2

ki,i ≤ |∇A|2.

♦

Corollary 2.1.3

♠

For a minimal hypersurface Σn in Rn+1, the second fundamental form A satisfies the following differen-
tial inequality:

∆|A|2 ≥ −2|A|4 + 2

(
1 +

2

n

)
|∇|A||2.

Equivalently,
|A|∆|A|+ |A|4 ≥ 2

n
|∇|A||2.

Theorem 2.1.4 (Schoen–Simon–Yau [SSY75])

♥

Let Σn be an (immersed) stable minimal hypersurface in Rn+1 with n ≤ 5. Suppose Σ has (intrinsic)
Euclidean volume growth, i.e., there exists a constant C > 0 such that for all R > 0,

|BΣ
R| ≤ CRn,

where BΣ
R is the intrinsic geodesic ball of radius R in Σ. Then Σ must be a hyperplane.

Proof We test the stability inequality with |A|p−1ϕ. Thenˆ
|A|2pϕ2 ≤

ˆ
|∇(|A|p−1ϕ)|2

=

ˆ
(p− 1)2|A|2p−4|∇|A||2ϕ2 + |A|2p−2|∇ϕ|2 + (2p− 2)|A|2p−3ϕ〈∇|A|,∇ϕ〉.
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2.1 Simons’ Identity and Inequality

We multiply Simons’ inequality by |A|2p−4ϕ2 and integrate by parts to obtain
2

n

ˆ
|A|2p−4|∇|A||2ϕ2 ≤

ˆ
|A|2pϕ2 − (2p− 3)|∇|A||2|A|2p−4ϕ2 − 2|A|2p−3ϕ〈∇|A|,∇ϕ〉.

Cancelling the |A|2pϕ2 term, we obtain(
2

n
+ (2p− 3)− (p− 1)2

)ˆ
|A|2p−4|∇|A||2ϕ2 ≤

ˆ
|A|2p−2|∇ϕ|2 + (2p− 4)|A|2p−3ϕ|∇|A|||∇ϕ|.

If 2
n + (2p− 3)− (p− 1)2 > 0, i.e.,

(p− 2)2 <
2

n
,

then we can apply Cauchy–Schwarz to the right-hand side to getˆ
|A|2p−4|∇|A||2ϕ2 ≤ C

ˆ
|A|2p−2|∇ϕ|2,

for some constant C depending on n and p. Using the stability inequality again, we get
ˆ
|A|2pϕ2 ≤ C

ˆ
|A|2p−2|∇ϕ|2 ≤ C

(ˆ
|A|2pϕ2

) p−1
p
(ˆ

|∇ϕ|2p
) 1

p

.

Hence, ˆ
|A|2pϕ2 ≤ C

ˆ
|∇ϕ|2p.

If we choose ϕ to be a cutoff function supported in BΣ
2R with |∇ϕ| ≤ C

R , and equal to 1 in BΣ
R, thenˆ

BΣ
R

|A|2p ≤ C

ˆ
BΣ

2R

(
C

R

)2p

≤ CRn−2p.

Here the parameter p is half of the final integrability exponent, since the estimate controls |A|2p. Thus the decay
requires 2p > n, equivalently p > n/2. When n ≤ 5, the admissible interval

2−
√

2

n
< p < 2 +

√
2

n

intersects (n/2,∞). Choose such a p. Then n− 2p < 0, and letting R → ∞ gives A ≡ 0 on Σ. Hence Σ is a
hyperplane. ♦

Remark 2.1.5. Another useful hypothesis is extrinsic Euclidean volume growth: there exists C > 0 such that
for all R > 0,

|Σ ∩BR(0)| ≤ CRn.

This condition implies intrinsic Euclidean volume growth.

Proposition 2.1.6

♠

The following two statements are equivalent:
(i) Every complete stable minimal hypersurface in Rn+1 with extrinsic Euclidean volume growth is a

hyperplane. (This means Σ ∩ BR(0) has area at most CRn for some constant C independent of
R.)

(ii) We have the following curvature estimate for stable minimal hypersurfaces: there exists C =

C(n,Λ) such that if Σn ⊂ B2R(0) ⊂ Rn+1 is a stable minimal hypersurface with

|Σ ∩B2R(0)| ≤ ΛRn,

then
sup

Σ∩BR(0)
|A| ≤ C

R
.
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2.1 Simons’ Identity and Inequality

Remark 2.1.7. Note that (ii) is scale-invariant. If it holds for some R > 0, then it holds for all R > 0 by
scaling. This is because for λ > 0, the second fundamental form of λΣ is λ−1A, and the area of λΣ∩B2λR(0)

is λn|Σ ∩B2R(0)|.

Proof (ii) ⇒ (i). Let Σn ⊂ Rn+1 be complete, stable, and minimal, with extrinsic Euclidean volume growth:

|Σ ∩BR(0)| ≤ C0R
n ∀R > 0.

Fix p ∈ Σ. For R ≥ |p|, the ball B2R(p) is contained in B3R(0), and hence

|Σ ∩B2R(p)| ≤ C0(3R)
n.

Apply (ii) after translating p to the origin, with Λ = 3nC0:

sup
Σ∩BR(p)

|A| ≤ C

R
.

Let R→ ∞. Then |A|(p) = 0. Since p is arbitrary, A ≡ 0, so Σ is a hyperplane.

(i) ⇒ (ii). Assume (ii) fails. Then for some Λ > 0 there exist stable minimal hypersurfaces

Σj ⊂ B2Rj (0), |Σj ∩B2Rj (0)| ≤ ΛRn
j ,

such that
sup

Σj∩BRj
(0)

|Aj |Rj → ∞.

Choose yj ∈ Σj ∩BRj (0) such that, with Kj := |Aj |(yj),

KjRj → ∞.

We use the standard point-picking argument in the ball centered at yj . Define

Gj(x) :=

(
Rj

2
− |x− yj |

)
|Aj |(x)

on Σj ∩BRj/2(yj), and choose qj where Gj attains its maximum. Since Gj(yj) = RjKj/2, if

Qj := |Aj |(qj), ρj :=
1

2

(
Rj

2
− |qj − yj |

)
,

then
Qjρj =

Gj(qj)

2
≥ RjKj

4
→ ∞.

Moreover, for x ∈ Σj ∩Bρj (qj),
Rj

2
− |x− yj | ≥

1

2

(
Rj

2
− |qj − yj |

)
,

and the maximality of Gj gives
|Aj |(x) ≤ 2Qj .

Rescale:
Σ̃j := Qj(Σj − qj).

Then 0 ∈ Σ̃j , |Ãj |(0) = 1, and on Bρ̃j (0) with ρ̃j := Qjρj → ∞:

|Ãj | ≤ 2.

Stability is scale-invariant, so each Σ̃j is stable minimal.
We now get the local area bound in the rescaled sequence. Because qj ∈ BRj/2(yj) and yj ∈ BRj (0), we

have qj ∈ B3Rj/2(0). Hence
BRj/2(qj) ⊂ B2Rj (0).
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2.1 Simons’ Identity and Inequality

Fix σ > 0. Since ρj ≤ Rj/4 and Qjρj → ∞, we also have QjRj → ∞. For j large, σ/Qj ≤ ρj and
σ/Qj ≤ Rj/2. By the monotonicity formula, applied with center qj and the two radii σ/Qj and Rj/2,

|Σj ∩Bσ/Qj
(qj)|

(σ/Qj)n
≤

|Σj ∩BRj/2(qj)|
(Rj/2)n

≤ 2nΛ.

Hence
|Σ̃j ∩Bσ(0)| = Qn

j |Σj ∩Bσ/Qj
(qj)| ≤ 2nΛσn.

Thus Σ̃j have uniform local area growth and curvature bounds on larger and larger balls. By the compactness
theorem for minimal immersions with locally bounded curvature and area, a subsequence converges smoothly
on compact sets to a complete stable minimal hypersurface Σ∞ ⊂ Rn+1 with Euclidean volume growth. By
construction,

|AΣ∞ |(0) = 1.

But (i) says every such Σ∞ is a hyperplane, so AΣ∞ ≡ 0, contradiction.
Therefore (ii) must hold. ♦

Corollary 2.1.8

♠The curvature estimate in (ii) holds for n ≤ 5.

Theorem 2.1.9 (Bernstein theorem for n ≤ 5)

♥Let u : Rn → R be an entire solution of the minimal surface equation, with n ≤ 5. Then u is affine.

Proof Let
Σ = {(x, u(x)) : x ∈ Rn} ⊂ Rn+1

be the graph of u. By the calibration argument above, Σ is area-minimizing. In particular, Σ is stable.
We next prove Euclidean volume growth. After a translation, we may assume 0 ∈ Σ. For a.e. R > 0, the

intersection
ΓR := Σ ∩ ∂BR

is a smooth closed (n− 1)-dimensional submanifold of the sphere ∂BR = Sn
R. Since

Hn−1(S
n) = 0,

the cycle ΓR bounds an n-dimensional regionDR ⊂ Sn
R. Choosing the smaller of the two sides of Sn

R \ΓR, we
may assume

|DR| ≤
1

2
|Sn

R| ≤ CnR
n.

Since Σ is area-minimizing and
∂(Σ ∩BR) = ΓR = ∂DR,

we obtain
|Σ ∩BR| ≤ |DR| ≤ CnR

n

for a.e. R > 0.
Hence, by the Schoen–Simon–Yau theorem, Σ is a hyperplane. Since Σ is a graph over Rn, that hyperplane

cannot be vertical. Thus
u(x1, . . . , xn) = a1x1 + · · ·+ anxn + c
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2.2 Classification of Stable Minimal Cones for n ≤ 6

♦

2.2 Classification of Stable Minimal Cones for n ≤ 6

Proposition 2.2.1

♠

Suppose C is a minimal cone in Rn+1, smooth away from the origin. Then we have the following Simons-
type inequality on C \ {0}:

1

2
∆|A|2 ≥ −|A|4 + 2

|A|2

r2
+ |∇|A||2.

Proof Choose {ei} to be a local orthonormal frame on C \ {0} such that en is the radial direction ∂r. Recall
the Simons identity for minimal hypersurfaces in Rn+1:

1

2
∆|A|2 = −|A|4 + |∇A|2.

It suffices to show
|∇A|2 ≥ 2

|A|2

r2
+ |∇|A||2.

Since C is a cone, we have Ain = 0 and Aij,n = −1
rAij for i, j < n. Indeed,

A(rp) =
A(p)

r
.

Taking derivative in the radial direction gives

Aij,n(rp) = −Aij(p)

r2
= −1

r
Aij(rp).

So we have ∑
i,j,k

A2
ij,k =

n−1∑
α,β=1

3A2
αβ,n +

n−1∑
α,β,γ=1

A2
αβ,γ = 2

|A|2

r2
+

n−1∑
α,β=1

A2
αβ,n +

n−1∑
α,β,γ=1

A2
αβ,γ .

At a fixed point, choose {eα}n−1
α=1 so that

Aαβ = λαδαβ .

Then

|∇|A||2 = 1

|A|2
n∑

k=1

( n−1∑
α=1

λαAαα,k

)2
=

1

|A|2
n−1∑
β=1

( n−1∑
α=1

λαAαα,β

)2
+

1

|A|2
( n−1∑

α=1

λαAαα,n

)2
.

By Cauchy–Schwarz and Aαα,n = −1
rAαα,

|∇|A||2 ≤
n−1∑
α,β=1

A2
αα,β +

|A|2

r2
≤

n−1∑
α,β,γ=1

A2
αβ,γ +

n−1∑
α,β=1

A2
αβ,n.

Therefore,

|∇A|2 = 2
|A|2

r2
+

n−1∑
α,β=1

A2
αβ,n +

n−1∑
α,β,γ=1

A2
αβ,γ ≥ 2

|A|2

r2
+ |∇|A||2.

This completes the proof. ♦

Remark 2.2.2. A similar computation yields
1

2
∆|A|2 ≥ p|∇|A||2 + (3− p)

|A|2

r2
− |A|4,

for any p ≤ 1 + 2
n−1 .
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2.2 Classification of Stable Minimal Cones for n ≤ 6

Theorem 2.2.3 (Simons [Sim68])

♥

Let Cn ⊂ Rn+1 be a minimal nonflat cone, smooth away from the origin. If n ≤ 6, C is unstable. If
n ≥ 7, there exists a stable minimal nonflat cone.

Proof Suppose C is stable. Testing the stability inequality with |A|ϕ, we getˆ
|A|4ϕ2 ≤

ˆ
|∇(|A|ϕ)|2 =

ˆ
|∇|A||2ϕ2 + |A|2|∇ϕ|2 + 1

2
〈∇|A|2,∇ϕ2〉

≤
ˆ
|∇|A||2ϕ2 + |A|2|∇ϕ|2 − 1

2
ϕ2∆|A|2

≤
ˆ
|A|2|∇ϕ|2 + ϕ2|A|4 − 2

|A|2

r2
ϕ2.

Hence, we obtain

2

ˆ
|A|2

r2
ϕ2 ≤

ˆ
|A|2|∇ϕ|2.

Now choose
ϕ = max{1, r}1−

n
2
−2εr1+ε.

We need to verify that this function is admissible. We computeˆ
|A|2|∇ϕ|2 = (1 + ε)2

ˆ
{r<1}

|A|2r2ε + (2− n

2
− ε)2

ˆ
{r≥1}

|A|2r−n+2−ε

= (1 + ε)2
ˆ 1

0
dr

ˆ
Σ
|AΣ|2r2ε−2+n−1dΣ

+ (2− n

2
− ε)2

ˆ ∞

1
dr

ˆ
Σ
|AΣ|2r−n−2ε+n−1dΣ

= (

ˆ 1

0
r2ε+n−3dr + (2− n

2
− ε)2

ˆ ∞

1
r−2ε−1dr)

ˆ
Σ
|AΣ|2dΣ < +∞

Here, Σ = C ∩ Sn is the link of the cone, which is a smooth closed minimal hypersurface in Sn. Hence, ϕ is
admissible. On the other hand, we have

2

ˆ
|A|2

r2
ϕ2 = 2

ˆ
{r<1}

|A|2r2ε + 2

ˆ
{r≥1}

|A|2r−n+2−4ε

When n ≤ 6, we can choose ε > 0 small enough such that 2 > (1+ε)2 and 2 > (2− n
2 −ε)

2. Hence |A|2 ≡ 0,
so C is flat, a contradiction. Therefore, C is unstable.

It remains to construct a stable minimal nonflat cone in R8.
Define the Simons-type cone by

Cp,q =
{
(x, y) ∈ Rp+1 × Rq+1 : q|x|2 = p|y|2

}
.

Lemma 2.2.4

♠Cp,q is a minimal cone in Rp+q+2, smooth away from the origin, and it is stable if and only if p+ q ≥ 6.

One can verify directly that Cp,q is minimal by computing its mean curvature. In particular, its principal
curvatures are

κ1 = · · · = κp =

√
q

p
, κp+1 = · · · = κp+q = −

√
p

q
, and κp+q+1 = 0.

Its second fundamental form satisfies |A|2 = n−1
r2

. ChooseX = φ2

r2
x and insert it into the first variation formula.
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2.3 Sub-minimal Sets and Sub-calibrations

Then

0 =

ˆ
divCp,q(X) =

ˆ
n
ϕ2

r2
− 2

ϕ2

r4
|x|2 + 2

ϕ∇Cp,qϕ · x
r2

=

ˆ
(n− 2)

ϕ2

r2
+ 2

ϕ∇Cp,qϕ · x
r2

.

Hence ˆ
(n− 2)

ϕ2

r2
≤ 2

√ˆ
ϕ2

r2

ˆ
|∇Cp,qϕ|2 =⇒

ˆ
(n− 2)2

4

ϕ2

r2
≤
ˆ
|∇Cp,qϕ|2.

Since |A|2 = n−1
r2

, this can be rewritten asˆ
(n− 2)2

4(n− 1)
|A|2ϕ2 ≤

ˆ
|∇Cp,qϕ|2.

In particular, if n ≥ 7, then (n−2)2

4(n−1) ≥ 1, so Cp,q is stable. ♦
In fact, one has the stronger result:

Theorem 2.2.5

♥Each Cp,q is area-minimizing if p+ q ≥ 6 except for the case p, q = (1, 5) or (5, 1).

The case Cp,p with p ≥ 3 was proved by Bombieri–De Giorgi–Giusti [BDGG69]. Lawson [Law72] later
proved the result for p+ q > 6, and Simões [Sim74] handled the remaining cases p, q = (2, 4) or (4, 2).

The original proof is quite involved and relies on calibrations. One seeks a vector field ξ such that divC ξ =
0 and ξ = νC onC\{0}, which implies thatC is area-minimizing. Finding such a calibration forCp,q is difficult
and requires solving an ODE.

Here we present a different proof due to De Philippis–Paolini [DPP09], which uses a sub-calibration argu-
ment together with an explicit construction of a sub-calibration for Cp,p.

2.3 Sub-minimal Sets and Sub-calibrations

LetΩ ⊂ Rn be an open set. For a setE with smooth boundary, the perimeterP (E,A) in a smooth bounded
open set A ⊂ Ω is the (n− 1)-dimensional Hausdorff measure of ∂E ∩A.

Definition 2.3.1

♣

A set E with smooth boundary is sub-minimal in Ω if for every smooth bounded open set A ⊂ Ω and
every F ⊂ E with E \ F ⊂⊂ A,

P (E,A) ≤ P (F,A).

Proposition 2.3.2

♠If E and Ec = Ω \ E are both sub-minimal in Ω, then E is minimal in Ω.

Proof Let A ⊂ Ω be a smooth bounded open set, and let F satisfy E4F ⊂⊂ A. Define F ′ = E ∩F ⊂ E and
F ′′ = (E ∪ F )c ⊂ Ec. Then E \ F ′ ⊂⊂ A and Ec \ F ′′ ⊂⊂ A. By sub-minimality:

P (E,A) ≤ P (F ′, A), P (Ec, A) ≤ P (F ′′, A).

Since P (Ec, A) = P (E,A) and P (F ′′, A) = P (E ∪ F,A), we have

2P (E,A) ≤ P (E ∩ F,A) + P (E ∪ F,A).

Using the identity
P (E ∩ F,A) + P (E ∪ F,A) ≤ P (E,A) + P (F,A),
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2.3 Sub-minimal Sets and Sub-calibrations

we conclude P (E,A) ≤ P (F,A), so E is minimal. ♦

Definition 2.3.3

♣

Let E have smooth boundary. A C1 vector field ξ on Ω is a sub-calibration of E if:
1. ξ(x) = νE(x) (exterior unit normal) for all x ∈ ∂E;
2. div ξ(x) ≤ 0 for all x ∈ E;
3. |ξ(x)| ≤ 1 for all x ∈ Ω.

Theorem 2.3.4

♥If E admits a sub-calibration ξ, then E is sub-minimal.

Proof Let A be a bounded open set, and let F ⊂ E with E \ F ⊂⊂ A. Choose ηj ∈ C1
c (A) with ηj = 1 on

E \ F , 0 ≤ ηj ≤ 1, and
⋃

j{x : ηj(x) = 1} = A. Let ξj = ηjξ. Thenˆ
E∩A

div ξj −
ˆ
F∩A

div ξj =

ˆ
E\F

div ξ ≤ 0,

so ˆ
E∩A

div ξj ≤
ˆ
F∩A

div ξj ≤ P (F,A).

By the divergence theorem:ˆ
E∩A

div ξj =

ˆ
∂E∩A

〈ξj , νE〉dHn−1 =

ˆ
∂E∩A

ηjdHn−1 ≥ Hn−1
(
∂E ∩ {ηj = 1}

)
.

Taking j → ∞ yields P (E,A) ≤ P (F,A), so E is sub-minimal. ♦
Let n = 2m. The Simons cone is

C =
{
(x1, . . . , xm, y1, . . . , ym) ∈ R2m : x21 + · · ·+ x2m = y21 + · · ·+ y2m

}
.

Define
C =

{
(x, y) ∈ Rm × Rm : |x| ≤ |y|

}
, f(x, y) =

1

4

(
|x|4 − |y|4

)
.

Define the vector field
ξ =

Df

|Df |
.

Proposition 2.3.5

♠

ξ is a sub-calibration for E in R2m \ {0}, where E := {(x, y) : |x| ≤ |y|}, and −ξ is a sub-calibration
for Ec in R2m \ {0}.

Proof |ξ| = 1 everywhere, and ξ is the exterior normal to E on ∂E. We compute

Df = (|x|2x, −|y|2y), |Df |2 = |x|6 + |y|6.

Hence
∆f = (m+ 2)|x|2 − (m+ 2)|y|2, D|Df |2 = 6

(
|x|4x, |y|4y

)
.
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2.3 Sub-minimal Sets and Sub-calibrations

Thus

|Df |3divξ = |Df |2∆f − 1

2
〈D|Df |2, Df〉

=
(
(m+ 2)|x|2 − (m+ 2)|y|2

)
(|x|6 + |y|6)− 3

(
|x|8 + |y|8

)
= (m− 1)|x|8 − (m− 1)|y|8 + (m+ 2)|x|2|y|6 − (m+ 2)|x|6|y|2

= (m− 1)(|x|4 − |y|4)(|x|4 + |y|4) + (m+ 2)|x|2|y|2(|y|4 − |x|4)

= (|x|4 − |y|4)
(
(m− 1)(|x|4 + |y|4)− (m+ 2)|x|2|y|2

)
.

Note that
(m− 1)a2 − (m+ 2)ab+ (m− 1)b2

is nonnegative if and only if

det

(
m− 1 −m+2

2

−m+2
2 m− 1

)
= (m− 1)2 − (m+ 2)2

4
=

3m(m− 4)

4
≥ 0.

♦

Theorem 2.3.6

♥The Simons cone C is area-minimizing in R8.

Proof By the preceding theorem, E and Ec are sub-minimal in R8 \ {0}. Since the origin has codimension
> 1, the perimeter is unchanged, and hence E and Ec are sub-minimal in R8. By the preceding proposition, E
is minimal, so its boundary C is area-minimizing. ♦

Remark 2.3.7. One may consider the gradient of the function
1

4

(
q2|x|4 − p2|y|4

)
in the case of the minimizing cone Cp,q.
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Chapter 3 Background on Geometric Measure Theory

We collect some basic definitions and facts about the geometric measure theory. Readers can refer to
[All72, Sim83] for more details.

3.1 Varifolds

Definition 3.1.1 (Varifold)

♣

An n-varifold V in Rn+k is a Radon measure on Rn+k × G(n + k, n), where G(n + k, n) is the set of
all n-dimensional subspaces in Rn+k.

Example 3.1 (Varifold associated with a submanifold). Let M ⊂ Rn+k be an n-dimensional manifold, and
let θ be an Hn-measurable function on M . Then the n-varifold V = |(M, θ)| is defined by

V (U) =

ˆ
(x,TxM)∈U

θ(x)dHn|M (x).

Equivalently, for any continuous compactly supported function f , we have

V (f) =

ˆ
θ(x)f(x, TxM)dHn|M (x).

Thus, a varifold arising from an n-dimensional manifold records tangent-plane information as well. If
θ = 1, we usually write |(M, 1)| = |M |. For example, P is the tangent plane of M at x if and only if the
measure |M | restricted to {x} ×G(n+ k, n) is nonzero.

Definition 3.1.2 (Weight measure, support, and density)

♣

The weight measure ‖V ‖ of an n-varifold V is defined by

‖V ‖(A) = V (A×G(n+m,n)),

for any Borel subset A ⊂ Rn+m. Hence, ‖V ‖ is a Radon measure on Rn+m. The support of ‖V ‖,
denoted by spt‖V ‖, is defined by

spt‖V ‖ =
{
x ∈ Rn+k : ‖V ‖(Bn+k

r (x)) > 0 for any r > 0
}
.

The (n-dimensional) density of ‖V ‖ at x is defined by

Θ(‖V ‖, x) = lim
r→0+

‖V ‖(Bn+k
r (x))

ωnrn
,

if the limit exists, where ωn is the volume of the unit ball in Rn.

Theorem 3.1.3 (Compactness)
Suppose Vi is a sequence of n-varifolds such that for every compact K ⊂ Rn+k, there exists C = C(K)

with
Vi(K ×G(n+ k, n)) ≤ C,

then, up to a subsequence, we can find Vi → V in the sense of Radon measures. (The convergence is in
the varifold sense.) Equivalently,

lim
i→∞

Vi(f) = V (f)



3.1 Varifolds

♥for any f ∈ Cc(Rn+k ×G(n+ k, n)).

Example 3.2 (Diffuse limit of one-dimensional varifolds). Suppose Vn is defined by
2n∑
i=1

|([0, 1]× { i

2n
}, i

2n
)|,

Then it converges to V in the varifold sense, where

V (f) =

ˆ 1

0

ˆ 1

0
f(x, y, {x2 = 0})dxdy.

Note that spt‖V ‖ = [0, 1]2, so V cannot be written as V = |(M, θ)| for any one-dimensional manifoldM .

Definition 3.1.4 (Countable rectifiability)

♣

We say M is countably n-rectifiable if M ⊂ N ∪
⋃∞

j=1Nj where Hn(N) = 0 and each Nj is an
n-dimensional embedded C1 submanifold of Rn+k.
Equivalently,M is countably n-rectifiable if and only if there exists a countable family of Lipschitz maps
fj : Rn → Rn+k such that

M = N ∪
∞⋃
j=1

fj(Aj),

where Aj ⊂ Rn and Hn(N) = 0.

For any countably n-rectifiable set M , we write TxM for the approximate tangent space of M .

Definition 3.1.5 (Approximate tangent space)

♣

Let M be an Hn-measurable subset of Rn+k with Hn(M ∩K) < +∞ for every compact subset K. We
say that an n-dimensional subspace P is an approximate tangent space of M at x if and only if

lim
r→0+

ˆ
ηx,r(M)

f(y)dHn(y) =

ˆ
P
f(y)dHn(y), for any f ∈ Cc(Rn+k).

Theorem 3.1.6

♥

If M is rectifiable, then for Hn-almost every x ∈ M , there exists a unique approximate tangent space
TxM of M at x.

Definition 3.1.7 (Rectifiable varifold)

♣

We say an n-varifold V is rectifiable if there exists a countably n-rectifiable, Hn-measurable subset M
of Rn+k and a positive locally Hn-integrable function θ on M such that

V (f) =

ˆ
M
f(x, TxM)θ(x)dHn(x)

We use the notation V = |(M, θ)| for the varifold associated with M and θ.

Definition 3.1.8 (Pushforward of a varifold)
Let V be an n-varifold in Rn+k and let F : Rn+k → Rm+l be aC1 map. The pushforward varifold F#V

is defined by
F#V (φ) =

ˆ
φ(F (x), DFx(S)) |JF (x, S)| dV (x, S),
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3.1 Varifolds

♣

for any continuous function φ with compact support on Rm+l × G(m + l, n), where JF (x, S) is the
Jacobian of F restricted to S, i.e.,

JF (x, S) =

√
det(

∂F

∂τi
· ∂F
∂τj

),

where {τi}ni=1 is an orthonormal basis of S.

Let Ft be a one-parameter family of diffeomorphisms on Rn+k with F0 being the identity map. The first
variation of an n-varifold V under the variation Ft is defined by

d

dt

∣∣∣∣
t=0

‖(Ft)#V ‖(K),

for any compact subset K ⊂ Rn+k.

Theorem 3.1.9 (First Variation Formula)

♥

We have
d

dt

∣∣∣∣
t=0

‖(Ft)#V ‖(K) =

ˆ
divSϕ(x)dV (x, S).

Definition 3.1.10 (First variation of a varifold)

♣

We define the first variation of V as a linear functional δV on Cc(Rn+k,Rn+k) by

δV (ϕ) =

ˆ
divSϕ(x)dV (x, S).

Definition 3.1.11 (Bounded first variation)

♣

We say that V has bounded first variation if δV is a bounded linear functional on Cc(Rn+k,Rn+k).
Hence, by the Riesz representation theorem, there exists a Radon measure ‖δV ‖ and a ‖δV ‖-measurable
vector-valued function νV such that |νV (x)| = 1 for ‖δV ‖-almost every x and

δV (ϕ) =

ˆ
〈νV (x), ϕ(x)〉d‖δV ‖(x).

In particular, we can decompose ‖δV ‖ = h‖V ‖+ σV into the absolutely continuous part h‖V ‖ and the
singular part σV with respect to ‖V ‖.

Remark 3.1.12. Let µ and ν be two Radon measures on Rn+k. We say µ is absolutely continuous with respect
to ν (denoted µ � ν) if for every Borel set A, ν(A) = 0 implies µ(A) = 0. By the Radon-Nikodym theorem,
if µ� ν, then there exists a ν-measurable function h such that

µ(A) =

ˆ
A
h dν

for all Borel sets A.
Conversely, a measure µ is singular with respect to ν if there exists a Borel set A such that ν(A) = 0 and

µ(Rn+k \A) = 0. Intuitively, µ and ν are supported on disjoint sets.
Any Radon measure µ can be uniquely decomposed as

µ = µac + µsing,

where µac � ν and µsing ⊥ ν.
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3.1 Varifolds

So, if V has bounded first variation, we can write

δV (ϕ) = −
ˆ
〈 ~H,ϕ(x)〉d‖V ‖(x) +

ˆ
〈νV (x), ϕ(x)〉dσV (x).

where ~H = −hνV is called the generalized mean curvature vector of V , and νV σV is called the generalized
boundary of V .

Example 3.3. Suppose M = {(cos θ, sin θ) : θ ∈ (0, π)}, the 1-dimensional half-circle in R2, and V = |M |
is the associated varifold. Then, we have

δV (ϕ) =

ˆ
M

divMϕ(x)dH1|M (x) =

ˆ
M

divMϕ⊤(x)dH1|M (x) +

ˆ
M
ϕ(x) · x

= ϕ(1, 0) · (0,−1) + ϕ(−1, 0) · (0,−1) +

ˆ
M
ϕ(x) · xdH1|M (x).

So the generalized mean curvature vector ~H = −x is just the usual mean curvature vector of M , and the
generalized boundary νV σV = (0,−1)δ(1,0)+(0,−1)δ(−1,0) represents the two boundary points ofM with the
corresponding outward normal vectors.

Example 3.4. Suppose M = [0, 1]× {0}, θ(x, y) = x, and V = |(M, θ)| is the associated varifold. Then, we
have

δV =

ˆ 1

0

∂

∂x
ϕ⊤(x, 0)xdx = ϕ⊤(1, 0) · (1, 0)−

ˆ 1

0
ϕ⊤(x, 0) · (1, 0)dx.

So we have
~H = (

1

x
, 0), νV σV = (1, 0)δ(1,0).

Thus, the generalized mean curvature vector ~H depends not only on the geometry of M , but also on the weight
function θ.

This example also shows that, unlike the case of smooth submanifolds, the generalized mean curvature
vector of a varifold may not be perpendicular to the tangent plane. If we restrict to integral rectifiable varifolds,
we have the following result of Brakke [Bra15].

Theorem 3.1.13

♥

Suppose V is an integral rectifiable varifold with bounded first variation, then the generalized mean
curvature vector ~H is perpendicular to the tangent plane of V for ‖V ‖-almost every point.

Definition 3.1.14 (Stationary varifold)

♣

We say that V is a stationary varifold in U if for any ϕ ∈ Cc(U,Rn+k), we haveˆ
divSϕ(x)dV (x, S) = 0.

If V = |M |, then V being stationary meansˆ
M

divMϕ(x)dHn|M (x) = 0.

This is equivalent to saying that M is minimal.
This notion of stationarity is very weak. Triple-junctions of three half-planes meeting at 120 degrees are

stationary.
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3.1 Varifolds

Theorem 3.1.15 (Monotonicity Formula for Stationary Varifolds)

♥

Let V be a stationary n-varifold in Rn+k. Then the function

Φ(r) =
‖V ‖(Br(x0))

ωnrn

is monotone increasing in r > 0. Moreover, we have

Φ(r)− Φ(s) =

ˆ
Br(x0)\Bs(x0)

|(y − x0)
⊥|2

|y − x0|n+2
d‖V ‖(y)

Proof We can choose test vector fields ϕ as before. Suppose x0 = 0 for simplicity.

ϕ =

y
(

1
|y|n − 1

ρn

)
, σ ≤ |y| ≤ ρ

y
(

1
σn − 1

ρn

)
, |y| < σ

We insert ϕ into the first variation formula and get the desired monotonicity formula. ♦

Remark 3.1.16. One can obtain a modified monotonicity formula for varifolds with Lp-integrable mean curva-
ture (p > n) and no generalized boundary.

Theorem 3.1.17 (Compactness of stationary varifolds, [All72, Sim83])

♥

Suppose Vi is a sequence of rectifiable stationary varifolds in U and for any K ⊂⊂ U , sup ‖Vi‖(K) <

+∞. We also assume Θ(‖Vi‖, x) ≥ 1 for almost every x ∈ spt‖Vi‖. Then, up to a subsequence, there
exists a rectifiable stationary varifold V in U such that Vi → V in the varifold sense.
In particular, if each Vi is integral, so is V .

The condition Θ ≥ 1 is essential.
Stationarity is also essential: Vn =

∑2n

i=1 |[
2i−1
2n+1 ,

2i
2n+1 ]| converges to |([0, 1], 12)|.

Definition 3.1.18 (Tangent cones of a varifold)

♣

The tangent cone of an n-varifold V at x, denoted by VarTan(V, x), is defined by

VarTan(V, x) := {V ′ : V ′ = lim
i→∞

(ηx,ρi)#V for some ρi → 0+}.

The tangent cone at infinity, denoted by VarTan(V,∞), is defined by

VarTan(V,∞) := {V ′ : V ′ = lim
i→∞

(η0,ρi)#V for some ρi → +∞}.

Remark 3.1.19. The tangent cone of a varifold may not be unique. Right now, we do not even know if the
tangent cone of any stationary rectifiable varifold is unique or not. This is still an open problem.

Proposition 3.1.20

♠If V is stationary in Rn+k, then the tangent cone of V at ∞ or x is a stationary cone.

Finally, for any n-varifold defined on U , reg‖V ‖ denotes the regular set of spt‖V ‖ in U , i.e., the set of
points x ∈ spt‖V ‖ such that there exists r > 0 with Bn+1

r (x) ⊂ U and spt‖V ‖ ∩ Bn+1
r (x) is a smooth

(immersed) hypersurface in Bn+1
r (x). sing‖V ‖ denotes the singular set of spt‖V ‖ in U .

Allard’s regularity theorem is a foundational result in geometric measure theory. It gives conditions under
which a stationary varifold is regular (i.e., smooth) near a point.
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3.2 Sets of Finite Perimeter

Theorem 3.1.21 (Allard’s Regularity Theorem, [All72, Sim83])

♥

Let V be an n-dimensional stationary integral rectifiable varifold in B2(0) ⊂ Rn+k, and suppose that

‖V ‖(B2(0)) ≤ (1 + δ)ωn2
n

for some 0 < δ < 1. Then, there exists ε = ε(n, δ) such that if

E2 :=

ˆ
B2(0)

dist2(x, P ) d‖V ‖(x) ≤ ε

where P = {xn+1 = 0}, then there exists a function u ∈ C1,α( ¯Bn
1 (0)) such that

spt‖V ‖ ∩B1(0) = {(x′, u(x′)) : x′ ∈ Bn
1 (0)}

and
sup
Bn

1 (0)
|u|+ ‖Du‖L∞(Bn

1 (0))
+ [Du]C0,α(Bn

1 (0))
≤ C(n, δ)E.

Note that δ cannot be 1 since otherwise, we have the scaled catenoid as a counterexample.

Theorem 3.1.22 (Density-one regularity, [All72, Sim83])

♥

Let V be an n-dimensional stationary integral rectifiable varifold in an open set U ⊂ Rn+k. Suppose
that the density of ‖V ‖ at a point x0 ∈ U is 1. Then x0 ∈ reg‖V ‖.

3.2 Sets of Finite Perimeter

We collect some basic definitions and facts about the set of finite perimeter.
If E is a set with smooth boundary, then we have the following Gauss-Green formula:ˆ

E
divϕdHn =

ˆ
∂E
ϕ · νdHn−1,

for any ϕ ∈ C1
c (Rn,Rn). In particular, if we require that |ϕ| ≤ 1, then the right-hand side can be bounded by

the perimeter of E as ˆ
∂E
ϕ · νdHn−1 ≤ Hn−1(∂E).

and equality holds if and only if ϕ = ν on ∂E. This fact motivates the following definition of the perimeter of
E as

|∂E| = sup
φ∈C1

c (Rn,Rn),|φ|≤1

ˆ
∂E
ϕ · νdHn−1.

Note that the right-hand side of the equation above does not depend on the regularity of the boundary ofE. This
motivates the following definition.

Definition 3.2.1 (Perimeter and locally finite perimeter)

♣

The perimeter of a set E in an open set U is defined as

P (E,U) = sup
φ∈C1

c (U,Rn),|φ|≤1

ˆ
U∩E

divϕdHn.

We say that E has locally finite perimeter in U if P (E,W ) < +∞ for any W ⊂⊂ U . Such a set is also
called a Caccioppoli set.

Suppose E has locally finite perimeter in U . Then, we can consider the linear functional JE on C1
c (U,Rn)
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3.2 Sets of Finite Perimeter

defined by

JE(ϕ) =

ˆ
U∩E

divϕdHn.

This functional is clearly linear. Since we have assumed that E has locally finite perimeter, we have that JE
is a bounded linear functional on C1

c (W,Rn) for any W ⊂⊂ U . (Recall that an operator T is bounded if
sup|φ|≤1 |T (ϕ)| < +∞.) Now, we can apply the Riesz Representation Theorem to get a unique Radon measure
µE on U , and a vector-valued function νE on U such that |νE(x)| = 1 for µE-almost every x and

JE(ϕ) =

ˆ
U
ϕ · νEdµE ,

for any ϕ ∈ C1
c (U,Rn).

The vector-valued measure νEµE is called the Gauss-Green measure of E in U . We use −→µ E to denote the
vector-valued measure νEµE . Then, the perimeter of E in U can also be written as

P (E,U) = µE(U).

We can understand µE as a boundary measure of E in U , and νE as a boundary normal vector of E in U ,
pointing outward.

Example 3.5 (A quadrant). Suppose E = [0,+∞)2 ∈ R2. Then, E is a set with locally finite perimeter. In
particular,

µE = H1|[0,+∞)×{0} +H1|{0}×[0,+∞), νE = (0,−1)|[0,+∞)×{0} + (1, 0)|{0}×[0,+∞).

Recall that sptµE is the support of µE , which is defined as the set of points x such that µE(Br(x)) > 0

for any r > 0.
Then, we have the following proposition:

Proposition 3.2.2

♠

Suppose E is a set of locally finite perimeter in Rn. Then, sptµE ⊂ ∂E, where ∂E is the topological
boundary of E.

Remark 3.2.3 (Why sptµE can be strictly smaller than ∂E). Let

E := (0, 1)2\{0.5} × [0, 0.5] ⊂ R2.

Then ∂E contains both the outer boundary of the square and the slit:

∂E = ∂(0, 1)2 ∪
(
{0.5} × [0, 0.5]

)
.

On the other hand, removing a 1-dimensional set does not change χE in L1, so the perimeter measure is the
same as for the open square:

µE = µ(0,1)2 , sptµE = ∂(0, 1)2.

Hence
sptµE ( ∂E.
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3.2 Sets of Finite Perimeter

E

sptµE

∂E \ sptµE

(0, 0) (1, 0)

(0, 1)

To better illustrate the ”true” boundary of a set of finite perimeter in the measure sense, we introduce the
reduced boundary.

Definition 3.2.4 (Reduced boundary)

♣

Given a set E of locally finite perimeter in Rn, the reduced boundary ∂∗E is the set of points x ∈ Rn

such that the limit
νE(x) := lim

r→0+

−→µ E(Br(x))

µE(Br(x))

exists and belongs to Sn−1.

For the E = (0, 1)2\{0.5} × [0, 0.5], we have

∂∗E = ∂(0, 1)2\{(0, 0), (1, 0), (0, 1), (1, 1)}.

In particular, we have

lim
r→0+

−→µ E(Br(0))

µE(Br(0))
= (−1

2
,−1

2
) /∈ Sn−1.

So (0, 0) /∈ ∂∗E.
We have the following structure theorem for the reduced boundary.

Theorem 3.2.5 (De Giorgi’s Structure Theorem)

♥

Suppose E is a set of locally finite perimeter in Rn. Then, the reduced boundary ∂∗E is a (n − 1)-
countably rectifiable set in Rn, and we actually have

µE = Hn−1|∂∗E , νE = the outer normal vector field of ∂∗E.

Remark 3.2.6. Note that since ∂∗E is rectifiable, so the approximate tangent space Tx∂∗E is well-defined for
µE-almost every x ∈ ∂∗E. Hence, we can choose the outer normal vector field perpendicular to Tx∂∗E and
point outward of E.

Definition 3.2.7 (Local convergence of sets)

♣

Given Lebesgue measurable sets {Eh}h∈N andE in Rn, we say thatEh locally converges toE, and write
Eh

loc−−→ E, if
lim
h→∞

|K ∩ (E∆Eh)| = 0, ∀K ⊂ Rn compact.

This is equivalent to say that χEh
−→ χE in L1

loc(Rn).
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3.2 Sets of Finite Perimeter

Proposition 3.2.8 (Lower semicontinuity of perimeter)

♠

If {Eh}h∈N is a sequence of sets of locally finite perimeter in Rn, with

Eh
loc−−→ E, lim sup

h→∞
P (Eh;K) <∞,

for every compact set K in Rn, then E is of locally finite perimeter in Rn, µEh
⇀∗ µE and, for every

open set A ⊂ Rn, we have
P (E;A) ≤ lim inf

h→∞
P (Eh;A).

Example 3.6 (Disappearing holes). The inequality above can be strict.

Let B denote the closed unit disc B = {x ∈ R2 : |x| ≤ 1}. For each i ∈ N, let Ei = B \
⋃ni

k=1 B̄ri(xi,k),
where {xi,k}ni

k=1 is a collection of centers inside B, ni increases as i → ∞, and ri → 0 in such a way that
niri → c > 0 and

ni⋃
k=1

B̄ri(xi,k) ⊂ B,

with all the small discs disjoint and contained in B.
For each Ei, the perimeter is

P (Ei) = P (B) + niP (B̄ri) = 2π + ni · 2πri,

since each removed disc adds 2πri to the perimeter.
As i → ∞, the number of holes ni → ∞ and the radii ri → 0, so the total removed area goes to 0. In the

limit, the set Ei converges (locally in measure, or in L1
loc) to B. However,

lim
i→∞

P (Ei) = 2π + 2πc,

because the total boundary length of the small holes remains visible before passing to the limit.
Thus, the perimeter functional is lower semicontinuous under local convergence, and it is possible that

P ( lim
i→∞

Ei) < lim inf
i→∞

P (Ei),

because the limiting set does not retain the interior boundaries present in the approximating sequence.

Example 3.7 (Oscillating boundary).

Let D = [0, 4] × [0, 2] ⊂ R2. For each i ∈ N, construct Ei as the subset of D with lower and side

32



3.2 Sets of Finite Perimeter

boundaries of D, but the top replaced with a zig-zag curve of ni ”teeth,” each of amplitude hi (height above
y = 2), so that as i→ ∞, ni → ∞ and hi → 0.

Each Ei is the set (shaded in the pictures above) contained below its zig-zag boundary and above y = 0.
As i→ ∞, the upper boundary of Ei converges to the straight line y = 2, and Ei converges (in measure) to D.

The perimeter of Ei is
P (Ei) = 2 · 2 + 4 + Lzigzag,

where Lzigzag is the total length of the zig-zag curve. If each tooth projects horizontally δx = 4/ni and has
vertical height hi, then

Lzigzag = ni · 2

√(
δx

2

)2

+ h2i = ni · 2
√

(2/ni)2 + h2i .

If nihi → a > 0, then the zig-zag boundary length satisfies

lim
i→∞

Lzigzag = 2
√
4 + a2 > 4.

Thus, in the limit, the region Ei converges to D, but the perimeter keeps a positive excess:

P ( lim
i→∞

Ei) < lim inf
i→∞

P (Ei).

This example again shows lower semicontinuity: the limiting domain loses the additional oscillating boundary
length in the limit.

Theorem 3.2.9 (Compactness Theorem)

♥

If R > 0 and (Ek)k∈N are sets of finite perimeter in Rn, with

sup
k∈N

P (Ek) <∞,

Ek ⊂ BR, ∀ k ∈ N,

then one can find a set E of finite perimeter in Rn and a subsequence of (Ek)k∈N, still denoted by Ek,
such that

χEk
→ χE , µEk

∗
⇀ µE , E ⊂ BR.

Definition 3.2.10 (Perimeter minimizer)

♣

Suppose A ⊂ Rn is a bounded set and E0 is a set of finite perimeter in Rn. We say E0 is a perimeter
minimizer in A if

P (E0;A) ≤ P (E;A)

for every set of finite perimeter E such that E \A = E0 \A.
In particular, we say E0 is a perimeter minimizer in Rn if E0 is a perimeter minimizer for any bounded
set A.

Proposition 3.2.11 (Compactness of minimizer)

♠

Suppose {Ek} is a sequence of perimeter minimizers in Rn, and assume Ek converges to E in L1
loc(Rn).

Then E is also a perimeter minimizer in Rn.

Now, we are ready to state the general existence of minimizers in the following sense.
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3.3 Dimension Reduction and Regularity of Perimeter Minimizers

Proposition 3.2.12 (Existence of minimizers for the Plateau-type problem)

♠

LetA ⊂ Rn be a bounded set and let E0 be a set of finite perimeter in Rn. Then there exists a set of finite
perimeter E such that E \A = E0 \A and

P (E) ≤ P (F )

for every F such that F \A = E0 \A.

Remark 3.2.13. For example, given a boundary curve Γ, which lies on a boundary of a convex domain D. We
can construct a set of finite perimeter E such that ∂(∂E ∩Ω) = Γ and it is the one with the minimal perimeter.

The key here is actually the regularity of the boundary of the set of finite perimeter.

3.3 Dimension Reduction and Regularity of Perimeter Minimizers

Theorem 3.3.1

♥

Suppose E is a perimeter minimizer in Rn+1. We denote V = |∂∗E|. Then, we have the following
regularity result: sing‖V ‖ = ∅ if n ≤ 6, sing‖V ‖ is discrete if n = 7, and Hn−7+δ(sing‖V ‖) = 0 for
any δ > 0 for n ≥ 8.

Theorem 3.3.2

♥

Let V be the collection of all the varifolds in the preceding theorem, i.e., the varifolds corresponding to
the perimeter minimizers. Then,

dim(sing(‖V ‖ ∩B1)) ≤ n− 7.

In particular, if n = 7, then sing(‖V ‖ ∩B1) is discrete.

Proof We denote F l = {V ∈ V : Hl(sing ∩B1) > 0}.

Proposition 3.3.3

♠For each V ∈ F l, there exists C ∈ VarTan(V, x) ∩ F l for Hl−a.e. x ∈ sing(‖V ‖) ∩B1.

Proof Recall that we actually have for Hl-a.e. x ∈ sing(‖V ‖) ∩B1, we have

lim sup
r→0

Hl
∞(sing‖V ‖ ∩Br(x))

ωnrl
> 0.

This is equivalent to Hl(A) > 0 ≡ Hl
∞(A) > 0 for any A ⊂ Rn.

We choose ri → 0 such that

lim
i→∞

Hl
∞(sing‖V ‖ ∩Bri(x))

ωnrli
> 0.

By taking a subsequence, we can assume (ηx,ri)#V converges to C ∈ VarTan(V, x).
If Hl

∞(sing ‖C‖) = 0, then for any ε > 0, we can find a covering of sing ‖C‖ by balls {Bsj (yj)}∞j=1 such
that

∞∑
j=1

slj < ε.

Note that sing ‖C‖∩B1(0) is compact, we know sing ‖(ηx,ri)#V ‖∩B1(0) can also be covered by {Bsj (yj)}∞j=1
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3.4 Proof of Bernstein Theorem

for i large enough. Thus, we have
Hl

∞(sing ‖V ‖ ∩Bri(x))

rli
< ε

for i large enough, which is a contradiction. ♦
Now we apply the above proposition iteratively to obtain a sequence of varifolds {Vk}Kk=0 such that:

1. V0 = V .
2. Vk+1 ∈ VarTan(Vk, xk) for some xk ∈ sing(‖Vk‖) ∩B1\S(Vk).
3. dim(S(Vk+1)) > dim(S(Vk)) for each 0 ≤ k ≤ K − 1.
4. Hl(sing(‖Vk‖) ∩B1) > 0 for each 0 ≤ k ≤ K.
5. VK = C × Rm where C\{0} is a smooth immersed cone for some m ≥ 0.

In particular, the last two conditions imply m = l. Now, C becomes a stable cone with isolated singular point
0 of dimension n− l. By the classification of the stable cones, we know n− l ≥ 7, and hence l ≤ n− 7. This
shows dim(sing‖V ‖ ∩B1) ≤ n− 7.

In the case n = 7, we have
Hα(sing ‖VK‖ ∩B1) = 0

for any α > 0 by the above result.
If sing(‖V ‖∩B1) is not discrete, then we can find xj ∈ sing(‖V ‖∩B1) such that xj → x0 ∈ sing(‖V ‖∩

B1). Now, up to a subsequence, we can assume (ηx0,|xj−x0|)#V converges to C ∈ VarTan(V, x0) and we
denote ξ = limj→∞

xj−x0

|xj−x0| 6= 0. SoS(C) contains the line spanned by ξ. In particular,H1(sing(‖C‖)∩B1) >

0 which is a contradiction. Hence, sing(‖V ‖ ∩B1) is discrete. ♦

3.4 Proof of Bernstein Theorem

Now, we are ready to prove the Bernstein Theorem up to the dimension n ≤ 7.

Theorem 3.4.1

♥Suppose u is a solution of the minimal surface equation on Rn and n ≤ 7. Then, u is an affine function.

More analysis on the stationary cones
Recall that the Jacobi operator is defined as

L(ϕ) = ∆ϕ+ |A|2ϕ

for any smooth function ϕ on the regular part of M . If Mn ⊂ Rn+1 is a stationary cone with isolated singular
point 0, then we can rewrite the Jacobi operator as

L(ϕ) =
∂2ϕ

∂r2
+
n− 1

r

∂ϕ

∂r
+

1

r2
(
∆Σϕ+ |AΣ|2ϕ

)
where Σ =M ∩ Sn. This is called the link of the stationary cone, which is a minimal hypersurface in Sn.

So it is important to study the operator ∆Σ + |AΣ|2 on the link Σ. Suppose Σ is not totally geodesic, we
define λ1(Σ) to be the first eigenvalue of the operator −∆Σ − |AΣ|2 by

λ1(Σ) = inf
φ∈H1(Σ),φ ̸=0

´
Σ |∇ϕ|2 − |AΣ|2ϕ2dΣ´

Σ ϕ
2dΣ

Theorem 3.4.2

♥We have λ1(Σ) ≤ −(n− 1).
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3.4 Proof of Bernstein Theorem

Proof We use the following Simons inequality for the link Σ:

|AΣ|∆Σ|AΣ|+ |AΣ|4 ≥
2

n− 1
|∇|AΣ||2 + (n− 1)|AΣ|2.

Now, we directly integrate the inequality over Σ to getˆ
Σ
|∇|AΣ||2 − |AΣ|4 ≤ −(n− 1)

ˆ
Σ
|AΣ|2.

Using |AΣ| as a test function in the Rayleigh quotient gives

λ1(Σ) ≤
´
Σ |∇|AΣ||2 − |AΣ|4 dΣ´

Σ |AΣ|2 dΣ
≤ −(n− 1).

♦

Proposition 3.4.3

♠

Suppose ϕ is a smooth function on Σ achieving the infimum in the definition of λ1(Σ). If u is a positive
Jacobi field on M , then if we define

V (r) :=

ˆ
Σ
ϕ(x)u(rx)dΣ(x)

Then
(V (r)rκn)′ ≤ 0

for κn := n−2
2 −

√
(n−2)2

4 − (n− 1).

Proof We compute

V ′′(r) =

ˆ
Σ
ϕ(x)

∂2

∂r2
u(rx) dΣ(x)

= −n− 1

r
V ′(r)− 1

r2

ˆ
Σ
ϕ(x)

(
∆Σu(rx) + |AΣ|2u(rx)

)
dΣ(x)

= −n− 1

r
V ′(r)− 1

r2

ˆ
Σ
u(rx)

(
∆Σϕ(x) + |AΣ|2ϕ(x)

)
dΣ(x)

≤ −n− 1

r
V ′(r)− n− 1

r2
V (r)

where in the last step we used that ϕ is an eigenfunction of the operator −∆Σ−|AΣ|2 with eigenvalue λ1(Σ) ≤
−(n− 1), and that u > 0. The proof is finished by analyzing the resulting ODE inequality. ♦

We consider W (t) = V (t−1/β)tγ/β .
Then, we can choose β and γ such that W ′′(t) ≤ 0. To see this, we compute

W ′′(t) =
1

β2
t
γ
β
−2
(
V ′′(t−1/β)t−2/β + V ′(t−1/β)t−1/β((1 + β)− 2γ) + V (t−1/β)γ(γ − β)

)

So we have
1 + β − 2γ = γ(γ − β) = n− 1

The choice of γ = −κn and β = 2

√
(n−2)2

4 − (n− 1) satisfies the above equations, and hence W ′′(t) ≤ 0.
Since t = r−β andW (t) = V (r)rκn , this concavity gives the desired monotonicity of V (r)rκn in the r variable.

We are ready to prove the Bernstein Theorem. We need to study the blow-down limit of the graph of u.
This is due to De Giorgi [DG65].
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3.4 Proof of Bernstein Theorem

Theorem 3.4.4

♥

Let u solve the minimal surface equation on Rn for n ≤ 7. Then the blow-down limit of the graph of u is
a density-one hyperplane in Rn+1.

Proof Suppose M is the graph of u. Then it is a minimal hypersurface in Rn+1, and it is minimizing area in
Rn+1.

Let P be the region {(x, y) ∈ Rn × R : y < u(x)}. By the previous result, we know P is perimeter
minimizer in Rn+1. We consider the blow-down limit of P defined as follows. Define Pr := 1

rP . Up to a
subsequence, Pr converges to a set P∞ in L1

loc(Rn+1). By compactness, P∞ is a perimeter minimizer in Rn+1.
The boundary of Pr, denoted byMr, converges to the boundary of P∞ in the varifold sense; denote the limit by
V∞.

By the previous regularity result, we know sing ‖V∞‖ is empty or discrete. If it is empty, then V∞ is a
density-one hyperplane in Rn+1. If it is discrete, then V∞ can only have an isolated singular point at the vertex
0, since it is a stationary cone.

Now, we consider P ′
r := Pr + en+1. This is again a perimeter minimizer in Rn+1, and we have Pr ⊂ P ′

r.
Up to a subsequence, P ′

r converges to a set P ′
∞, and P ′

∞ = P∞ + en+1. In particular, P∞ ⊂ P ′
∞. By the

strong maximum principle, we have either P∞ = P ′
∞, or their boundaries are disjoint. In the first case, we

are done, since V∞ is translation invariant along en+1 direction, it can only be a density-one hyperplane in
Rn+1. In the second case, we know that V∞ + λen+1 is disjoint from V∞ for any λ > 0. Hence, we can
construct a positive Jacobi field u onM∞ by u := 〈νM∞ , en+1〉 whereM∞ := reg‖V∞‖. Now, for the function
V (r) :=

´
Σ ϕ(x)u(rx)dΣ(x), we have

V (r) ≤
ˆ
Σ
ϕ(x) ≤ C

where C is independent of r. On the other hand, we have κ7 = 2, and hence

V (r) ≥ V (1)

r2
for 0 < r < 1,

which implies V (r) → +∞ as r → 0. This contradiction implies Σ is totally geodesic, and hence M∞ is a
density-one hyperplane in Rn+1. ♦
Proof of Bernstein Theorem

By Allard’s regularity theorem, Mr converges smoothly to a minimal hypersurface M∞ in Rn+1.
In particular, if we denote Ar to be the second fundamental form of Mr, then for any fixed x ∈M =M1,

we have
Ar(

x

r
) → A∞(0) = 0

On the other hand, we have
Ar(

x

r
) = rA(x)

which implies A(x) = 0. Hence, M is flat, so u is an affine function. ♦

37



Chapter 4 Regularity and Compactness Theorems

Definition 4.0.1 (Regular and singular sets)

♣

Given a smooth immersed hypersurface M in U (or just a subset of U ), for any x ∈ M̄ ∩ U , we say x is
a regular point of M if there exists a number r > 0 such that Bn+1

r (x) ⊂ U and M̄ ∩ Bn+1
r (x) can be

written as a union of finitely many smooth, compact, connected, embedded hypersurfaces Σi inBn+1
r (x)

such that Σ̄i ∩ Bn+1
r (x) = Σi. In general, we redefine M such that each point in M is a regular point

and every regular point of M lies in M .
The (interior) singular set of M is defined by

singM = (M̄\M) ∩ U.

4.1 Regularity and Compactness Results for Stable Minimal Hypersurfaces

The first result is the generalized Bernstein theorem from Schoen–Simon–Yau.

Theorem 4.1.1 (Schoen–Simon–Yau Bernstein Theorem, [SSY75])

♥

Suppose M ⊂ Rn+1 is a complete, stable, minimal hypersurface without boundary and with at most
(intrinsic) Euclidean volume growth. Then, if n ≤ 5, M must be an affine hyperplane.

Remark 4.1.2. Note that the intrinsic Euclidean volume growth condition is weaker than the extrinsic Euclidean
volume growth condition. This is also a key condition for the Stable Bernstein Theorem without area growth
condition.

Theorem 4.1.3 (Schoen–Simon Regularity and Compactness, [SS81])

♥

Let {Mk} be a sequence of embedded, stable, orientable minimal hypersurfaces in Bn+1
2 (0) with the

following properties:
1. 0 ∈ M̄k for each k.
2. Hn−2(singMk) = 0 for each k.
3. Hn(Mk ∩Bn

2 (0)) ≤ Λ for some constant Λ > 0 independent of k.
Then, up to a subsequence, Mk converges in the varifold sense to a stable minimal hypersurface M in
Bn+1

2 (0), which is smooth except for a closed singular set of Hausdorff dimension at most n− 7.

In addition, for n = 7, the singular set is discrete.

Remark 4.1.4. Mk converges to a stable minimal hypersurface M in the varifold sense means that the varifold
|Mk| converges to the varifold |M | in the sense of measures of weak limit.

Recall that a closed set S is of Hausdorff dimension at most k if for any ε > 0, we have Hk+ε(S) = 0.

Corollary 4.1.5

♠

Suppose M ⊂ Rn+1 is a complete, stable, embedded minimal hypersurface without boundary and with
at most extrinsic Euclidean volume growth. Then, if n ≤ 6, M must be an affine hyperplane.

Remark 4.1.6. The dimension n ≤ 6 is sharp, as we already proved that Simons’ cone is stable in R8.



4.1 Regularity and Compactness Results for Stable Minimal Hypersurfaces

Bellettini’s work completes the corresponding area-growth statement in the borderline dimension n = 6 for
stable immersions. To state the result in a form that is independent of whether one measures volume intrinsically
or extrinsically, we also record the comparison theorem of Florit–Simon.

Theorem 4.1.7 (Florit–Simon intrinsic–extrinsic area equivalence, [FS26])

♥

Let Σd ↪→ RN be a complete, connected, smooth minimal immersion, and let p ∈ Σ. Define the intrinsic
and extrinsic area densities by

Mint
R (Σ, p) :=

|BΣ
R(p)|
Rd

, Mext
R (Σ, p) :=

Area(Σ ∩BRN

R (p))

Rd
,

where BΣ
R(p) = {x ∈ Σ : dΣ(x, p) < R}, and the extrinsic area is counted with multiplicity. Then

Mint
R (Σ, p) and Mext

R (Σ, p) are monotone nondecreasing in R, and

lim
R→∞

Mint
R (Σ, p) = lim

R→∞
Mext

R (Σ, p) ∈ [ωd,∞],

where ωd = |BRd

1 |. In particular, Σ has bounded intrinsic area density if and only if it has bounded
extrinsic area density; in either case, the immersion is proper.

Corollary 4.1.8 (Area-growth stable Bernstein for immersions, [SSY75, Bel25, FS26])

♠

Let 2 ≤ n ≤ 6, and let Σn ↪→ Rn+1 be a complete, connected, two-sided, stable minimal immersion. If
Σ has Euclidean area growth, equivalently

|BΣ
R(p)| ≤ ΛRn for some p ∈ Σ, Λ <∞, and all R > 0,

or
Area(Σ ∩BRn+1

R (p)) ≤ ΛRn for some p ∈ Rn+1, Λ <∞, and all R > 0,

then Σ is an affine hyperplane.

Remark 4.1.9. For 2 ≤ n ≤ 5, this is the Schoen–Simon–Yau area-growth stable Bernstein theorem. The
new borderline case is n = 6: Bellettini proves the classification under extrinsic Euclidean area growth, and
Theorem 4.1.7 converts intrinsic area growth into the same extrinsic hypothesis. Thus the area-growth version
of the immersed stable Bernstein theorem is settled in the full sharp range 2 ≤ n ≤ 6.

A natural question is whether the compactness conclusion in Theorem 4.1.3 remains true if we assume
Hn−1(singMk) = 0 instead of Hn−2(singMk) = 0. The answer is yes, by the following deep result of Wick-
ramasekera.

Theorem 4.1.10 (Wickramasekera’s Regularity Theorem, [Wic14])
Suppose Vi is a sequence of stationary integral n-varifolds inBn+1

2 (0) and Vi also satisfies the following
conditions:

1. 0 ∈ spt‖Vi‖.
2. ‖Vi‖(Bn+1

2 (0)) ≤ Λ for some constant Λ > 0 independent of i.
3. (Stability) Each Vi is stable in Bn+1

2 (0) on its regular set, i.e., for any φ ∈ C1
c (regVi),ˆ

regVi

|Ai|2φ2d‖Vi‖ ≤
ˆ
regVi

|∇φ|2d‖Vi‖.

4. (Alpha-Structural Hypothesis) There exists α ∈ (0, 1) such that for each i, no point of spt‖Vi‖ ∩
Bn+1

1 (0) has a neighborhood in which spt‖Vi‖ is the union of three or more embedded C1,α

hypersurfaces-with-boundary meeting only along their common boundary.
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♥

Then, up to a subsequence, Vi converges in the varifold sense to a stationary integral n-varifold V∞ in
Bn+1

2 (0), which is stable and whose singular set in Bn+1
2 (0) has Hausdorff dimension at most n− 7.

Remark 4.1.11. The theorem is formulated for stationary integral varifolds, so no orientability assumption is
part of the statement. In applications to stable immersions, two-sidedness is imposed separately when one writes
the stability inequality on the regular set.

The next conjecture concerns compactness for stable minimal immersions with singular sets.

Conjecture 4.1.12

♥

The class of branched two-sided stable minimal n-dimensional immersions with the singular set of locally
finite (n− 2)-measure is compact under varifold convergence.

The first result in this direction is the following density-2 regularity theorem.

Theorem 4.1.13 (Density-2 regularity)

♥

Let δ ∈ (0, 1). Suppose Mk is a sequence of orientable stable minimal hypersurfaces immersed in
Bn+1

2 (0) such that:
1. 0 ∈ M̄k.
2. ‖Mk‖(Bn+1

2 (0)) ≤ (3− δ)ωn2
n.

3. Hn−2(singMk) = 0.
Then, up to a subsequence, Mk converges in the varifold sense to a stable minimal hypersurface M in
Bn+1

2 (0), which is smooth except for a closed singular set of Hausdorff dimension at most n− 7.

The general case, with non-optimal singular set dimension, is proved by Hong-Li-Wang [HLW24].

Theorem 4.1.14 (dimH(singM) < n− 4 + 4
n regularity, [HLW24])

♥

Suppose Mk is a sequence of orientable stable minimal hypersurfaces immersed in Bn+1
2 (0) such that:

1. 0 ∈ M̄k.
2. ‖Mk‖(Bn+1

2 (0)) ≤ Λ.
3. supk dimH(singMk) < n− 4 + 4

n .
Then, up to a subsequence, Mk converges in the varifold sense to a stable minimal hypersurface M in
Bn+1

2 (0), which is smooth except for a closed singular set of Hausdorff dimension at most n− 7.

Minter–Xiao subsequently proved the optimal non-branched version of this regularity and compactness
theorem.

Theorem 4.1.15 (Minter–Xiao optimal immersed regularity, [MX26])
Let n ≥ 2. Suppose Mk is a sequence of two-sided stable minimal hypersurfaces smoothly and properly
immersed in Bn+1

1 (0) such that:
1. 0 ∈ M̄k for each k;
2. supk Hn(Mk ∩Bn+1

1 (0)) <∞;
3. Hn−2(singMk) = 0 for each k, where

singMk := Bn+1
1 (0) ∩ (M̄k \Mk).
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♥

Then, after passing to a subsequence, Mk converges as varifolds to a stationary integral varifold V in
Bn+1

1 (0). Moreover, there is a relatively closed set

S ⊂ spt ‖V ‖ ∩Bn+1
1 (0), dimH S ≤ n− 7,

such that V is represented on Bn+1
1 (0) \ S by a proper, two-sided, stable minimal immersion, and Mk

converges locally smoothly to this immersion away from S. In particular, S = ∅ for 2 ≤ n ≤ 6, while S
is discrete for n = 7.

Remark 4.1.16. The hypothesis Hn−2(singMk) = 0 is the optimal non-branched assumption. It improves
Theorem 4.1.14, where the non-immersed singular set is required to have Hausdorff dimension strictly smaller
than n − 4 + 4

n . The branch point case is not included here: when the non-immersed singular set has positive
Hn−2-measure, branch points may occur and the corresponding compactness theory remains a separate problem.

4.2 Key Steps in the Regularity Proofs

Up to a subsequence, we can assume |Mk| or Vk converges to V in the varifold sense. Pick any point
x ∈ spt‖V ‖. We need to analyze the tangent cone of V at x. There are several cases:

Hyperplanes. We need to develop a sheeting theorem to show the regularity and smooth convergence.
Classical Cones. We need a minimum distance theorem (embedded case) or a decomposition theorem
(immersed case) to show the regularity and smooth convergence.
C × Rm where C is a stable cone with isolated singularity. Classification of stable cones.
other cones. We need dimension reduction argument to reduce to the previous case.

4.3 Regularity in the Immersed Setting

One of the key ingredients in the proof of Theorem 4.1.14 is the following ε-regularity theorem.

Theorem 4.3.1 (ε-regularity for |A|)

♥

Let n ≥ 3. Suppose Mn is a two-sided stable minimal hypersurface immersed in Bn+1
4 (0) and the

singular set of M satisfies n̄ := dim(singM) < n − 2 − 2(n−2)
n . Additionally, assume Hn(M ∩

Bn+1
4 (0)) ≤ Λ for some Λ ∈ (0,+∞). Then, for any α ∈ (n−2

n ,min
{
n−n̄−2

2 , 1
}
), there exists ε =

ε(n, n̄, α,Λ) ∈ (0, 1) such that if ˆ
Bn+1

2 (0)∩M
|A|2α ≤ ε,

then
sup

Bn+1
1
2

(0)∩M
|A|2α ≤ C

ˆ
Bn+1

2 (0)∩M
|A|2α

for some constant C = C(n, n̄,Λ, α).

The above result relies on the following weak (intrinsic) Caccioppoli inequality.
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Lemma 4.3.2

♠

For any α ∈ (n−2
n ,min

{
n−n̄−2

2 , 1
}
), and any locally Lipschitz function φ supported in Bn+1

3 (0), we
have ˆ

M∩{u>k}

(
1− k

u

)
|∇u|2φ2 ≤ C

ˆ
M∩{u>k}

(u− k)2|∇φ|2

+Ck2
ˆ
M∩{u>k}

(
(u− k)

2
α + k

2
α

)
φ2, (4.3.1)

where the constant C = C(n, n̄,Λ, α). Here u = |A|α.

Proof We first show that (4.3.1) holds for bounded locally Lipschitz φ with compact support in Bn+1
4 (0),

vanishing in a neighborhood of singM ∩Bn+1
4 (0), and for any α ∈ (n−2

n , 1).
For such φ and α, choose ϕ = (|A|α − k)+φ for k ≥ 0. One checks that ((|A|α − k)+)2 ∈ C1(M) ∩

W 2,∞
loc (M). Hence we can insert ϕ into the stability inequality.

We observe that
1

2
∆(|A|α − k)2 = α

(
1− k

|A|α

)
|A|2α−2|A|∆|A|

+α

((
1− k

|A|α

)
(α− 1) + α

)
|A|2α−2|∇|A||2.

Using Simons’ inequality
|A|∆|A| ≥ 2

n
|∇|A||2 − |A|4,

we obtain̂

M
|∇ϕ|2 =

ˆ
M>k

α2|A|2α−2|∇|A||2φ2 + (|A|α − k)2|∇φ|2 + 1

2

〈
∇(|A|α − k)2,∇φ2

〉
=

ˆ
M>k

α2|A|2α−2|∇|A||2φ2 + (|A|α − k)2|∇φ|2 − 1

2
φ2∆(|A|α − k)2

=

ˆ
M>k

(|A|α − k)2|∇φ|2 −
ˆ
M>k

α

(
1− k

|A|α

)
|A|2α−2|A|∆|A|φ2

+ α(1− α)

(
1− k

|A|α

)
|A|2α−2|∇|A||2φ2

≤
ˆ
M>k

((|A|α − k)2)|∇φ|2

−
ˆ
M>k

α

(
2

n
+ α− 1

)(
1− k

|A|α

)
|A|2α−2|∇|A||2φ2 +

ˆ
M>k

α|A|2α+2φ2

where M>k denotes M ∩ {|A|α > k}. On the other hand, by stability, we haveˆ
M

|∇ϕ|2 ≥
ˆ
M

|A|2ϕ2 =

ˆ
M>k

|A|2(|A|α − k)2φ2.

Now, we write δ := α− n−2
n > 0. Then the stability inequality gives

δ

ˆ
M>k

α

(
1− k

|A|α

)
|A|2α−2|∇|A||2φ2

≤
ˆ
M>k

((|A|α − k)2)|∇φ|2 +
ˆ
M>k

α|A|2α|A|2φ2

−
ˆ
M>k

|A|2(|A|α − k)2φ2.
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Now, let u = |A|α. Then,
δ

α

ˆ
M>k

(
1− k

u

)
|∇u|2φ2 ≤

ˆ
M>k

(u− k)2|∇φ|2 +
ˆ
M>k

u
2
α
(
αu2 − (u− k)2

)
φ2. (4.3.2)

Now we estimate u
2
α

(
αu2 − (u− k)2

)
.

αu2 − (u− k)2 = − (1− α)(u− k)2 + 2αk(u− k) + αk2 ≤ α2k2

1− α
+ αk2 =

α

1− α
k2.

where we used Young’s inequality. By the trivial inequality (x + y)a ≤ 2a(xa + ya) for x, y ≥ 0, a > 0, we
have

u
2
α
(
αu2 − (u− k)2

)
≤ 2

2
α

α

1− α

(
(u− k)

2
α + k

2
α

)
k2.

Substituting this into (4.3.2), we obtain (4.3.1).
To complete the proof, we show by approximation that (4.3.1) holds for any bounded locally Lipschitz φ

supported in B3(0), assuming α ∈ (n−2
n ,min

{
n−n̄−2

2 , 1
}
). Note that φ may be non-zero on the singular set of

M .
We first derive a preliminary estimate on |A|.

Lemma 4.3.3

♠

If Hn−2(sing(M) ∩Bn+1
4 (0)) = 0, then we have |A| ∈ L2(Bn+1

7
2

(0) ∩M) and
ˆ
M∩Bn+1

ρ (x)
|A|2 ≤ Cρn−2,

for any x ∈ Bn+1
7
2

(0) and ρ ∈ (0, 14), where C = C(Λ).

Proof For each ε > 0, we choose balls
{
Bn+1

ri (xi)
}N
i=1

such that sing(M) ∩ Bn+1
4 (0) ⊂

⋃N
i=1B

n+1
ri (xi) and∑N

i=1 r
n−2
i ≤ ε. We choose ζi to be a non-negative C1 function such that ζi is supported outside of Bn+1

ri (xi),
ζi = 1 outside ofBn+1

2ri
(xi), and |∇ζi| ≤ 2

ri
. Then, we define ζε = min1≤i≤N ζi. We insert ζεφ into the stability

inequality where φ is a non-negative locally Lipschitz function with compact support in Bn+1
4 (0). Then,ˆ

M∩Bn+1
4 (0)

|A|2φ2ζ2ε ≤ 2

ˆ
M∩Bn+1

4 (0)
|∇φ|2 ζ2ε + 2

ˆ
M∩Bn+1

4 (0)
|∇ζε|2φ2

by Cauchy-Schwarz inequality. Note that
ˆ
M∩Bn+1

4 (0)
|∇ζε|2φ2 ≤ ‖φ‖2

L∞(Bn+1
4 (0))

N∑
i=1

ˆ
M∩Bn+1

2ri
(xi)

|∇ζi|2

≤ C‖φ‖2
L∞(Bn+1

4 (0))

N∑
i=1

rn−2
i ≤ C‖φ‖2

L∞(Bn+1
4 (0))

ε

which converges to 0 as ε→ 0+. Then, we haveˆ
M

|A|2φ2 ≤ 2

ˆ
M

|∇φ|2.

In particular, it implies |A| ∈ L2(Bn+1
7
2

(0)) if we choose φ ≡ 1 on Bn+1
7
2

(0). Now, we choose φ supported on

Bn+1
2ρ (x), and equal to 1 on Bn+1

ρ (x), with |∇φ| ≤ 2
ρ . Together with the monotonicity formula, we haveˆ

M∩Bn+1
ρ (x)

|A|2 ≤ 2

ˆ
M∩Bn+1

2ρ (x)\Bn+1
ρ (x)

1

ρ2
≤ Cρn−2,

for some C = C(Λ). ♦
The remaining part is similar to the proof of the previous lemma. Based on the assumption of n̄ and α, we
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know Hn−2−2α(singM) = 0. Therefore, for any ε > 0, there existBn+1
r1 (x1), B

n+1
r2 (x2), · · · , Bn+1

rN
(xN ) with

xi ∈ Bn+1
7
2

(0) and 0 < ri <
1
4 for each 1 ≤ i ≤ N , such that

singM ∩Bn+1
3 (0) ⊂

N⋃
i=1

Bn+1
ri (xi), and

N∑
i=1

rn−2−2α
i ≤ ε. (4.3.3)

We choose ζi and ζε as in the proof of Lemma 4.3.3. For any locally Lipschitz φ with compact support in
Bn+1

3 (0), ζεφ vanishes near singM , allowing us to use (4.3.1) with ζεφ in place of φ. Thus, we haveˆ
M>k

(
1− k

u

)
|∇u|2ζ2εφ2

≤ C

ˆ
M>k

(u− k)2ζ2ε |∇φ|2 + Ck2
ˆ
M>k

(
(u− k)

2
α + k

2
α

)
ζ2εφ

2 + C

ˆ
M>k

(u− k)2|∇ζε|2φ2, (4.3.4)

by the Cauchy-Schwarz inequality.
For the first two terms on the right-hand side of (4.3.4), since |A|2α and |A|2 are integrable inBn+1

3 (0)∩M
by Lemma 4.3.3, we can let ε→ 0+, leading to

C

ˆ
M>k

(u− k)2|∇φ|2 + Ck2
ˆ
M>k

(
(u− k)

2
α + k

2
α

)
φ2.

Then, we need to show
lim
ε→0+

ˆ
M>k

(u− k)2|∇ζε|2φ2 = 0.

Applying Lemma 4.3.3, (4.3.3), and Hölder inequality, we obtainˆ
M>k

(u− k)2|∇ζε|2φ2

≤
N∑
i=1

‖φ‖2
L∞(Bn+1

3 (0))

ˆ
M∩Bn+1

ri
(xi)

|A|2α|∇ζi|2

≤ ‖φ‖2
L∞(Bn+1

3 (0))

N∑
i=1

(ˆ
M∩Bn+1

ri
(xi)

|A|2
)α(ˆ

M∩Bn+1
ri

(xi)
|∇ζi|

2
1−α

)1−α

≤ C‖φ‖2
L∞(Bn+1

3 (0))

N∑
i=1

r
α(n−2)
i r

(n− 2
1−α)(1−α)

i = C‖φ‖2
L∞(Bn+1

3 (0))

N∑
i=1

rn−2−2α
i

≤ C‖φ‖2
L∞(Bn+1

3 (0))
ε.

Hence, letting ε → 0+, we conclude that (4.3.1) holds for any bounded locally Lipschitz φ supported in
Bn+1

3 (0). ♦

Remark 4.3.4. The preceding proof also shows that |∇u|2 is integrable in Bn+1
3 (0) ∩ M and hence u ∈

W 1,2(Bn+1
3 (0) ∩M).

We now prove Theorem 4.3.1.
Proof of Theorem 4.3.1 Consider

kl = d

(
1− 1

2l−1

)
, and Rl =

1

2
+

1

2l
,

for 0 < d ≤ 1. kl increases to d and Rl decreases to 1/2 as l → ∞. For simplicity, we write Ωl = M ∩
{u > kl} ∩Bn+1

Rl
(0).

Applying the previous lemma and noting that

1− kl
u

≥ 1− kl
kl+1

≥ 1

2l
,
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for any u > kl+1, we have

1

2l

ˆ
M>kl+1

|∇u|2φ2 ≤ C

[ˆ
M>kl

(u− kl)
2|∇φ|2

+d2
ˆ
M>kl

(u− kl)
2
αφ2 + d2+

2
α

ˆ
M>kl

φ2

]
.

Using
|∇((u− kl+1)φ)|2 ≤ 2|∇u|2φ2 + 2(u− kl+1)

2|∇φ|2,

we obtain ˆ
M>kl+1

|∇((u− kl+1)φ)|2

≤ 2lC

[ˆ
M>kl

(u− kl)
2|∇φ|2 + d2

ˆ
M>kl

(u− kl)
2
αφ2 + d2+

2
α

ˆ
M>kl

φ2

]
.

Now choose φ supported in Bn+1
Rl

(0), with φ = 1 on Bn+1
Rl+1

(0), |∇φ| ≤ 2l+2, and 0 ≤ φ ≤ 1. Together with
the Michael–Simon inequality [MS73](ˆ

M
|ϕ|

2n
n−2

)n−2
n

≤ C

ˆ
M

|∇ϕ|2 ,

for a constant C only depending on n. Then, we have(ˆ
Ωl+1

(u− kl+1)
2n
n−2

)n−2
n

≤ C l

[ˆ
Ωl

(u− kl)
2 + d2

ˆ
Ωl

(u− kl)
2
α + d2+

2
αLn(Ωl)

]
. (4.3.5)

Using the fact that when u ≥ kl, we know u− kl−1 ≥ d
2l−1 . Hence, for any 0 ≤ β ≤ 2n

n−2 ,
ˆ
Ωl

(u− kl)
β ≤

ˆ
Ωl

(u− kl)
β

(
2l−1

d

) 2n
n−2

−β

(u− kl−1)
2n
n−2

−β

≤ C l

d
2n
n−2

−β

ˆ
Ωl−1

(u− kl−1)
2n
n−2 ,

where constant C = C(n). Note that since 2
α < 2n

n−2 , we can use the above inequality with β = 0, 2, and 2
α in

(4.3.5) to obtain

S
n−2
n

l+1 ≤ C l

(
1

d
2n
n−2

−2
+

1

d
2n
n−2

− 2
α
−2

+
1

d
2n
n−2

−2− 2
α

)
Sl−1, (4.3.6)

where
Sl :=

ˆ
Ωl

(u− kl)
2n
n−2 .

Using d ≤ 1, (4.3.6) implies
Sl+1

d
2n
n−2

≤ C l

(
Sl−1

d
2n
n−2

) n
n−2

, (4.3.7)

for some C = C(n, n̄,Λ, α). Iterating (4.3.7), we obtain

S2l+1

d
2n
n−2

≤ C2+
4(n−2)

n
+···+2l(n−2

n
)l−1

(
C2 S1

d
2n
n−2

)( n
n−2)

l

≤ C
n2

2

(
C2 S1

d
2n
n−2

)( n
n−2)

l

.

Hence, if we require
S1 ≤ (ε′d)

2n
n−2 ,
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for some positive ε′ only depending on n, n̄, δ, Λ, and α, then we have liml→∞ S2l+1 = 0. This implies

|A|α ≤ d on Bn+1
1
2

(0).

Finally, we need to ensure S1 ≤ (ε′d)
2n
n−2 .

Using Lemma 4.3.2 with k = 0 and a suitable test function, we obtainˆ
M∩Bn+1

3
2

(0)
|∇u|2 ≤ C

ˆ
M∩Bn+1

2 (0)
u2

for some C = C(n, n̄,Λ, α). Thus, by Michael–Simon’s inequality, we have

S
n−2
n

1 ≤ C

ˆ
M∩Bn+1

1 (0)
|∇(uϕ)|2 ≤ C

ˆ
M∩Bn+1

2 (0)
u2 = C

ˆ
M∩Bn+1

2 (0)
|A|2α. (4.3.8)

for ϕ supported on Bn+1
3
2

(0), equal to 1 on Bn+1
1 (0), and |∇ϕ| ≤ 4, where C = C(n, n̄,Λ, α). Now choose

ε = (ε′)2

C , where C is the constant in (4.3.8), and set d =
√

1
ε

´
M∩Bn+1

2 (0) |A|2α ∈ (0, 1] by assumption.

Consequently, S
n−2
n

1 ≤ (ε′d)2 holds by (4.3.8). For such a choice of d, we know liml→∞ Sl = 0, which implies

sup
Bn+1

1
2

(0)∩M
|A|2α ≤ d2 = C

ˆ
M∩Bn+1

2 (0)∩M
|A|2α

for some C = C(n, n̄,Λ, α). ♦
With this ε-regularity theorem, we can prove the following results.

Proposition 4.3.5

♠

Let n ≥ 3, and n̄ < n − 4 + 4
n . Suppose Mj is a sequence of immersed, two-sided, stable minimal

hypersurfaces in Bn+1
4 (0) with dim(sing(Mj)∩Bn+1

4 (0)) ≤ n̄, and thatMj converges (as varifolds) to
q|P ∩Bn+1

4 (0)| as j → ∞, where P is a hyperplane and q is a positive integer. Then,

lim
j→∞

sup
Bn+1

1
2

(0)∩Mj

|AMj | = 0.

Moreover, singMj ∩ Bn+1
1
4

(0) = ∅ and Mj ∩ Bn+1
1
4

(0) has exactly q connected components for j large

enough, and each component of Mj ∩ Bn+1
1
4

(0) converges smoothly to P in Bn+1
1
4

(0) as smooth immer-
sions.

Proof We suppose P = {xn+1 = 0}.
We claim that ˆ

Mj∩B2(0)
|Aj |2α → 0.

We also use the following theorem due to Schoen–Simon [SS81].

Theorem 4.3.6 (Schoen–Simon)

♥

We have the following inequalitŷ

|A|2ϕ2 ≤ C

ˆ
|∇ϕ|2(1− (ν · en+1)

2)

By the monotonicity formula, we have

lim
j→∞

sup
Bn+1

3 (0)∩Mj

|xn+1| = 0.

Otherwise, we can find a sequence pj ∈ Mj such that |pj,n+1| ≥ δ > 0 for some 0 < δ < 1. By the
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monotonicity formula, we have
Hn(Mj ∩Bn+1

δ
2

(pj)) ≥ Cδn.

Then, we have
q|P ∩Bn+1

4 (0)|(Bδ(p0)) ≥ lim sup
j→∞

Vj(B δ
2
(pj)) ≥ Cδn,

where |p0,n+1| ≥ δ, a contradiction.
Now, we chooseϕ2xn+1en+1 as a test vector field in the first variation formula whereϕ is a smooth function

supported in Bn+1
3 (0). Then, we haveˆ

ϕ2|e⊤n+1|2 = −2

ˆ
xn+1ϕ∇ϕ · e⊤n+1 ≤

1

2

ˆ
ϕ2|e⊤n+1|2 + 2

ˆ
|∇ϕ|2|xn+1|2.

So we have ˆ
Mj

ϕ2(1− (ν · en+1)
2) ≤ 4

ˆ
Mj

|∇ϕ|2|xn+1|2,

which goes to zero as j → ∞. Hence ˆ
Mj∩B2(0)

|Aj |2 → 0.

Now, we use Hölder’s inequality to getˆ
Mj∩B2(0)

|Aj |2α ≤

(ˆ
Mj∩B2(0)

|Aj |2
)α

(Hn(Mj ∩B2(0)))
1−α → 0.

Now we apply the ε-regularity theorem (Theorem 4.3.1) to get

lim
j→∞

sup
Bn+1

1
2

(0)∩Mj

|AMj | = 0. (4.3.9)

Next, let us denote Sj = P (sing(Mj)) where P is the projection to {xn+1 = 0}. Then the projection P gives a
covering map fromMj∩(Bn

1
4

(0)\Sj)×R to (Bn
1
4

(0)\Sj)×{0}, and the covering degree is q by (4.3.9) for j large
enough. Since Bn

1
4

(0)\Sj is simply connected (because dim(Sj) ≤ n̄), we know that Mj ∩ (Bn
1
4

(0) \ Sj)× R
has exactly q connected components, and each component can be written as a graph of a smooth function over
Bn

1
4

(0)\Sj . By the removable singularity theorem (cf. [DGS65, Sim77]), we know that such a function can be
extended to a smooth function onBn

1
4

which solves the minimal surface equation. Hence, singMj∩Bn
1
4

(0)×R =

∅ and it can be decomposed into q connected components, each of which converges smoothly to Bn
1
4

(0) × {0}
as smooth immersions by standard PDE theory. ♦

We consider a flat cone C in Rn+1 defined as a union of hyperplanes and half-hyperplanes. Explicitly, we
write

C :=

N1∑
i=1

pi|Pi|+
N2∑
i=1

qi|Hi|,

for {pi}N1
i=1, {qi}

N2
i=1 ⊂ N. Here {Pi}N1

i=1 are distinct hyperplanes and {Hi}N2
i=1 are distinct half-hyperplanes

such that 0 ∈ Pi for each 1 ≤ i ≤ N1, 0 ∈ H̄i for each 1 ≤ i ≤ N2, and Hj * Pi for each 1 ≤ i ≤ N1 and
1 ≤ j ≤ N2.

We denote the singular set of C in the embedded sense as T (C), which is precisely defined as:

T (C) := {x ∈ spt‖C‖ : spt‖C‖ is not part of a hyperplane near x} .

We denote Tτ (C) as the τ -neighborhood of T (C) for τ > 0.
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Proposition 4.3.7

♠

Let n ≥ 3, and n̄ < n−4+ 4
n . SupposeMj is a sequence of smooth, immersed, two-sided stable minimal

hypersurfaces in Bn+1
4 (0) with dim(sing(Mj)∩Bn+1

4 (0)) ≤ n̄, such thatMj converge (as varifolds) to
Cb(Bn+1

4 (0)) as j → ∞. Then,
lim
j→∞

sup
Bn+1

1
2

(0)∩Mj

|AMj | = 0.

In particular, C is a sum of hyperplanes with multiplicities, singMj ∩Bn+1
1
4

(0) = ∅, andMj ∩Bn+1
1
4

(0)

converges smoothly toC inBn+1
1
4

(0) as immersions with q connected components, where q = Θ(‖C‖, 0).

Proof For each fixed τ > 0, we know that Mj ∩ Bn+1
3 (0) converges smoothly to Cb(Bn+1

3 (0)\Tτ (C)) as
j → ∞ by Proposition 4.3.5. For each τ > 0, by the proof of Proposition 4.3.5, we know

lim
j→∞

ˆ
Bn+1

2 (0)∩Mj\Tτ (C)
|AMj |2α = 0.

Now take k = 0, and let φ be a nonnegative cutoff function supported in Bn+1
3
2

(0), equal to 1 in Bn+1
1 (0), with

|∇φ| ≤ 4. Applying Lemma 4.3.2 together with the Michael–Simon inequality [MS73], we have
ˆ
Mj∩Bn+1

1 (0)
|AMj |

2αn
n−2 ≤ C

ˆ
Mj∩Bn+1

3
2

(0)
|AMj |2α

 n
n−2

≤ C

ˆ
Mj∩Bn+1

3
2

(0)
|AMj |2

 nα
n−2

(Hn(Mj ∩Bn+1
3
2

(0)))
n(1−α)

n , (4.3.10)

for someC = C(n). Note that the stability condition and Lemma 4.3.3 imply that the right-hand side of (4.3.10)
is uniformly bounded. Hence,

sup
j>0

ˆ
Mj∩Bn+1

1 (0)
|AMj |

2αn
n−2 <∞.

By Hölder’s inequality, we haveˆ
Mj∩Tτ (C)∩Bn+1

1 (0)
|AMj |2α

≤

(ˆ
Mj∩Tτ (C)∩Bn+1

1 (0)
|AMj |

2αn
n−2

)n−2
n

Hn(Mj ∩ Tτ (C) ∩Bn+1
1 (0))

2
n .

By a standard covering argument using the monotonicity formula, we know that

Hn(Mj ∩ Tτ (C) ∩Bn+1
2 (0)) ≤ Cτ,

for some C = C(n,Θ(‖C‖, 0)) for j large enough. Hence, we have

lim
j→∞

ˆ
Bn+1

1 (0)∩Mj

|AMj |2α = lim
j→∞

ˆ
Bn+1

1 (0)∩Mj∩Tτ (C)
|AMj |2α ≤ Cτ

2
n , (4.3.11)

for some C < ∞ which is independent of τ . Since the left-hand side of (4.3.11) is independent of τ , and τ is
arbitrary, we obtain

lim
j→∞

ˆ
Bn+1

1 (0)∩Mj

|AMj |2α = 0.
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Thus, we apply the ε-regularity theorem (Theorem 4.3.1) to conclude that

lim
j→∞

sup
Bn+1

1
2

(0)∩Mj

|AMj | = 0,

which implies that each connected component ofMj ∩Bn+1
1
2

(0) converges to a hyperplane in the varifold sense.

Furthermore, by Proposition 4.3.5, for j large enough, singMj ∩ Bn+1
1
4

(0) is empty, and Mj ∩ Bn+1
1
4

(0) has

exactly q connected components, each converging smoothly to a hyperplane in Bn+1
1
4

(0). ♦
We now prove Theorem 4.1.14. By Allard’s compactness theorem (cf. Theorem 3.1.17), we obtain a

stationary integral varifold V in Bn+1
4 (0) such that, up to a subsequence, |Mj | converges to V in the varifold

sense. Let S = sing‖V ‖ be the singular point set of V . We need to analyze the tangent cone C of V at
x0 ∈ S ∩Bn+1

1
2

(0). Indeed, we have the following lemma.

Lemma 4.3.8

♠
For any C ∈ VarTan(V, x0) for x0 ∈ S ∩Bn+1

1
2

(0), we can write C = C ′ × Rn−p for some p ≥ 7.

Proof of Lemma 4.3.8 For any cone C, we write S(C) (the spine of C) to be the linear subspace containing
all x ∈ Rn+1 such that C is invariant under the translation along the line spanned by x. For any x0 ∈ S, we
introduce the notion of iterated tangents of V at x0 as follows. We say a collection of cones {C1,C2, · · · ,CN}
is iterated tangents of V at x0 if C1 is the tangent cone of V at x0, and Cj+1 is the tangent cone of Cj at
xj ∈ sing‖Cj‖\S(Cj) for 1 ≤ j ≤ N − 1. Moreover, we can choose iterated tangents satisfying the following
properties:

1. Each Cj is not smoothly immersed (i.e., sing‖Cj‖ 6= ∅).
2. dim(S(Cj+1)) > dim(S(Cj)) for each j = 1, 2, · · · , N − 1.
3. CN = C ′ × Rdim(S(CN )) where C ′\ {0} is a smooth immersed cone after a suitable rotation in Rn+1.
4. For each 1 ≤ j ≤ N , we can find a sequence of points {yk} with yk → x0, a sequence of positive real

numbers {rk} with rk → 0+ as k → ∞, such that ηyk,rk(Mk) converges to Cj in the sense of varifolds
and the convergence is smooth away from the singular set of Cj by Proposition 4.3.5 and Proposition
4.3.7.

In particular, the fourth condition implies that the smooth immersed part ofCj is stable, and the second condition
implies N is a finite number.

The first three conditions are immediate from properties of tangent cones. The only nontrivial part is the
last condition, which can be proved by induction on j. Suppose we have found yk, rk such that ηyk,rk(Mk)

converges to Cj in the sense of varifolds. Then, by the choice of Cj+1, we know there exists ρk such that
ηxj ,ρk(Cj) converges to Cj+1 in the sense of varifolds. Thus, with zk = yk + rkxj and sk = rkρk, we have
ηzk,sk(Mk) converging to Cj+1 in the varifold sense.

Now, let us determine the dimension of C ′. Note that CN cannot be a hyperplane by the first condition.
If the dimension of C ′ is one, then CN is the sum of distinct half-hyperplanes with multiplicity. But by

Proposition 4.3.7, we know CN can only be a sum of hyperplanes with multiplicity, which contradicts the first
condition.

Therefore, we know C ′ has dimension at least two. But the fourth condition implies that C ′ is a smooth
immersed stable cone away from {0}, and hence, C ′ has dimension at least 7.

Hence, by the second condition, we obtain dim(C) ≥ n− 7 for any C ∈ VarTan(V, x0), and the lemma
follows. ♦
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Now, we are ready to finish the proof of Theorem 4.1.14.

Theorem 4.3.9

♥

Let V be the collection of all the limit varifolds defined in Theorem 4.1.14. Then,

dim(sing(‖V ‖ ∩B1)) ≤ n− 7.

In particular, if n = 7, then sing(‖V ‖ ∩B1) is discrete.

Proof We denote F l = {V ∈ V : Hl(sing ∩B1) > 0}.

Proposition 4.3.10

♠For each V ∈ F l, there exists C ∈ VarTan(V, x) ∩ F l for Hl−a.e. x ∈ sing(‖V ‖) ∩B1.

Proof Recall that we actually have for Hl-a.e. x ∈ sing(‖V ‖) ∩B1, we have

lim sup
r→0

Hl
∞(sing‖V ‖ ∩Br(x))

ωnrl
> 0.

We choose ri → 0 such that

lim
i→∞

Hl
∞(sing‖V ‖ ∩Bri(x))

ωnrli
> 0.

By taking a subsequence, we can assume (ηx,ri)#V converges to C ∈ VarTan(V, x).
If Hl

∞(sing ‖C‖) = 0, then for any ε > 0, we can find a covering of sing ‖C‖ by balls {Bsj (yj)}∞j=1 such
that

∞∑
j=1

slj < ε.

Note that sing ‖C‖∩B1(0) is compact, we know sing ‖(ηx,ri)#V ‖∩B1(0) can also be covered by {Bsj (yj)}∞j=1

for i large enough. Thus, we have
Hl

∞(sing ‖V ‖ ∩Bri(x))

rli
< ε

for i large enough, which is a contradiction. ♦
Now we apply the above proposition iteratively to obtain a sequence of varifolds {Vk}Kk=0 such that:

1. V0 = V .
2. Vk+1 ∈ VarTan(Vk, xk) for some xk ∈ sing(‖Vk‖) ∩B1\S(Vk).
3. dim(S(Vk+1)) > dim(S(Vk)) for each 0 ≤ k ≤ K − 1.
4. Hl(sing(‖Vk‖) ∩B1) > 0 for each 0 ≤ k ≤ K.
5. VK = C × Rm where C\{0} is a smooth immersed cone for some m ≥ 0.

In particular, the last two conditions imply m = l. By Lemma 4.3.8, we know l ≤ n− 7.
In the case n = 7, we have

Hα(sing ‖VK‖ ∩B1) = 0

for any α > 0 by the above result.
If sing(‖V ‖∩B1) is not discrete, then we can find xj ∈ sing(‖V ‖∩B1) such that xj → x0 ∈ sing(‖V ‖∩

B1). Now, up to a subsequence, we can assume (ηx0,|xj−x0|)#V converges to C ∈ VarTan(V, x0) and we
denote ξ = limj→∞

xj−x0

|xj−x0| 6= 0. SoS(C) contains the line spanned by ξ. In particular,H1(sing(‖C‖)∩B1) >

0 which is a contradiction. Hence, sing(‖V ‖ ∩B1) is discrete. ♦

50
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4.4 Bellettini’s Sheeting Theorem and Schoen–Simon Regularity

Theorem 4.4.1

♥

Suppose M is a properly immersed, two-sided, stable minimal hypersurface in Bn+1
4 (0) with

Hn−2(sing(M)) <∞ and
Hn(M ∩Bn+1

4 (0)) ≤ Λ.

Then there exists ε = ε(n,Λ) > 0 such that ifˆ
M∩Bn+1

4 (0)
dist(x, P )2dHn ≤ ε

for P = {xn+1 = 0}, then π :M ∩Bn
1 (0)×R\π−1(Σ) → Bn

1 (0)\Σ is a smooth projection map, where
Σ is the projection of sing(M) to P in Bn

1 (0).
In particular, if Hn−2(sing(M)) = 0, then Σ = ∅ and M ∩ Bn

1 (0) × R is a union of minimal graphs
over Bn

1 (0).

Theorem 4.4.2 (ε-regularity for the tilt)

♥

Suppose M is a properly immersed, two-sided, stable minimal hypersurface in Bn+1
4 (0) with

Hn−2(sing(M)) <∞ and
Hn(M ∩Bn+1

4 (0)) ≤ Λ.

Then, there exists ε = ε(n,Λ) > 0 such that ifˆ
M∩Bn+1

4 (0)
|xn+1|2dHn ≤ ε,

then

g(x) ≤ C

(ˆ
M∩B2(0)

g2(x)

) 4
4+n

.

Here, g(x) =
√
1− (ν · en+1)2 where ν is the unit normal vector of M .

Geometric meaning of g.

Definition 4.4.3 (Tilt excess)

♣

The tilt excess of M in Bn+1
r (0) with respect to P = {xn+1 = 0} is

EM (r, P ) := r−n

ˆ
M∩Bn+1

r (0)
|TxM − P |2dHn.

For the codimensional one case, one can use |ν − en+1||ν + en+1| as the distance between TxM and P .
We have

|TxM − P |2 ' |ν − en+1|2|ν + en+1|2 = 4(1− (ν · en+1)
2) = 4g2.

This agrees with the standard definition of tilt excess up to a constant multiple.
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Lemma 4.4.4

♠

For any k ∈ [0, 1
2n ], we have

1

2n

ˆ
{g>k}

|∇g|2
(
1− k

g

)
φ2 ≤

ˆ
{g>k}

(g − k)2|∇φ|2.

for any Lipschitz function φ supported in Bn+1
3
2

(0).

Proof Choose (g − k)+φ as a test function in the stability inequality, together with

g∆g = − |∇g|2

1− g2
+ |A|2(1− g2)

and
|∇g|2

1− g2
≤ n− 1

n
|A|2,

we can finish the proof for this lemma for the φwith compact support in the regular part ofM . The general case
can be obtained by a standard cut-off argument near the singular set of M .

The proof for ε-regularity theorem for the tilt is similar to the proof of the previous ε-regularity theorem
for |A|, as we only need to repeat the de Giorgi iteration process.

The proof of the sheeting theorem is as follows.
Note that by the 1st variation formula, (by choosing X = φ2xn+1en+1) we haveˆ

g2φ2 ≤ 4

ˆ
|xn+1|2|∇φ|2.

So ˆ
B2

g2 ≤ C

ˆ
B4

|xn+1|2 ≤ Cε

Then, given any δ > 0, we can choose ε small enough such that g < δ in Bn
1 × R ∩ reg(M) by the ε-

regularity theorem for the tilt. In particular, each small regular region ofM ∩Bn
1 ×R can be written as a graph

over a domain in P with small gradient. Then, by the connectedness of M ∩ Bn
1 × R away from the singular

set, we know M ∩Bn
1 ×R\π−1(Σ) can be written as a graph of smooth multiple valued function (locally, it is

the union of smooth graphs) over Bn
1 \Σ. This can be viewed as a covering map from M ∩Bn

1 ×R\π−1(Σ) to
Bn

1 \Σ.
In addition, if Hn−2(sing(M)) = 0, then Bn

1 \Σ is simply connected. So the covering map is trivial, and
hence M ∩Bn

1 × R is a union of minimal graphs over Bn
1 (0)\Σ. Again by the removable singularity theorem,

each graph can be extended to a smooth minimal graph over Bn
1 (0). ♦

Theorem 4.4.5 (Schoen–Simon Regularity and Compactness, [SS81])

♥

Let {Mk} be a sequence of embedded, stable, orientable minimal hypersurfaces in Bn+1
2 (0) with the

following properties:
1. 0 ∈ M̄k for each k.
2. Hn−2(singMk) = 0 for each k.
3. ‖Mk‖(Bn+1

2 (0)) ≤ Λ for some constant Λ > 0 independent of k.
Then, up to a subsequence, Mk converges in the varifold sense to a stable minimal hypersurface M in
Bn+1

2 (0), which is smooth except for a closed singular set of Hausdorff dimension at most n− 7.

Proof By Allard’s compactness theorem, up to a subsequence we have |Mi| → V in the varifold sense.
Let S = sing‖V ‖ be the embedded singular point set of V . By Federer’s dimension-reduction argument,
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it suffices to prove the following lemma.

Lemma 4.4.6

♠
For any C ∈ VarTan(V, x0) for x0 ∈ S ∩Bn+1

1
2

(0), we can write C = C ′ × Rn−p for some p ≥ 7.

The proof of this lemma is similar to that of Lemma 4.3.8. We construct the iterated tangents of V at
x0 ∈ S as {C1, · · · ,CN} with the following:

1. xj ∈ sing‖Cj‖\S(Cj) for each 1 ≤ j ≤ N − 1 and Cj+1 ∈ VarTan(Cj , xj).
2. Each Cj is not smoothly embedded (i.e., sing‖Cj‖ 6= ∅).
3. dim(S(Cj+1)) > dim(S(Cj)) for each j = 1, 2, · · · , N − 1.
4. CN = C ′ × Rdim(S(CN )) where C ′\ {0} is a smooth embedded cone after a suitable rotation in Rn+1.
5. For each 1 ≤ j ≤ N , we can find a sequence of points {yk} with yk → x0, a sequence of positive real

numbers {rk} with rk → 0+ as k → ∞, such that ηyk,rk(Mk) converges to Cj in the sense of varifolds
and the convergence is smooth away from the singular set of Cj by sheeting theorem.

We need to show that C ′ has dimension at least 7. If the dimension of C ′ is one, then CN is the sum of distinct
half-hyperplanes with multiplicity.

For simplicity, we denote

CN =

N1∑
i=1

qi{(cos θir, sin θir, y) : r ≥ 0, y ∈ Rn−1}.

We denote M̂k = ηyk,rk(Mk). By the sheeting theorem, for any τ > 0 and all large k, the set

M̂k ∩Bn+1
2 (0)\Tτ (CN )

decomposes into q =
∑N1

i=1 qi connected components. Each component is a smooth graph over the correspond-
ing half-hyperplane in CN .

Now, for Hn−1-a.e. point y ∈ Rn−1 ∩ Bn−1
1 , Sard’s theorem and Hn−2(sing M̂k) = 0 imply that M̂k ∩

B2
1 × {y} consists of q embedded curves for large k.

Choose two piecesN1, N2 ⊂ M̂k\Tτ (CN ) such thatNi is a graph over a domain in {(cos θir, sin θir, y) :
r ≥ τ, y ∈ Rn−1} and N1, N2 are connected by a curve γ as above.

Note that |ν(γ ∩ {r = τ} ∩N1)− ν(γ ∩ {r = τ} ∩N2)| ≥ 1
2 | sin(θ1 − θ2)| for k large enough. So the

integral ˆ
γ∩{r<τ}

|A| ≥ 1

2
| sin(θ1 − θ2)|.

Now, we integrate over all such curves γ for Hn−1-a.e. point y ∈ Rn−1 ∩Bn−1
1 , we haveˆ

M̂k∩B2
τ×Bn−1

1

|A| ≥ Cmin
i ̸=j

|θi − θj |.

But on the other hand, using Cauchy-Schwarz inequality, we have
ˆ
M̂k∩B2

τ×Bn−1
1

|A| ≤
(
Hn(M̂k ∩B2

τ ×Bn−1
1 )

) 1
2

(ˆ
M̂k∩B2

τ×Bn−1
1

|A|2
) 1

2

≤ C
√
τ

for some C = C(n,Λ) independent of τ and k by the monotonicity formula and the stability inequality. Since
τ is arbitrary, this is a contradiction.

Hence, we know C ′ has dimension at least 2. But the fifth condition implies that C ′ is a smooth embedded
stable cone away from {0}, and hence C ′ has dimension at least 7. ♦
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4.5 Sketch of Wickramasekera’s Regularity Theorem

Theorem 4.5.1 (Wickramasekera’s Regularity Theorem, [Wic14])

♥

Suppose Vi is a sequence of stationary integral n-varifolds inBn+1
2 (0) and Vi also satisfies the following

conditions:
1. 0 ∈ spt‖Vi‖.
2. ‖Vi‖(Bn+1

2 (0)) ≤ Λ for some constant Λ > 0 independent of i.
3. (Stability) Each Vi is stable in Bn+1

2 (0) on its regular set, i.e., for any φ ∈ C1
c (regVi),ˆ

regVi

|Ai|2φ2d‖Vi‖ ≤
ˆ
regVi

|∇φ|2d‖Vi‖.

4. (Alpha-Structural Hypothesis) There exists α ∈ (0, 1) such that for each i, no point of spt‖Vi‖ ∩
Bn+1

1 (0) has a neighborhood in which spt‖Vi‖ is the union of three or more embedded C1,α

hypersurfaces-with-boundary meeting only along their common boundary.
Then, up to a subsequence, Vi converges in the varifold sense to a stationary integral n-varifold V∞ in
Bn+1

2 (0), which is stable and whose singular set in Bn+1
2 (0) has Hausdorff dimension at most n− 7.

We write the class of such varifolds as Vα(Λ).

Theorem 4.5.2 (Sheeting theorem)

♥

Let Vi ∈ Vα(Λ) such that Vi → q|Bn
2 (0)× {0} in the varifold sense. Then, for i large enough, we have

Vi |Bn
1 ×R =

q∑
k=1

|graphui,k|,

with ui,1 ≤ · · · ≤ ui,q and ui,k are smooth functions such that

‖ui,k‖2C1,α(Bn
1 )

≤ C

ˆ
B2

x2n+1d‖Vi‖

for some constant C = C(n, α,Λ) > 0 independent of i.

Theorem 4.5.3 (Minimal Distance Theorem)

♥

Suppose C is a classical cone. There is no sequence of varifolds Vi ∈ Vα(Λ) such that Vi → C|B2(0) in
the varifold sense.

Remark 4.5.4. Recall that a classical cone

C :=
N∑
i=1

qi|Hi|

whereHi are n-dimensional half-hyperplanes in Rn+1 such that they contains origin and share the same bound-
ary and qi are positive integers.

Sketch of the proof
1. The two theorems are proved simultaneously by induction on the density of planes and cones. Assume

that the sheeting theorem holds for q ≤ q0 and that the minimal distance theorem holds for Θ(C, 0) ≤ q0.
2. Show that minimal distance theorem holds for Θ(C, 0) ≤ q0 + 1. It is enough to treat the densities

Θ(C, 0) = q0 +
1
2 and q0 + 1.

3. Show that the sheeting theorem holds for q = q0 + 1.
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4.5 Sketch of Wickramasekera’s Regularity Theorem

4. Dimension reduction argument plus the classification of stable cones implies that the singular set of V∞
has Hausdorff dimension at most n− 7.

Proof of the minimal distance theorem
1. Assume the sheeting theorem holds for q ≤ q0 and the minimal distance theorem holds for Θ(C, 0) ≤ q0.

Together with dimension reduction, this implies the desired regularity whenever Θ(‖V ‖, X) ≤ q0 for all
X ∈ B2(0).

2. Suppose V is sufficiently close to a classical cone C in the varifold sense and Θ(‖V ‖, 0) ≥ Θ(‖C‖, 0).
Then, outside neighborhood of the singular set of C, using the sheeting theorem, we can write V as a
union of smooth graphs over the half-hyperplanes in C.

3. Establish the L2-estimate for these graphs and key L2 improvement in a smaller scale, following Simon’s
cylindrical-singularity argument [Sim93].

4. By iteration, we can obtain the set {Θ(‖V ‖, X) ≥ Θ(‖C‖, 0)} is C1,α-regular for some α > 0, which
implies V has classical singularity at 0, which is a contradiction.

Proof of the sheeting theorem
1. Same induction assumption as above.
2. Write Vi as a union of Lipschitz graphs ui,k over the plane {xn+1 = 0} outside a small bad set.
3. Consider the blow-up class v, which is the limit of E(Vi)

−1ui,k where E(Vi) is the L2-excess of Vi.
4. (?) Prove that v = (vk) is harmonic.

First, we need a Lipschitz approximation for stationary varifolds.

Theorem 4.5.5 (Almgren’s General Lipschitz Approximation for Stationary Integral Varifolds, [Alm00])

♥

Fix q ∈ Z≥1 and σ ∈ (0, 1). Then there exists ε0 = ε0(n, q, σ) ∈ (0, 1) such that the following holds.
Let V be a stationary integral n-varifold in Bn+1

2 (0) such that:
(i) 1

ωn2n
‖V ‖

(
Bn+1

2 (0)
)
< q +

1

2
and q − 1

2
≤ 1

ωn
‖V ‖

(
R×Bn

1 (0)
)
< q +

1

2
;

(ii) Ê2(V ) :=

ˆ
R×Bn

1 (0)
|x1|2 d‖V ‖(X) < ε0.

Then there exists Hn-measurable Σ ⊂ Bn
σ (0) such that:

(a) Hn(Σ) + ‖V ‖(R× Σ) ≤ C Ê2
V ;

(b) there exist Lipschitz functions u1, . . . , uq : Bn
σ (0) → R with Lip(uj) ≤ 1

2 , u1 ≤ · · · ≤ uq,

sup
Bn

σ (0)
|uj | ≤ C Ê

1
n+1

V , and

V ⌞
(
R× (Bn

σ (0) \ Σ)
)
=

q∑
j=1

∣∣graph(uj |Bn
σ (0)\Σ)

∣∣.
Here C = C(n, q, σ) ∈ (0,∞).

Moreover, we can establish the following estimateˆ
Bσ(0)

∑
k

|uk|2 + |Duk|2 ≤ CE2(V ).

Definition 4.5.6 (Blow-up class)
We consider Vi as above such that Ê2(Vi) → 0+ and σi → 1 as i→ ∞. The above estimate implies that
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4.5 Sketch of Wickramasekera’s Regularity Theorem

♣

ûk := E−1uk satisfies ∑
k

‖uk‖2W 1,2(Bσi (0))
≤ C.

Up to a subsequence, we can find a weak limit function v. The blow-up class Bq is the collection of all
such limits.

Theorem 4.5.7 (Properties of the blow-up class)

♥

The blow-up class Bq has the following properties:
(B1) Bq ⊂W 1,2

loc (B
n
1 (0);Rq) ∩ L2(Bn

1 (0);Rq).
(B2) If v ∈ Bq, then v1 ≤ v2 ≤ · · · ≤ vq.
(B3) If v ∈ Bq, then ∆va = 0 in Bn

1 (0), where va = q−1
∑q

j=1 v
j .

(B4) For each v ∈ Bq and each z ∈ Bn
1 (0), either (B4 I) or (B4 II) below holds:

(B4 I) (Hardt–Simon inequality [HS79]). For each ρ ∈
(
0, 38(1− |z|)

]
,

q∑
j=1

ˆ
Bn

ρ/2
(z)
R 2−n

z

(
∂

∂Rz

(vj − va(z)

Rz

))2
dx ≤ Cρ−n−2

ˆ
Bn

ρ (z)

∣∣v − `v,z
∣∣2 dx,

whereRz(x) = |x−z|, `v,z(x) = va(z)+Dva(z)·(x−z), and v−`v,z =
(
v1−`v,z, . . . , vq−`v,z

)
.

(B4 II) There exists σ = σ(z) ∈ (0, 1− |z|] such that ∆v = 0 in Bn
σ (z).

(B5) If v ∈ Bq, then:
(B5 I) ṽz,σ(·) ≡ ‖v(z + σ(·))‖−1

L2(Bn
1 (0))

v(z + σ(·)) ∈ Bq for each z ∈ Bn
1 (0) and σ ∈

(
0, 38(1−

|z|)
]

whenever v 6≡ 0 in Bn
σ (z);

(B5 II) v ◦ γ ∈ Bq for each orthogonal rotation γ of Rn;
(B5 III) ‖v − `v‖−1

L2(Bn
1 (0))

(v − `v) ∈ Bq whenever v − `v 6≡ 0 in Bn
1 (0), where `v(x) = va(0) +

Dva(0) · x for x ∈ Rn and v − `v =
(
v1 − `v, . . . , v

q − `v
)
.

(B6) If {vk}∞k=1 ⊂ Bq, then there exists a subsequence {k′} of {k} and a function v ∈ Bq such that
vk′ → v locally in L2(Bn

1 (0)) and locally weakly in W 1,2(Bn
1 (0)).

(B7) If v ∈ Bq is such that for each j = 1, . . . , q, there exist linear maps Lj
1, L

j
2 : Rn → R with

vj(x2, y) = Lj
1(x

2, y) if x2 > 0, vj(x2, y) = Lj
2(x

2, y) if x2 ≤ 0, and Lj
1(0, y) = Lk

2(0, y) for all
1 ≤ j, k ≤ q and y ∈ Rn−1, where (x2, y) are coordinates on Rn, then v1 = v2 = · · · = vq = L

for some linear map L : Rn → R.

Proof
(B1) This a consequence of the definition of the blow-up class.
(B2) This is based on uk ≤ uk+1.
(B3) This is from the stationary property of Vi.
(B5) We can consider a new sequence V ′

i = (ηz,σ)#Vi, where its blow-up limit is ṽz,σ. Similarly, we can
consider V ′

i = γ#Vi, where its blow-up limit is v ◦ γ. Finally, the last property is from the rotation
involving direction en+1.

(B6) This follows from the compactness of the blow-up sequence.
(B4) This is one of the key properties of the blow-up class, and the place that stable condition is used. The

idea is, either we have good density points accumulating at a given point, which implies the Hardt–Simon
inequality. Or we have a density gap, which by our induction assumption, implies that v is harmonic.

(B7) This is the most technical part of the proof. It rules out the possibility that a blow-up class contains the
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4.5 Sketch of Wickramasekera’s Regularity Theorem

singular model of a classical cone.
♦

Theorem 4.5.8

♥For any v ∈ Bq, we have v is smooth and harmonic.

Proof This proof is similar to the classical dimensional reduction argument.
We define the ”singular set” of v as the set of points x ∈ Bn

1 (0) such that B4I holds.
First, we can study homogeneous degree-one functions in the blow-up class, namely tangent functions of

a given function.
Claim. Each homogeneous 1 function in the blow-up class is a linear function.

Next, we can show that the ”singular set” is empty by the dimensional reduction argument. ♦
After proving the blow-up class are all smooth and harmonic, we can show the sheeting theorem holds by

using the standard regularity argument.
Proof of the property B7

Suppose v ∈ Bq is such that for each j = 1, . . . , q, we can write

vj(x1, y) = λjx1 if x1 > 0, and vj(x1, y) = µjx1 if x1 ≤ 0,

for some λj , µj ∈ R.
We define the cone Ck as the union of the graphs of the functions Êiλ

jx1 for x1 > 0 and Êiµ
jx1 for

x1 ≤ 0.
We can define the fine excess E(Vi) as follows:

E(Vi) :=

ˆ
R×Bn

1 (0)
d2(X,Ci)d‖Vi‖(X).

Clearly, we have E(Vi) ≤ Ê(Vi). But we expect that E(Vi) is much smaller than Ê(Vi).
Indeed, we can establish the following under suitable assumptions.

lim Ê−1(Vi)E(Vi) = 0.

By the sheeting theorem, we can write Vi as a union of smooth graphs over the cones Ci for |x1| ≥ σ.
Now, we define hi and wi the vector valued function such that

Vi =

q∑
j=1

|hji + Êiλ
jx1|+

q∑
j=1

|wj
i + Êiµ

jx1|,

and we expect that hji and wj
i much smaller than Êi.

Establish the key L2-estimate for hji , w
j
i

Such estimate containst the followingˆ
B 1

2

|X⊥|2

|X|n+2
+
∑

2≤j≤n

|e⊥j |2 +
d2(X, spt ‖Cj‖)

|X|n+2−µ
≤ CÊ2

i .

We can also establish the uniform bound for E−1(Vi)h
j
i and E−1(Vi)w

j
i and obtain the limit function h

and w. Such limit is called the fine blow-up limit.

Theorem 4.5.9

♥For the fine blow-up limit h and w, we know h,w are at least C2 up to the boundary.

Proof This relies on the key L2 esimate using the fine excess.
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4.5 Sketch of Wickramasekera’s Regularity Theorem

First, we need to show the C0,α estimate for h,w. We need to use the L2-estimate to finish the proof.
Now, we need to show the C2,α estimate for h,w. This is based on the stationary property of Vi and the

definition of the blow-ups, and the properties of harmonic functions.
Note that each h,w are all harmonic in its interior, which is a consequence of the stationary property of Vi

and definition of the blow-ups.
The key is actually the smoothness up to the boundary. ♦

Improvement of the fine excess at a smaller scale
Using the properties of the fine blow-up limit, we can improve the fine excess at a smaller scale as follows.
Under suitable assumptions, with Ê(Vi) small enough, Ê−1(Vi)E(Vi) is small enough, we can find a new

cone C ′
i, such that if we apply a rotation, a scaling to the original varifold Vi, we can obtain a new varifold V ′

i ,
such that the fine excess of V ′

i with respect to C ′
i is much smaller than the fine excess of Vi with respect to Ci.

One can think of this as follows. Under suitable assumptions, if one zooms in the original varifold Vi, it will
look closer to a new cone C ′

i.
Iterative process

If such steps can be done infinitely many times for a given varifold Vi, we can obtain a limit cone Ci,∞.
Note that the difference betweenCi,k andCi,k+1 is much smaller than the difference betweenCi,k and the plane
{xn+1 = 0}, because the fine excess is much smaller than the original excess. Hence Ci,∞ is still a classical
cone. These steps also imply that we can find varifolds Vi,k which converge to Ci,∞ in the varifold sense.

This is a contradiction to the minimal distance theorem.
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Chapter 5 Stable Bernstein Theorems

The classical Bernstein theorem asks when an entire minimal graph in Rn+1 must be affine. From the
variational point of view, an entire minimal graph is automatically stable, so a natural strengthening is to ask
whether one can replace the graph assumption by stability alone. This leads to the stable Bernstein problem:
classify complete stable minimal hypersurfaces in Euclidean space.

The statement below is the form relevant to the recent theory of stable immersions. The simply connected
assumption rules out possible topological complications coming from immersions, while the two-sided assump-
tion allows one to write the stability inequality with a globally defined normal field.

Conjecture 5.0.1 (Stable Bernstein conjecture)

♥

Given 2 ≤ n ≤ 6, suppose Mn → Rn+1 is a complete, two-sided, simply connected, stable minimal
immersion. Then M is an affine hyperplane.

Remark 5.0.2. Recall that Simons’ cone

C :=
{
x21 + x22 + x23 + x24 = x25 + x26 + x27 + x28

}
is a stable minimal hypersurface in R8. Thus the dimension range in the conjecture is sharp: the analogous
statement is false for n ≥ 7.

Here are some landmarks in the history of the problem.
1. In dimension n = 2, do Carmo–Peng [dCP79], Fischer–Colbrie–Schoen [FCS80], and Pogorelov [Pog81]

proved the stable Bernstein theorem.
2. Schoen–Simon–Yau [SSY75] proved the result for 2 ≤ n ≤ 5 under an area-growth hypothesis. A key

step in their proof is an Lp curvature estimate of the formˆ
|AΣ|2p u2pdΣ ≤

ˆ
|∇u|2p dΣ

for 2p < 4 +
√

8
n .

3. Schoen–Simon [SS81] proved the corresponding classification for properly embedded stable minimal
hypersurfaces with area growth.

4. Chodosh–Li [CL24] proved the case n = 3. Other approaches to this dimension were later given by
Chodosh–Li [CL23] and by Catino–Mastrolia–Roncoroni [CMR24].

5. Chodosh–Li–Minter–Stryker [CLMS25] proved the case n = 4, and Mazet [Maz24] proved the case
n = 5.

6. Cabré–Catino–Mari–Mastrolia–Roncoroni gave a Green-kernel proof of the n = 3 case and proved a
sharp gradient estimate for Green kernels under spectral Ricci bounds [CCM+26].

7. The case n = 6 under an area-growth hypothesis follows from Bellettini [Bel25], together with the
intrinsic–extrinsic area equivalence of Florit–Simon [FS26]; see Corollary 4.1.8. The unconditional
n = 6 case is not addressed by these area-growth arguments and remains open. A main difficulty is
that the present µ-bubble and spectral-Ricci volume-control methods do not yet seem strong enough to
produce the needed area-growth input in this borderline dimension.



5.1 Stable Bernstein in Dimension Two

5.1 Stable Bernstein in Dimension Two

Theorem 5.1.1

♥Let M be a complete, stable minimal surface in R3. Then M is a plane.

The proof presented here is based on the method of Fischer–Colbrie and Schoen [FCS80]. The argument
has three main ingredients:

1. Properties of the Schrödinger operator −∆+q, or equivalently of the equation (∆−q)g = 0, on complete
Riemannian manifolds.

2. Properties of the operator ∆ − aK on conformal metrics on the disc, where K is the Gauss curvature
function and a is a constant.

3. Classification of the topology of stable minimal surfaces in 3-manifolds with non-negative scalar curva-
ture.

5.1.1 Properties of differential operators on complete Riemannian manifolds

Let (M, g) be a complete n-dimensional Riemannian manifold, and let q be a smooth function on M . For
any bounded domain D ⊂ M with smooth boundary, we denote by λ1(D) < λ2(D) ≤ λ3(D) ≤ · · · the
Dirichlet eigenvalues of the Schrödinger operator −∆ + q on D, where ∆ is the Laplace–Beltrami operator
with respect to the metric g. Thus λ1(D) is the bottom of the quadratic form associated with the equation
(∆− q)g = 0. The standard variational characterization of the first eigenvalue is given by

λ1(D) = inf

{ˆ
D

(
|∇f |2g + qf2

)
dvolg : spt f ⊂ D,

ˆ
D
f2dvolg = 1

}
, (5.1.1)

where |∇f |g denotes the norm of the gradient of f with respect to the metric g, and dvolg is the volume form
induced by g. The following is a fundamental property:

Lemma 5.1.2

♠

If D,D′ are connected domains in M with D ⊂ D′, then λ1(D) ≥ λ1(D
′). Moreover, if D′ \ D̄ 6= ∅,

then λ1(D) > λ1(D
′).

We now state the main result of this section.

Theorem 5.1.3

♥

The following conditions are equivalent:
(i) λ1(D) ≥ 0 for every bounded domain D ⊂M ;
(ii) λ1(D) > 0 for every bounded domain D ⊂M ;
(iii) there exists a positive function g satisfying the equation ∆g − qg = 0 on M .

Proof (i) ⇒ (ii). This is a consequence of Lemma 5.1.2 since, for any bounded domain D ⊂M and any point
x0 ∈ M we can choose R large enough so that the ball BR(x0) = {x ∈ M : dist(x, x0) < R} satisfies
BR(x0) \ D̄ 6= ∅ and we have λ1(BR(x0)) ≥ 0 by hypothesis.

(ii) ⇒ (iii). To prove the existence of a positive solution g of ∆g − qg = 0 we fix a point x0 ∈ M . For
each R > 0 we consider the problem ∆u− qu = 0 on BR(x0),

u = 1 on ∂BR(x0).
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5.1 Stable Bernstein in Dimension Two

Since λ1(BR(x0)) > 0, the Fredholm alternative thus implies the existence of the above problem.
We now prove that u > 0 on BR(x0). It follows from the strong maximum principle that if u ≥ 0 on

BR(x0), then u > 0 on BR(x0). Suppose now that Ω = {x ∈ BR(x0) : u(x) < 0} 6= ∅. Hence Ω ⊂ BR(x0)

is a bounded domain and thus, by Lemma 5.1.2, λ1(Ω) > 0. Since ∆u − qu = 0 on Ω and u = 0 on ∂Ω, we
would have u ≡ 0 in Ω contradicting the unique continuation property. We have shown that u > 0 on BR(x0).

We now set gR(x) = u(x0)
−1u(x) for x ∈M . We have seen that gR satisfies

∆gR − qgR = 0 on BR(x0), gR(x0) = 1, gR > 0 on BR(x0).

From the Harnack inequality, it follows that on any ball Bσ(x0), there is a constant C depending only on σ and
M (independent of R) such that, for R > 2σ

gR ≤ C on Bσ(x0).

It now follows from standard elliptic theory that all derivatives of gR are bounded uniformly (independent of
R) on compact subsets of M . We may therefore choose a sequence Ri → ∞ so that gRi converges along with
its derivatives on any compact subset of M , and by taking a diagonal sequence we can arrange that gRi along
with its derivatives, converges uniformly on compact subsets of M to a function g satisfying ∆g − qg = 0 and
g(x0) = 1. Since g is not identically zero and g ≥ 0 the strict maximum principle implies that g > 0. This
finishes the proof that (ii) ⇒ (iii).

(iii) ⇒ (i). If g > 0 satisfies ∆g − qg = 0 on M we define a new function w = log g. We now calculate

∆w = q − |∇w|2. (5.1.2)

Let f be any function with compact support onM . Multiplying (5.1.2) by f2 and integrating by parts, we obtain

−
ˆ
M
qf2 dvol +

ˆ
M

|∇w|2f2 dvol = 2

ˆ
M
f〈∇f,∇w〉 dvol.

Applying the Schwarz inequality and the arithmetic-geometric mean inequality we have

2|f〈∇f,∇w〉| ≤ 2|f ||∇f ||∇w| ≤ f2|∇w|2 + |∇f |2.

Putting this into the above equation and canceling the terms
´
M f2|∇w|2 we obtain

−
ˆ
M
qf2 dvol ≤

ˆ
M

|∇f |2 dvol.

If D is any bounded domain and f is any function with support in D we have shown thatˆ
D

(
|∇f |2 + qf2

)
dvol ≥ 0.

It now follows from (5.1.1) that λ1(D) ≥ 0. This finishes the proof of Theorem 5.1.3. ♦
The last part of the proof actually yields

Corollary 5.1.4

♠

If D ⊂ M is any bounded domain, and if there is a function g > 0 in D satisfying ∆g − qg = 0, then
λ1(D) ≥ 0.

5.1.2 The Operator ∆− aK on Surfaces

Let M be the unit disc in the complex plane endowed with the metric ds2 = µ(z)|dz|2. We assume ds2

is a complete metric. Let K denote the Gaussian curvature of M and ∆ the metric Laplacian, i.e., ∆f =

µ−1(fxx + fyy), where z = x + iy. The well-known formula for K is K = −1
2∆log µ. We shall prove the

following theorem.
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Theorem 5.1.5

♥
Assume ds2 is complete. For a > 1

2 there is no positive solution g of ∆g − aKg = 0 on M .

Remark 5.1.6. This is the key analytic input for determining the conformal type of stable minimal surfaces
in R3. Fischer–Colbrie and Schoen [FCS80] prove the case a = 1, while the method of do Carmo and Peng
[dCP79] gives the stated range a > 1

2 . For the Poincaré metric on the disc the critical value is 1
4 . Under the

additional assumption K ≤ 0, Kawai [Kaw88] proves the corresponding nonexistence result for a > 1
4 .

Proof We define a function h by h = µ−1/2. We see from the definition of K that ∆log h = K, i.e.,
∆h

h
− |∇h|2

h2
= K.

In particular, h satisfies
h∆h = Kh2 + |∇h|2.

Let D ⊂ M be a bounded domain, and let ζ be a smooth function on M with compact support in D. We now
calculate ˆ

M

(
|∇(ζh)|2 + aK(ζh)2

)
=

ˆ
M

|∇ζ|2h2 + 1

2
〈∇ζ2,∇h2〉+ ζ2|∇h|2 + aK(ζh)2

=

ˆ
M

|∇ζ|2h2 + 1− a

2
〈∇ζ2,∇h2〉+ 1− a

2
ζ2|∇h|2

− a

2
ζ2h∆h+ aK(ζh)2 dvol

=

ˆ
M

(
|∇ζ|2h2 + 1− 2a

2
ζ2|∇h|2

)
+

1− a

2
〈∇ζ2,∇h2〉

≤
ˆ
M
C|∇ζ|2h2 − ε

ˆ
M

|∇h|2ζ2 dvol.

So we have
λ1(D)

ˆ
M
(ζh)2 dvol ≤

ˆ
M

|∇ζ|2h2 dvol−
ˆ
M

|∇h|2ζ2 dvol. (5.1.3)

Now define a smooth function ζ(r) for r ∈ R which satisfies

ζ(r) = 1 for r ≤ 1

2
R, ζ(r) = 0 for r ≥ R,

ζ ≥ 0 for all r, |ζ ′| ≤ 3

R
for all r.

(5.1.4)

If r measures the metric distance to 0, and R is any positive number, then ζ(r) defines a Lipschitz function on
M with support in BR(0). A standard approximation argument justifies this choice of ζ in (5.1.3). Thenˆ

M
|∇ζ|2h2 dvol ≤ 9

R2

ˆ
M

dxdy =
9π

R2
.

Putting this into (5.1.3) we have

λ1 (BR(0))

ˆ
M
(ζh)2 dvol ≤ 9π

R2
−
ˆ
M

|∇h|2ζ2 dvol. (5.1.5)

Since µ(z)|dz|2 is a complete metric on the disc, µ cannot be a constant function. Therefore, |∇h|2 is not
identically zero on M . Thus, by choosing R sufficiently large in (5.1.5), we conclude that λ1(BR(0)) < 0. By
Theorem 5.1.3 this implies that there is no positive solution of ∆g− aKg = 0 onM . This completes the proof
of Theorem 5.1.5. ♦

The next result is an extension of Theorem 5.1.5 with an additional non-negative potential. It follows
directly from Theorem 5.1.3, Theorem 5.1.5, and formula (5.1.1).
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5.1 Stable Bernstein in Dimension Two

Corollary 5.1.7

♠

Let ds2 = µ(z)|dz|2 be a complete metric on the disc. If a ≥ 1 and P is a non-negative function, then
there is no positive solution g of ∆g − aKg + Pg = 0 on M .

5.1.3 Complete Stable Minimal Surfaces in 3-Manifolds

The stability of M is given by the following inequality:
ˆ
M

|∇f |2 −
Ric(e3) +

2∑
i,j=1

h2ij

 f2

 dvol ≥ 0, (5.1.6)

where f is any function having compact support on M and Ric(e3) is the Ricci curvature of N in the direction
of e3. We now do the rearrangement described in Schoen–Yau [SY79a]. The Gauss curvature equation says that

K = K12 + h11h22 − h212,

where K is the intrinsic Gaussian curvature of M and Kij is the sectional curvature of N for the section deter-
mined by ei and ej .

Using minimality and symmetry of hij we have

K = K12 −
1

2

2∑
i,j=1

h2ij .

Inequality (5.1.6) may then be written in the form
ˆ
M

|∇f |2 −
S −K +

1

2

2∑
i,j=1

h2ij

 f2

 dvol ≥ 0, (5.1.7)

where S is the scalar curvature of N given by S = 2(K12 +K13 +K23).
Set

P := S −K +
1

2

2∑
i,j=1

h2ij .

According to (5.1.1), this inequality is equivalent to

λ1(D;−∆− P ) ≥ 0

for every bounded domain D ⊂ M , i.e. to Theorem 5.1.3 with q = −P . The associated equation is given by
the stability operator

∆+

S −K +
1

2

2∑
i,j=1

h2ij

 . (5.1.8)

We now classify the stable minimal surfaces in three-manifolds of non-negative scalar curvature.

Theorem 5.1.8
LetN be a complete oriented 3-manifold of non-negative scalar curvature. LetM be an oriented complete
stable minimal surface in N . There are two possibilities:

(i) IfM is compact, thenM is conformally equivalent to the sphere S2 orM is a totally geodesic flat
torus T 2. If S > 0 on N , then M is conformally equivalent to S2.

(ii) IfM is not compact, thenM is conformally equivalent to the complex plane C or the cylinder Λ. If
M is a cylinder and the absolute total curvature of M is finite, thenM is flat and totally geodesic.
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5.1 Stable Bernstein in Dimension Two

♥

If the scalar curvature of N is everywhere positive, then M cannot be a cylinder with finite total
curvature.

If the Ricci curvature of N is non-negative, then the assumption of finite total curvature in (ii) can be
removed.

Before giving the proof of Theorem 5.1.8 we state the following corollary for the case whenN is R3. This
implies the classical Bernstein theorem [Ber17] for complete minimal graphs in R3.

Corollary 5.1.9

♠The only complete stable oriented minimal surface in R3 is the plane.

Proof In this case the stability operator (5.1.8) becomes ∆ − 2K and by Theorem 5.1.8 we know that M is
conformally either C or Λ. By Theorem 5.1.3 there is a positive function g on M satisfying ∆g − 2Kg = 0. If
M is conformal to Λ we may lift g to the universal covering C of Λ. In either case we have a metric on C with
K ≤ 0 and a positive g satisfying ∆g − 2Kg = 0. Thus ∆g ≤ 0, and g is a positive superharmonic function
on C which must be constant. Therefore K is identically zero and hence

∑
i,j h

2
ij = −2K is identically zero.

Consequently M is a plane. ♦

Remark 5.1.10. Observe that each of the four possibilities of Theorem 5.1.8 does occur. For example, S2 ×R
has positive scalar curvature and has a stable S2, T 2 ×R is flat and has a stable T 2. We can choose a metric on
C of positive Gaussian curvature and by crossing with R construct a metric of positive scalar curvature on R3

having a stable C. Similarly Λ× R has a flat metric with a stable Λ.

Proof of Theorem 5.1.8 Case (i) was observed by Schoen–Yau [SY79a] and follows by choosing f identically
equal to one in inequality (5.1.7) to obtainˆ

M

(
S +

1

2

∑
h2ij

)
dvol ≤

ˆ
M
K dvol.

The Gauss-Bonnet theorem now implies that M is the sphere or the torus. In the torus case S ≡ 0 on M . The
stability operator reduces to ∆−K and its first eigenvalue is

λ1 ≡ inf

{ˆ
M

(
|∇f |2 +Kf2

)
dvol :

ˆ
M
f2 = 1

}
.

Since λ1 ≥ 0 by stability and
´
M K dvol = 0 we conclude that λ1 = 0 and the constant function f ≡ 1 satisfies

∆f −Kf = 0 which implies that K ≡ 0.
To prove case (ii), we first show that the universal covering of M is conformally equivalent to C. If this is

not true, then M is covered by the disc. Using stability and Theorem 5.1.3 we have a positive function g on M
satisfying

∆g −Kg +

S +
1

2

2∑
i,j=1

h2ij

 g = 0.

Lifting g to the disc we obtain a positive solution of this equation on the disc endowed with a complete metric.
Since S + 1

2

∑2
i,j=1 h

2
ij ≥ 0, this yields a contradiction by Corollary 5.1.7. Thus we have shown that M is

conformally covered by C and hence M is either conformally equivalent to C or M is conformal to a cylinder
Λ.

If M is a cylinder, let z = x + iy be a complex coordinate for M so that |dz|2 is the flat metric on M ,
and the given metric on M is ds2 = µ(z)|dz|2. Fix a point z0 ∈ M and let r be the distance from z0 taken
with respect to the flat metric. For any R > 0, choose ζ(r) satisfying (5.1.4). Substituting ζ for f in (5.1.7) and
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5.1 Stable Bernstein in Dimension Two

using (5.1.4) and the conformal invariance of the Dirichlet integral we have
9

R2

ˆ
BR(z0)

dxdy −
ˆ
M

(
S −K +

1

2

∑
h2ij

)
f2 dvol ≥ 0,

where BR(z0) is the ball taken with respect to the flat metric. Since
´
BR(z0)

dxdy has growth bounded by a
constant times R and we are assuming

´
M |K| dvol <∞ we can use the dominated convergence theorem to let

R tend to infinity to achieve ˆ
M

S +
1

2

2∑
i,j=1

h2ij

 dvol ≤
ˆ
M
K dvol.

Recall that the Cohn–Vossen inequality states that ifM is a complete non-compact surface with finite total
curvature, then

´
M K dvol ≤ 2πχ(M), where χ(M) is the Euler characteristic ofM . SinceM is topologically

a cylinder, we have χ(M) = 0. Thus the Cohn–Vossen inequality gives
´
M K dvol ≤ 0. Since S+ 1

2

∑
h2ij ≥ 0

we conclude that M is totally geodesic and S ≡ 0 on M .
Hence the stability operator reduces to ∆ − K. By Theorem 5.1.3 there is a positive function g on M

satisfying ∆g −Kg = 0. Set w = log g. Computing we have

∆w = K − |∇w|2.

Choosing ζ as above, we multiply by ζ2 and integrate by parts to getˆ
M

|∇w|2ζ2 dvol =
ˆ
M
ζ2K dvol + 2

ˆ
M
ζ〈∇ζ,∇w〉 ≤

ˆ
M
ζ2K +

1

4
|∇w|2ζ2 dvol + 4|∇ζ|2.

The Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality give

2|ζ||〈∇ζ,∇w〉| ≤ 1

4
ζ2|∇w|2 + 4|∇ζ|2.

Therefore,
3

4

ˆ
M

|∇w|2ζ2 dvol ≤
ˆ
M
ζ2K dvol + 4

ˆ
M

|∇ζ|2 dvol.

Letting R→ ∞ as above, we conclude that
3

4

ˆ
M

|∇w|2 dvol ≤
ˆ
M
K dvol.

Thus w is constant, so g is constant and we have K ≡ 0.
In caseN has non-negative Ricci curvature, we write the stability operator as∆+Ric(e3)+

∑2
i,j=1 h

2
ij and

note that the proof that M is totally geodesic now follows as in the previous paragraph (without the assumption
of finite total curvature). From the previous proof we also get that

Ric(e3) = K13 +K23 = 0 on M.

Since
Ric(e1) = K12 +K13 ≥ 0, Ric(e2) = K12 +K23 ≥ 0,

we have
Ric(e1) + Ric(e2) = 2K12 = 2K ≥ 0.

Thus the Gauss curvature of M is non-negative and, since M is a cylinder, we have K ≡ 0. This completes the
proof of Theorem 5.1.8. ♦
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5.2 Higher-Dimensional Stable Bernstein Theorems

5.2 Higher-Dimensional Stable Bernstein Theorems

We outline the strategy for the unconditional stable Bernstein theorem in dimensions n = 3, 4, 5. The argu-
ment has three main steps: a conformal change producing positive spectral bi-Ricci curvature, the construction
of µ-bubbles, and uniform area bounds for these bubbles via spectral Ricci estimates. The conformal and spec-
tral curvature estimates are proved in §5.2.1; the µ-bubble reduction is treated in §5.2.2, and the spectral Ricci
estimates are recorded in §5.2.6.

Step 1: Conformal change and spectral bi-Ricci curvature. Let Mn ↪→ Rn+1 be a complete, two-sided,
stable minimal immersion. Fix 0 ∈ M and write r(x) = |x| for the Euclidean distance from the origin.
Following Schoen–Simon–Yau and the recent stable Bernstein literature, we pass to the conformal metric

g̃ = r−2g, g = ϕ∗δ,

where g is the induced metric. Stability of M yields a spectral inequality for the conformal Laplacian with a
curvature potential. To state it uniformly in dimension, we introduce the bi-Ricci curvature.

Definition 5.2.1 (Bi-Ricci curvature)

♣

Let (N, g) be a Riemannian manifold of dimension m ≥ 2. For orthonormal v, w ∈ TpN , define

BiRic(v, w) := Ric(v, v) + Ric(w,w)−R(v, w, v, w).

As functions onN , we write BiRic and Ric for the minimum over unit directions (with v ⊥ w for BiRic):

BiRic(p) := inf
v,w∈TpN

|v|=|w|=1, ⟨v,w⟩=0

BiRic(v, w), Ric(p) := inf
v∈TpN
|v|=1

Ric(v, v).

In dimension m = 3, the bi-Ricci curvature is independent of the chosen orthonormal pair:

BiRic(v, w) =
1

2
R.

This is why the three-dimensional part of the argument is often stated as a spectral scalar-curvature condition.
We use spectral curvature condition to mean a lower bound for the first eigenvalue of a Schrödinger operator

whose potential is built from one of these curvature quantities. The coefficient depends on the dimension and
on the normalization used in the µ-bubble argument.

In the conformal metric g̃ = r−2g, stability gives the concrete inputs needed below: for n = 3,

λ1

(
−∆̃ +

1

2
R̃

)
≥ 3

2

by the conformal scalar-curvature computation in §5.2.1, while for n = 4,

λ1

(
−∆̃− B̃iRic

)
≥ 1

after the corresponding conformal bi-Ricci normalization.
Thus, after conformal reparametrization, the problem is reduced to studying a manifold with non-negative

spectral bi-Ricci curvature (in dimension three this is precisely non-negative spectral scalar curvature). This
replaces the extrinsic curvature input of the minimal hypersurface by an intrinsic spectral curvature hypothesis
on (M, g̃).

Step 2: Construction of µ-bubbles. The second step is to produce separating hypersurfaces inside a collar of
(M, g̃) with controlled geometry. These are µ-bubbles.

Classically, a soap bubble is a hypersurface of constant mean curvature (CMC) enclosing a prescribed
volume—the archetypal prescribed mean curvature problem. More generally, one studies hypersurfaces whose
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5.2 Higher-Dimensional Stable Bernstein Theorems

mean curvature is a prescribed function of position and geometry; Gromov introduced and systematically used
such constructions in his work on scalar curvature, naming them µ-bubbles (the name reflects the measure µ
specifying the prescription). In the present setting, one considers a Riemannian manifold (N, g) with boundary
∂N = ∂+N ∪ ∂−N and seeks a domain Ω ⊂ N whose boundary Σ = ∂Ω \ ∂−N (the µ-bubble) solves a
variational problem of prescribed mean curvature type: schematically, one minimizes a functional of the form

A(Ω) =

ˆ
Σ
w dHm−1 −

ˆ
Ω
whdHm

for a weight w (often the first eigenfunction of a suitable operator on N ) and a carefully chosen function h
determined by the curvature of N . Under the spectral bi-Ricci condition from Step 1, such a minimizer exists
and provides a µ-bubble Σ separating ∂−N from ∂+N (Theorem 5.2.8).

In recent years, µ-bubbles have become a central tool in positive scalar curvature geometry and have led to
breakthroughs in the classification of manifolds with positive scalar curvature, the resolution of the Riemannian
positive mass theorem in many settings, and the stable Bernstein program in dimensions three through five.
The method is flexible: by choosing the prescription (the µ-data and the function h), one encodes the desired
curvature inequality into the Euler–Lagrange equation of the µ-bubble.

Step 3: Volume and diameter estimates for µ-bubbles. The third step controls the size of each µ-bubble Σ.
This is analogous in spirit to the dimension reduction in the Schoen–Yau proof of the positive mass theorem:
one does not work directly on the full ambient manifold, but on a hypersurface of one dimension lower whose
geometry is more rigid.

After Step 2, each µ-bubble Σ is a closed hypersurface in N (of dimension m − 1) lying in a thin collar
between ∂−N and ∂+N . Using the construction and the spectral bi-Ricci hypothesis on N , one shows that Σ
itself carries a spectral non-negative Ricci condition: the first eigenvalue of an operator of the form−∆Σ+αRic

is non-negative for someα ∈ (0, 2) depending onn. One then studies manifolds with spectral non-negative Ricci
curvature by methods similar to Bray’s proof of the Bishop–Gromov comparison: spectral bounds on −∆+Ric

imply diameter and volume upper bounds (Theorem 5.2.14 and the discussion in §5.2.6). In particular, each
component of ∂Ω has area and intrinsic diameter bounded by constants depending only on the spectral bound,
not on the size of the collar.

Conclusion of the proof. Combining Steps 1–3, one obtains separating µ-bubbles in long conformal annuli
with uniform g̃-area and diameter bounds. As explained in the proof of the Euclidean volume-growth estimate
in §5.2.6, these conformal estimates imply

|BM
ρ (0)|g ≤ Cρn

for every ρ > 0. Thus theµ-bubble argument supplies the area-growth hypothesis needed for the stable Bernstein
theorems with area growth, and the cited classification results forceM to be an affine hyperplane. This completes
the proof sketch; the conformal and spectral bi-Ricci estimates used in Steps 1–3 are proved in §5.2.1.

5.2.1 Conformal change of the metric on minimal hypersurfaces

Let Mn ↪→ Rn+1 be a complete, two-sided, stable minimal immersion with induced metric g = ϕ∗δ. Fix
0 ∈M and write r(x) = |x|. Throughout we use the conformal metric

g̃ = r−2g, dµ̃ = r−n dµ, ∇̃ = r2∇M , ei = rẽi.

We use the bi-Ricci convention fixed above: BiRic denotes the minimum over orthonormal two-frames,
and in dimension three BiRic = 1

2R.
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5.2 Higher-Dimensional Stable Bernstein Theorems

Theorem 5.2.2

♥

Let Mn ↪→ Rn+1 be a complete, two-sided, stable minimal immersion with induced metric g = ϕ∗δ.
Then, the conformal metric g̃ = r−2g satisfies

−∆̃ +
2

n− 2
B̃iRic ≥ 2(−n3 + 6n2 − 4n− 8)

8(n− 2)

where ∆̃ is the conformal Laplacian and B̃iRic is the conformal bi-Ricci curvature.

Under a general conformal change g̃ = f−2g, we first relate the intrinsic Hessian on M to the ambient
Euclidean Hessian.

Lemma 5.2.3 (Hessian on a hypersurface)

♠

LetMn ⊂ Rn+1 be a hypersurface with unit normal ν, second fundamental formA(X,Y ) = 〈DXY, ν〉,
and ambient connection D. For f ∈ C∞(M) and tangent vector fields X,Y on M ,

HessMf(X,Y ) := 〈∇M
X ∇Mf, Y 〉 = D2f(X,Y ) +A(X,Y )〈Df, ν〉,

where D2f(X,Y ) := DX(DY f) and ∇M is the Levi-Civita connection of the induced metric.

Proof Write the ambient gradient Df = ∇Mf + 〈Df, ν〉 ν, so ∇Mf is the tangential part. By direct compu-
tation,

∇M
X ∇M

Y f = XY (f)−∇M
X Y f = XY (f)−DXY (f) + 〈DXY, ν〉〈Df, ν〉

= D2f(X,Y ) +A(X,Y )〈Df, ν〉.

♦
For the conformal metric g̃ = e2φg, the change of Riemannian curvatures is given by

R̃ijij = e2φRijij − e2φ(Tii + Tjj)

where
Tij = ∇i∇jϕ−∇iϕ∇jϕ+

1

2
|∇ϕ|2gij .

For ϕ = − log r, we have

Tii = −∇2
ii log r − |ri|2/r2 +

1

2
|∇r|2/r2 = −D2

ii log r −
|ri|2

r2
+

1

2
|∇r|2/r2 −Aii〈Dr, ν〉/r

So
Tii = − 1

r2
+ |ri|2/r2 +

1

2
|∇r|2/r2 −Aii〈Dr, ν〉/r

For the conformal metric g̃ = r−2g with r(x) = |x|, ϕ = − log r, the conformal curvatures satisfy

R̃ĩj̃ ĩj̃ = r4R̃ijij

= r2Rijij − r2(Tii + Tjj)

= r2Rijij − (−2 + |ri|2 + |rj |2 + |∇r|2 −Aii〈rDr, ν〉 −Ajj〈rDr, ν〉)

B̃iRic(ẽ1, ẽ2) = r2BiRic(e1, e2) + 2(n− 3)− (2n− 1)|∇r|2 − (n− 3)(|ri|2 + |rj |2)

+ (n− 3)(A11 +A22)〈rDr, ν〉,

We compute BiRic on M using the Gauss equation.
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Proposition 5.2.4

♠

Let {e1, . . . , en} be a local orthonormal frame on a minimal hypersurface Mn ⊂ Rn+1. Then

BiRic(e1, e2) = −
n∑

i=1

A2
1i −

n∑
j=2

A2
2j −A11A22.

Proof Using the Gauss equation, we compute

BiRic(e1, e2) =

n∑
i=2

R1i1i +

n∑
j=3

R2j2j

=

n∑
i=2

(A11Aii −A2
1i) +

n∑
j=3

(A22Ajj −A2
2j)

= −
n∑

i=1

A2
1i −

n∑
j=2

A2
2j −A11A22,

where the last line follows since trA = 0 for a minimal hypersurface.
♦

Now, we choose ẽ1 and ẽ2 such that B̃iRic(ẽ1, ẽ2) takes the minimum value. Then, we have

B̃iRic = −
n∑

i=1

A2
1i −

n∑
j=2

A2
2j −A11A22 + 2(n− 3)− (2n− 1)|∇r|2 − (n− 3)(|ri|2 + |rj |2)

+ (n− 3)(A11 +A22)〈rDr, ν〉.

Proposition 5.2.5

♠

For n ≥ 3, we have

r2|A|2 ≥ 2

n− 2

(
(3n− 3)− (2n− 1)|dr|2 − B̃iRic

)
.

Proof Recall that

r2

 n∑
i=1

A2
1i +

n∑
j=2

A2
2j +A11A22

+ (n− 3)〈~x, ν〉(A11 +A22)

= (4n− 6)− (2n− 1)|dr|2 − (n− 3)
(
dr(e1)

2 + dr(e2)
2
)
− B̃iRic.

(5.2.1)

Since 〈~x, ν〉 = r dr(ν), we use Young’s inequality to obtain

|(n− 3)〈~x, ν〉(A11 +A22)| ≤ (n− 3)dr(ν)2 +
n− 3

4
r2(A11 +A22)

2.

Combined with (5.2.1) and the fact that

dr(e1)
2 + dr(e2)

2 + dr(ν)2 ≤ 1,

we have

r2

 n∑
i=1

A2
1i +

n∑
j=2

A2
2j +A11A22 +

n− 3

4
(A11 +A22)

2


≥ (3n− 3)− (2n− 1)|dr|2 − B̃iRic.
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Now we compute, using the fact that TrA = 0,

A2
11 +A2

22 +A11A22 +
n− 3

4
(A11 +A22)

2

=
1

2
(A2

11 +A2
22) +

n− 1

4
(A11 +A22)

2

=
1

2
(A2

11 +A2
22) +

n− 1

4
σ(A11 +A22)

2 +
n− 1

4
(1− σ)(A33 + · · ·+Ann)

2

≤
(
1

2
+
n− 1

2
σ

)
(A2

11 +A2
22) +

(n− 1)(n− 2)

4
(1− σ)(A2

33 + · · ·+A2
nn)

=
n− 2

2
(A2

11 + · · ·+A2
nn),

where we took
σ =

n− 3

n− 1

in the last line. Hence, for n ≥ 3, we have

n− 2

2
r2|A|2 ≥ r2

n− 2

2

n∑
i=1

A2
ii +

n∑
i=2

A2
1i +

n∑
j=3

A2
2j


≥ r2

 n∑
i=1

A2
1i +

n∑
j=2

A2
2j +A11A22 +

n− 3

4
(A11 +A22)

2


≥ (3n− 3)− (2n− 1)|dr|2 − B̃iRic.

Therefore,
r2|A|2 ≥ 2

n− 2

(
(3n− 3)− (2n− 1)|dr|2 − B̃iRic

)
,

and the proposition follows. ♦

Proposition 5.2.6

♠

For any ψ ∈ C0,1
c (N, g̃), we haveˆ

N
|∇̃ψ|2g̃ dµ̃ ≥

ˆ
N

(
r2|A|2 − n(n− 2)

2
+

(
n(n− 2)

2
− (n− 2)2

4

)
|dr|2

)
ψ2 dµ̃.

Proof Recall that in the conformal metric, we have

dµ̃ = r−ndµ and |∇̃f |2g̃ = r2|∇f |2.

Then the stability inequality for M impliesˆ
N
rn−2|∇̃f |2g̃ dµ̃ ≥

ˆ
N
rn−2(r2|A|2)f2 dµ̃

for any f ∈ C0,1
c (N, g̃). We take

f = r
2−n
2 ψ

for ψ ∈ C0,1
c (N, g̃). Then

∇̃f = r
2−n
2 ∇̃ψ − n− 2

2
r−

n
2 ψ∇̃r,

so
|∇̃f |2g̃ = r2−n|∇̃ψ|2g̃ +

(n− 2)2

4
r−nψ2|∇̃r|2g̃

− (n− 2)r1−nψ〈∇̃ψ, ∇̃r〉g̃
:= a+ b+ c.
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We have ˆ
N
rn−2a dµ̃ =

ˆ
N
|∇̃ψ|2g̃ dµ̃.

Since
r−2|∇̃r|2g̃ = |dr|2,

we have ˆ
N
rn−2b dµ̃ =

ˆ
N

(n− 2)2

4
|dr|2ψ2 dµ̃.

Finally, we use integration by parts and the displayed formula for ∆̃ log r below to compute
ˆ
N
rn−2c dµ̃ = −

ˆ
N

n− 2

2

〈
∇̃(ψ2), ∇̃(log r)

〉
g̃
dµ̃

=

ˆ
N

n− 2

2
∆̃(log r)ψ2 dµ̃

=

ˆ
N

(
n(n− 2)

2
− n(n− 2)

2
|dr|2

)
ψ2 dµ̃.

Recall that we have the following

∆̃ log r = r2(∆ log r − (n− 2)r−2|∇r|2) = n− nr−2|∇r|2

Altogether, we obtainˆ
N
|∇̃ψ|2g̃ dµ̃ ≥

ˆ
N

(
r2|A|2 − n(n− 2)

2
+

(
n(n− 2)

2
− (n− 2)2

4

)
|dr|2

)
ψ2 dµ̃,

as desired. ♦

Proposition 5.2.7

♠

For 3 ≤ n ≤ 5, we have

−∆̃ +
2

n− 2
B̃iRic ≥ 2(−n3 + 6n2 − 4n− 8)

8(n− 2)

in the spectral sense.

Proof Combining Proposition 5.2.6 with Proposition 5.2.5, for every ψ ∈ C0,1
c (N, g̃) we getˆ

N

(
|∇̃ψ|2g̃ +

2

n− 2
B̃iRicψ2

)
dµ̃ ≥

ˆ
N

(
C0 + C1|dr|2

)
ψ2 dµ̃,

where
C0 =

2(3n− 3)

n− 2
− n(n− 2)

2
, C1 = −2(2n− 1)

n− 2
+
n(n− 2)

2
− (n− 2)2

4
.

Since 0 ≤ |dr|2 ≤ 1 and C1 ≤ 0 for 3 ≤ n ≤ 5, the right-hand side is bounded from below by

C0 + C1 =
2(−n3 + 6n2 − 4n− 8)

8(n− 2)
.

This proves the claimed spectral lower bound. ♦
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5.2.2 Construction of the µ-Bubble

Theorem 5.2.8

♥

Suppose (Nn, g), 3 ≤ n ≤ 4, is a compact manifold with boundary ∂N = ∂+N ∪ ∂−N . Assume that
there are 0 < a ≤ 2 and a positive smooth function w such that

−a∆Nw +BiRicN w ≥ w.

Suppose that the distance between ∂−N and ∂+N is bounded below by 5π. Then one can find a smooth
µ-bubble Σ separating ∂−N from ∂+N such that, for every ψ ∈ C∞

c (Σ),
4

4− a

ˆ
Σ
|∇Σψ|2 ≥

ˆ
Σ

(
1

2
− RicΣ

)
ψ2.

Equivalently, in the spectral sense,

− 4

4− a
∆Σ +RicΣ ≥ 1

2
.

The constant 1 is only a normalization and can be replaced by any positive constant after rescaling the
metric.

5.2.3 Second variation of weighted area functional

Lemma 5.2.9

♠

The minimizer to the following functional

A(Ω) =

ˆ
∂Ω
wdHn−1 −

ˆ
Ω
hwdHn,

satisfies the following equationˆ
Σ
w
∣∣∇Σφ

∣∣2 + 1

2
RΣφ

2w − φ∆Σw − 1

2
w−1

〈
∇Nw, ν

〉2
φ2 −

ˆ
Σ
φ2(−∆Nw +

1

2
RNw)

−
ˆ
Σ

[
φ2w

〈
∇Nh, ν

〉
+

1

2
h2φ2w

]
≥ 0.

for any smooth function φ on Σ.

Given a domainΩ inN , we do a variationΩt under vector field V and denoteΣt = ∂Ωt\∂−N andΣ = Σ0.
We choose V such that ∇V V = 0 and V = φν along Σ. (Note that in general, we do not have V⊥Σt for every
t.)

Lemma 5.2.10

♠

The following first and second variation formulas hold:

A′ =

ˆ
Σ
φ
[〈
∇Nw, ν

〉
+ wH − wh

]
, Recall that H =

n∑
i=1

〈∇eiei, ν〉

A′′ =

ˆ
Σ
φ2(∆Nw −∆Σw) +

ˆ
Σ
w
(∣∣∇Σφ

∣∣2 − (|AΣ|2 +Ric(ν, ν)
)
φ2
)

−
ˆ
Σ

(
φ2h

〈
∇Nw, ν

〉
+ φ2w

〈
∇Nh, ν

〉)
.
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The first variation is straightforward.

A′ =

ˆ
Σ

〈
∇Nw, V

〉
− wdivΣ(V )− hw 〈V, ν〉 dH3

=

ˆ
Σ

〈
∇Nw, V

〉
+ wdivΣ(V T ) + wH 〈V, ν〉 − hw 〈V, ν〉 dHn−1

Hence, the stationary gives us the formula

H = h− w−1
〈
∇Nw, ν

〉
For the derivative of

´
Σw divΣ(V T ) dHn−1, we rewrite it using integration by parts as

−
ˆ
Σ

〈
∇Σw, V T

〉
.

After differentiating,

−
ˆ
Σ

〈
∇Σw,∇V (V

T )
〉
=

ˆ
Σ

〈
∇Σw, φ∇V ν

〉
where we have used ∇V V = 0. Note that we have

〈∇V ν, ei〉 = −〈ν,∇V ei〉 = −〈ν,∇ei(φν)〉 = −ei(φ) =⇒ ∇V ν = −∇Σφ

Then, the derivative of
´
Σ

〈
∇Σw, φ∇V ν

〉
isˆ

Σ

〈
∇Σw, φ∇V ν

〉
=

ˆ
Σ
−
〈
∇Σw,∇Σφ

〉
φ

Now, we can compute the second variation. Note that we can use V 〈V, ν〉 = 0.

A′′ =

ˆ
Σ
φ2HessNw(ν, ν)− φ

〈
∇Σw,∇Σφ

〉
− φ2

〈
∇Nw, ν

〉
H

−
ˆ
Σ
wφ
(
∆Σφ+ (|AΣ|2 +Ric(ν, ν))φ

)
−
ˆ
Σ

(
φ2h

〈
∇Nw, ν

〉
+ φ2w

〈
∇Nh, ν

〉)
.

For the Hessian, we have

HessNw(ν, ν) = divN (∇Nw)− divΣ(∇Nw) = ∆Nw −∆Σw − divΣ(
〈
∇Nw, ν

〉
ν)

= ∆Nw −∆Σw +
〈
∇Nw, ν

〉
H

using integration by parts, we have

A′′ =

ˆ
Σ
φ2(∆Nw −∆Σw) + w

(
|∇Σφ|2 − (|A|2 +RicN (ν, ν))φ2

)
−
ˆ
Σ

(
φ2h

〈
∇Nw, ν

〉
+ φ2w

〈
∇Nh, ν

〉)
.

This is the weighted-area second variation formula used below.

5.2.4 Properties of the minimizer

Proposition 5.2.11
Suppose Ω is the minimizer to A. Assume that the weight is W = wa, where 0 < a ≤ 2, w > 0, and

−a∆Nw +BiRicN w ≥ w.

We also assume that the function h satisfies the following condition:

1 + h2 − 2|∇Nh| ≥ 0.

Then, for any ψ ∈ C∞
c (Σ), we have

4

4− a

ˆ
Σ
|∇Σψ|2 ≥

ˆ
Σ
ψ2

(
1

2
−RicΣ

)
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♠

We can also write it as
− 4

4− a
∆Σ +RicΣ ≥ 1

2
.

Proof Suppose Ω is the minimizer to A. In the spectral bi-Ricci application the weight in the functional is

W = wa,

and we consider
φ =W− 1

2ψ = w−a
2ψ.

Then
∇Σφ =W− 1

2∇Σψ − 1

2
W− 1

2ψ∇Σ logW.

Hence ˆ
Σ
W |∇Σφ|2 =

ˆ
Σ
|∇Σψ|2 + 1

4
ψ2|∇Σ logW |2 − ψ

〈
∇Σψ,∇Σ logW

〉
.

The first variation gives
H = h−

〈
∇N logW,ν

〉
= h− a

〈
∇N logw, ν

〉
.

Put
v =

〈
∇N logw, ν

〉
.

Then H = h− av, and hence
ahv =

1

2
h2 +

1

2
a2v2 − 1

2
H2.

We also need to compare the ambient and intrinsic Laplacians of the weight W = wa. Along Σ,
∆ΣW

W
= a

∆Σw

w
+ a(a− 1)|∇Σ logw|2,

∆NW

W
= a

∆Nw

w
+ a(a− 1)

(
|∇Σ logw|2 + v2

)
.

Thus
∆NW

W
− ∆ΣW

W
= a

(
∆Nw

w
− ∆Σw

w

)
+ a(a− 1)v2.

Since Σ is stable for the weighted functional, the second variation formula with weight W gives, after moving
the potential terms to the right-hand side,ˆ

Σ
W
(
|∇Σφ|2 − aw−1∆Σwφ2

)
≥
ˆ
Σ
ψ2

(
−a∆

Nw

w
+ |A|2 +RicN (ν, ν)− 1

2
H2 +

1

2
h2 +

〈
∇Nh, ν

〉)
+
a(2− a)

2

ˆ
Σ
ψ2v2. (5.2.2)

The final term is obtained by combining the Laplacian comparison contribution −a(a−1)v2 with the ahv term.
Since 0 < a ≤ 2, it is nonnegative and can be discarded.

It remains to estimate the left-hand side of (5.2.2). After substituting φ = w−a/2ψ, it becomesˆ
Σ
|∇Σψ|2 + aψ

〈
∇Σψ,∇Σ logw

〉
−
(
a− a2

4

)
ψ2|∇Σ logw|2,
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and Young’s inequality with ε = (4− a)−1 gives the estimate. Therefore,ˆ
Σ
W
(
|∇Σφ|2 − aw−1∆Σwφ2

)
≤ 4

4− a

ˆ
Σ
|∇Σψ|2.

Combining this estimate with (5.2.2) and the spectral inequality −a∆Nw +BiRicNw ≥ w gives
4

4− a

ˆ
Σ
|∇Σψ|2 ≥

ˆ
Σ
ψ2

(
1− BiRicN + |A|2 +RicN (ν, ν)− 1

2
H2

)
+

ˆ
Σ
ψ2

(
1

2
h2 +

〈
∇Nh, ν

〉)
.

Now, we need to use |A|2 +RicN (ν, ν) to bound BiRicN .

Lemma 5.2.12

♠

We have the following inequality:

|A|2 +RicN (ν, ν) ≥ BiRicN − RicΣ +
6− n

4
H2.

Remark 5.2.13. This is the extension of the usual Schoen–Yau trick. Recall that we have (for n = 3)

|A|2 +RicN (ν, ν) =
1

2
RN − 1

2
RΣ +

1

2
|A|2 + 1

2
H2 ≥ 1

2
RN − 1

2
RΣ +

3

4
H2.

This is exactly the same as the inequality in the lemma.

Proof Suppose e1 ∈ TpΣ is a unit direction where RicΣ attains its minimum. Using the Gauss equation, we
have

RicΣ(e1, e1) =
n−1∑
i=2

RΣ
1i1i

=

n−1∑
i=2

RN
1i1i +A11

n−1∑
i=2

Aii −
n−1∑
i=2

A2
1i.

Note that we have

A11

n−1∑
i=2

Aii = −A2
11 +A11H = −A2

11 −H

n−1∑
i=2

Aii +H2

≥ −A2
11 −

1

n− 2

(
n−1∑
i=2

Aii

)2

+

(
1− n− 2

4

)
H2

≥ −
n−1∑
i=1

A2
ii +

6− n

4
H2

By the choice of e1, RicΣ = RicΣ(e1, e1). Hence, we have

RicΣ +RicN (ν, ν) ≥
n−1∑
i=2

RN
1i1i +RicN (ν, ν)− |A|2 + 6− n

4
H2

≥ BiRicN − |A|2 + 6− n

4
H2.

Equivalently,
|A|2 +RicN (ν, ν) ≥ BiRicN − RicΣ +

6− n

4
H2,

which is the desired inequality. ♦
Now, we go back to our inequality. When 3 ≤ n ≤ 4, we have 6−n

4 ≥ 1
2 and therefore

4

4− a

ˆ
Σ
|∇Σψ|2 ≥

ˆ
Σ
ψ2(1−RicΣ) +

ˆ
Σ
ψ2

(
1

2
h2 +

〈
∇Nh, ν

〉)
.
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Together with the condition for h, 1 + h2 − 2|∇Nh| ≥ 0, we have

1 +
1

2
h2 +

〈
∇Nh, ν

〉
≥ 1

2
+

1

2
(1 + h2 − 2|∇Nh|) ≥ 1

2
.

Hence
4

4− a

ˆ
Σ
|∇Σψ|2 ≥

ˆ
Σ
ψ2

(
1

2
−RicΣ

)
.

This is the desired inequality. ♦

5.2.5 Completion of the µ-Bubble Construction

To prove Theorem 5.2.8, choose h by

h(x) = −1

2
tan(

d̃(x, ∂−N)

4
− π

2
)

where d̃(x, ∂−N) is a smoothing of dN (x, ∂−N) with Lip d̃ ≤ 2. We denote ϕ(x) = d̃(x,∂−N)
4 − π

2 . Then

|∇Nh| ≤ 1

2
(1 + tan2 ϕ), 2|∇Nh| ≤ 1 + h2.

To show the existence of the minimizer, fix a domain Ω0 containing ∂−N but not ∂+N such that ∂Ω0 lies
in d̃(x, ∂−N) < 4π. We consider minimizing the following (relative) energy functional

A(Ω) =

ˆ
∂Ω
wadHn−1 −

ˆ
Ω\Ω0

hwadHn +

ˆ
Ω0\Ω

hwadHn

The direct method gives a minimizer in the corresponding relative homology class. Since 3 ≤ n ≤ 4, the
free boundary part Σ = ∂Ω \ ∂−N is smooth after the usual regularity theory for prescribed-mean-curvature
hypersurfaces. The choice dN (∂+N, ∂−N) ≥ 5π gives enough room for the smoothing d̃ and hence for the
above choice of h. Applying the stability inequality from the preceding proposition proves Theorem 5.2.8.

5.2.6 Diameter estimate and volume estimate under spectral Ricci curvature bound

The following result of Antonelli–Xu [AX24] gives the radius/diameter and volume estimates under a
spectral Ricci lower bound. In this subsection RicN (v, v) denotes the Ricci tensor on a unit vector; when RicN

appears without arguments in a spectral inequality, it means the smallest eigenvalue of the Ricci tensor. The bi-
Ricci notation is the one fixed above. In the low-dimensional range considered here, the minimizers appearing
in the µ-bubble arguments are smooth. The parameter α below denotes the coefficient of the spectral Laplacian
term.

Theorem 5.2.14 (Antonelli–Xu spectral Bonnet–Myers and Bishop–Gromov)
Let (Nn, g) be a compact smooth Riemannian manifold, 3 ≤ n ≤ 5, and let

0 ≤ α ≤ n− 1

n− 2
, λ > 0.

Suppose that there is a positive smooth function u such that

−α∆u+RicN u ≥ (n− 1)λu. (5.2.3)

Let (Ñ , g̃) be the universal cover and let ũ be the lift of u. Then the diameter upper bound is

diam(Ñ , g̃) ≤ π√
λ

(
maxN u

minN u

)n−3
n−1

α

. (5.2.4)

Moreover the sharp volume upper bound is

|Ñ | ≤ λ−
n
2 |Sn|, (5.2.5)
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♥

where Sn denotes the unit round sphere. In particular π1(N) is finite. If equality holds in the volume
estimate, then ũ is constant and Ñ is the round sphere of radius λ−1/2.

Corollary 5.2.15 (Complete case in the subcritical range)

♠

Let (Nn, g) be complete, not assumed compact, with 3 ≤ n ≤ 5. If n > 3 and 0 ≤ α < 4
n−1 , or if n = 3

and 0 ≤ α ≤ 2, and if (5.2.3) holds for some positive smooth u, then N is compact. Moreover π1(N) is
finite and, for the universal cover Ñ ,

diam(Ñ , g̃) ≤ π√
λ

(
maxN u

minN u

)n−3
n−1

α

, |Ñ | ≤ λ−
n
2 |Sn|.

In particular |N | ≤ λ−n/2|Sn|. In addition there is a constant C = C(n, α) such that

diam(N) ≤ Cλ−1/2.

Proof This is precisely the complete-case corollary in [AX24], based on Xu’s subcritical spectral Bonnet–Myers
theorem. The latter gives compactness and the uniform bound diam(N) ≤ C(n, α)λ−1/2 in the stated range.
Once compactness is known, Theorem 5.2.14 applies and gives (5.2.4) and (5.2.5). Since N is the quotient of
Ñ by a finite group of deck transformations, the same volume upper bound also holds for N . ♦

Remark 5.2.16. Even in the larger sharp range 0 ≤ α ≤ (n − 1)/(n − 2), if N is complete and the positive
function u in (5.2.3) satisfies 0 < infN u ≤ supN u < ∞, then Corollary 5.2.19 below proves compactness
directly. Thus noncompact examples in the super-subcritical range must have u degenerating at infinity.

Weighted geodesic proof of the diameter estimates. We also record the weighted-geodesic calculation, since
it gives another way to see the Bonnet–Myers part.

For a positive function u on (Mm, g), we define the weighted geodesic distance from p to q by

Lα
u(p, q) = inf

η

ˆ
η
uα dsg,

where the infimum is taken over piecewise smooth curves from p to q. As above, RicM in a spectral inequality
denotes the smallest eigenvalue of the Ricci tensor, while RicM (T, T ) denotes the tensor on the vector T .

Lemma 5.2.17 (Spectral weighted Laplacian comparison)
Let (Mm, g) be complete, m ≥ 3, and suppose that u > 0 satisfies

−α∆u+RicM u ≥ (m− 1)λu, λ > 0. (5.2.6)

Let α : [0, l] → M be an Lα
u-minimizing curve from p to q, parametrized by g-arclength, and assume

first that q is not a weighted cut point along α. Then the following hold in the barrier sense at q.
If 0 ≤ α < 4/(m− 1), then for every C1 function ψ on [0, l] with

ψ(0) = 0, ψ(l) = u(q)α/2,

we have
∆qL

α
u(p, q) ≤

ˆ l

0

(
Cm,αψ

2
s − (m− 1)λψ2

)
ds, (5.2.7)

where
Cm,α = (m− 1) +

α(m− 3)2

4
(
1− m−1

4 α
) .
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♠

In particular, choosing
ψ(s) = u(q)α/2 sin

(πs
2l

)
gives

∆qL
α
u(p, q) ≤ u(q)α

(
Cm,απ

2

8l
− (m− 1)λl

2

)
. (5.2.8)

If 0 ≤ α ≤ (m− 1)/(m− 2), then for every C1 function ψ with

ψ(0) = 0, ψ(l) = u(q)α/(m−1),

we have
∆qL

α
u(p, q) ≤

ˆ l

0
u

m−3
m−1

α ((m− 1)ψ2
s − (m− 1)λψ2

)
ds. (5.2.9)

Proof Let T = α′ and put
g̃ = u2αg.

Then Lα
u is exactly the distance function of the conformal metric g̃. Write

ρ = Lα
u(p, ·).

Along α we have, by the definition of g̃ and of the distance function ρ,

ds̃ = uα ds, T̃ = u−αT, ∇gLα
u = uαT.

We first compute ∆̃ρ in the conformal metric. Choose a g̃-parallel orthonormal frame along α,

Ẽ1, . . . , Ẽm−1, Ẽm = T̃ ,

and write Ẽi = u−αei. Thus e1, . . . , em−1, T is g-orthonormal and ei ⊥ T . Let φ be a test function with
φ(0) = 0 and φ(l) = 1, and set

Ṽi = φẼi.

These fields vanish at p and equal Ẽi(q) at q. Hence the ordinary second variation formula for the g̃-distance
gives, for 1 ≤ i ≤ m− 1,

∇̃2ρ(Ẽi, Ẽi)(q) ≤
ˆ l̃

0

(
(T̃ φ)2 − φ2R̃(T̃ , Ẽi, T̃ , Ẽi)

)
ds̃.

The missing m-th direction is radial and contributes nothing, since ∇̃2ρ(T̃ , T̃ ) = 0 away from the cut locus.
Summing the preceding inequality over the transverse directions gives

∆̃ρ(q) ≤
ˆ l

0
u−α

(
(m− 1)φ2s − φ2R̃ic(T, T )

)
ds. (5.2.10)

Here we used ds̃ = uαds, T̃ φ = u−αφs, and R̃ic(T̃ , T̃ ) = u−2αR̃ic(T, T ).
Now return to the original metric. The conformal Laplacian formula for g̃ = e2 log u

α
g gives, at q,

∆gρ = u(q)2α∆̃ρ− (m− 2)u(q)α(log uα)s(l). (5.2.11)

Combining (5.2.10) and (5.2.11), we get

∆gρ(q) ≤ u2α(q)

ˆ l

0
u−α

(
(m− 1)φ2s − φ2R̃ic(T, T )

)
ds

− (m− 2)u(q)α(log uα)s(l). (5.2.12)
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Now rewrite the curvature term in (5.2.12) in the original metric. The conformal Ricci formula is

R̃ic = Ric− (m− 2)
(
∇2 log uα − d log uα ⊗ d log uα

)
−
(
∆log uα + (m− 2)|∇ log uα|2

)
g.

The conformal connection formula is

∇̃XY = ∇XY +X(log uα)Y + Y (log uα)X − g(X,Y )∇ log uα.

Applying it to the g̃-geodesic equation ∇̃T̃ T̃ = 0 gives

0 = u2α∇̃T̃ T̃ = ∇TT + (log uα)sT −∇ log uα,

and therefore
∇TT = ∇⊥ log uα, ∇2 log uα(T, T ) = (log uα)ss − |∇⊥ log uα|2.

Using this in the Ricci formula gives the pointwise identity along α

R̃ic(T, T ) = RicM (T, T )− (m− 2)
(
(log uα)ss −∇TT · ∇ log uα − (log uα)2s

)
−
(
∆log uα + (m− 2)|∇ log uα|2

)
= RicM (T, T )− (m− 2)

(
(log uα)ss − |∇⊥ log uα|2 − (log uα)2s

)
−
(
∆log uα + (m− 2)|∇ log uα|2

)
= RicM (T, T )−∆log uα − (m− 2)(log uα)ss. (5.2.13)

The endpoint term in (5.2.12) is written in the same u(q)2α
´
u−α(· · · ) ds scale as

−(m− 2)u(q)α(log uα)s(l) = −u(q)2α
ˆ l

0

(
(m− 2)φ2u−α(log uα)s

)
s
ds,

because φ(0) = 0 and φ(l) = 1. Substituting (5.2.13) into (5.2.12) and expanding this total derivative gives the
original-metric formula

∆gρ(q) ≤ u(q)2α
ˆ l

0
u−α

[
(m− 1)φ2s − 2(m− 2)φφs(log u

α)s

+ (m− 2)φ2(log uα)2s − RicM (T, T )φ2 + φ2∆log uα
]
ds.

Using (5.2.6) and RicM (T, T ) ≥ RicM , along the curve

−RicM (T, T ) + α
∆u

u
≤ −(m− 1)λ.

Together with

∆log uα = α
∆u

u
− α

|∇u|2

u2
,

this gives

∆gρ(q) ≤ u(q)2α
ˆ l

0
u−α

[
(m− 1)φ2s − 2(m− 2)φφs(log u

α)s

+ (m− 2)φ2(log uα)2s − (m− 1)λφ2 − αφ2
|∇u|2

u2

]
ds. (5.2.14)

Only at this point do we change the test function. The subcritical estimate uses the substitution

φ =
uα/2

u(q)α
ψ, ψ(0) = 0, ψ(l) = u(q)α/2.

Thus

φs =
uα/2

u(q)α

(
ψs +

α

2
ψ
us
u

)
, us = T (u).
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Inserting this into (5.2.14) cancels the weight uα and gives

∆qL
α
u(p, q) ≤

ˆ l

0

[
(m− 1)ψ2

s + α(3−m)ψψs
us
u

+
m− 1

4
α2ψ2u

2
s

u2

− αψ2 |∇u|2

u2
− (m− 1)λψ2

]
ds.

Since |∇u|2 ≥ u2s , this implies

∆qL
α
u(p, q) ≤

ˆ l

0

[
(m− 1)ψ2

s + α(3−m)ψψs
us
u

− α

(
1− m− 1

4
α

)
ψ2u

2
s

u2
− (m− 1)λψ2

]
ds.

When α < 4/(m− 1), Cauchy’s inequality gives

α(3−m)ψψs
us
u

− α

(
1− m− 1

4
α

)
ψ2u

2
s

u2
≤ α(m− 3)2

4
(
1− m−1

4 α
)ψ2

s .

This proves (5.2.7); the sine choice gives (5.2.8).
For the bounded-u diameter estimate one uses a different exponent. Put

φ =
u

m−2
m−1

α

u(q)α
ψ, ψ(0) = 0, ψ(l) = u(q)α/(m−1).

Then

φs =
u

m−2
m−1

α

u(q)α

(
ψs +

m− 2

m− 1
αψ

us
u

)
.

Substituting this into (5.2.14), the cross term cancels exactly and we obtain

∆qL
α
u(p, q) ≤

ˆ l

0
u

m−3
m−1

α
[
(m− 1)ψ2

s + α

(
m− 2

m− 1
α− 1

)
ψ2u

2
s

u2

− αψ2 |∇u|2 − u2s
u2

− (m− 1)λψ2
]
ds.

Ifα ≤ (m−1)/(m−2), the two terms involving derivatives of u are nonpositive. Dropping them gives (5.2.9).♦

Corollary 5.2.18 (Subcritical finite diameter from weighted geodesics)

♠

Let (Mm, g) be complete, m ≥ 3, and suppose u > 0 satisfies (5.2.6). If

0 ≤ α <
4

m− 1
,

then

diam(M) ≤ π

√
Cm,α

(m− 1)λ
. (5.2.15)

In particular M is compact.

Proof Assume first that two points p, q are joined by an Lα
u-minimizing curve α : [0, l] →M parametrized by

g-arclength. Let x = α(l/2). The weighted excess

e(y) = Lα
u(p, y) + Lα

u(y, q)− Lα
u(p, q)

has a local minimum at x. Using the two subsegments of α as barriers and applying (5.2.8) to each half, we get,
in the viscosity sense,

0 ≤ ∆e(x) ≤ u(x)α
(
Cm,απ

2

2l
− (m− 1)λl

2

)
.

Therefore l ≤ π
√
Cm,α/((m− 1)λ). Since dg(p, q) ≤ l, this gives (5.2.15).
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If the weighted minimizer is not realized, take a minimizing sequence. The usual Calabi limiting argument
gives a broken minimizing object made of finite minimizing segments, weighted minimizing rays, and weighted
minimizing lines. At the point where the corresponding excess vanishes, replace any ray by the point at parameter
t on that ray and use the finite-segment barrier above. The right hand side contains the term −(m − 1)λt/2

for that ray and is negative for t sufficiently large, contradicting the local minimum of the excess. Thus the
non-realized case cannot occur, and the same diameter bound holds for all pairs of points. Hopf–Rinow then
implies compactness. ♦

Corollary 5.2.19 (Diameter bound with two-sided bounds for u)

♠

Let (Mm, g) be complete, m ≥ 3, and suppose u > 0 satisfies (5.2.6) with

0 ≤ α ≤ m− 1

m− 2
.

If
0 < u− := inf

M
u ≤ sup

M
u =: u+ <∞,

then

diam(M) ≤ π√
λ

(
u+
u−

) m−3
2(m−1)

α

. (5.2.16)

In particular M is compact.

Proof Because u is bounded above and below, the weighted metric u2αg is complete, so Lα
u-minimizers exist.

Let α : [0, l] → M be an Lα
u-minimizer from p to q, parametrized by g-arclength, and let x = α(l/2). As

above, the weighted excess has a local minimum at x.
Use (5.2.9) on each half of α with

ψ(s) = u(x)α/(m−1) sin

(
πs

2(l/2)

)
.

Since α(m− 3)/(m− 1) ≥ 0, we estimate the positive term by u
m−3
m−1

α

+ and the negative term by u
m−3
m−1

α

− . Thus

0 ≤ ∆e(x) ≤ (m− 1)u(x)
2α

m−1

um−3
m−1

α

+ π2

2l
−
λu

m−3
m−1

α

− l

2

 .

Hence

l ≤ π√
λ

(
u+
u−

) m−3
2(m−1)

α

.

Since dg(p, q) ≤ l and p, q were arbitrary, this proves (5.2.16). Compactness follows from Hopf–Rinow. ♦
Volume estimate.
Lemma 5.2.20 (Weighted profile differential inequality)

♠

Assume the hypotheses of Theorem 5.2.14 and normalize min
Ñ
ũ = 1. Set θ = 2α/(n − 1) and define,

on Ñ ,
I(v) = inf

{ˆ
∂E
ũα : E ⋐ Ñ ,

ˆ
E
ũθ = v

}
.

Then I satisfies

I ′′I ≤ − (I ′)2

n− 1
− (n− 1)λ (5.2.17)

in the viscosity sense.
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5.2 Higher-Dimensional Stable Bernstein Theorems

Proof By the diameter part, Ñ is compact; hence the minimizerE exists for every v0 ∈ (0,
´
Ñ
ũθ). We suppress

tildes. Put
V (E) =

ˆ
E
uθ, A(E) =

ˆ
∂E
uα.

Let Σ = ∂E and take a smooth normal variation with variational field ϕν. We extend ϕ to a neighborhood of
Σ and use the same symbol for the extension. With the convention used here,

∂tdµt = Hϕdµ, ∂tν = −∇Σϕ, ∂tH = −∆Σϕ−
(
|AΣ|2 +RicN (ν, ν)

)
ϕ.

Also
∂t(u

−1uν) = u−1HessNu(ν, ν)ϕ− u−1〈∇Σu,∇Σϕ〉 − u−2u2νϕ.

Thus
V ′(0) =

ˆ
Σ
uθϕ, V ′′(0) =

ˆ
Σ
(H + θu−1uν)u

θϕ2 + uθϕϕν ,

A′(0) =

ˆ
Σ
uαϕ(H + αu−1uν),

and differentiating this last expression gives the following formula. In the following displays, the same color
marks the terms with the same origin: magenta terms cancel by integration by parts or by the normal derivative
of ϕ = u−α; green terms are the spectral-Ricci pair; blue terms come from |AΣ|2; red terms come from u2ν ;
orange terms come from Huν ; and purple terms come from the surviving part of the last line.

A′′(0) =

ˆ
Σ

(
−∆Σϕ−RicN (ν, ν)ϕ−|AΣ|2ϕ

)
uαϕ

+

ˆ
Σ

(
−αu−2u2νϕ+αu

−1∆Nuϕ−αu−1∆Σuϕ

−αu−1Huνϕ−αu−1〈∇Σu,∇Σϕ〉

)
uαϕ

+

ˆ
Σ

(
αuθ−1uνϕ

2+uθϕϕν

+Huθϕ2

)
uα−θ(H + αu−1uν). (5.2.18)

The last line is just the derivative of the factor uαϕdµt in A′(t), rewritten with a factor uθ:

∂t(u
αϕdµt) =

(
αuα−1uνϕ

2+uαϕϕν

+Huαϕ2

)
dµ.

The volume constraint implies that

uα−θ(H + αu−1uν) = A′
v(v0),

where Av is the area of this variation written as a function of V . Choose ϕ = u−α and set

Q =

ˆ
Σ
uθ−α, X = uθ−αA′

v(v0), Y = u−1uν .

ThenH = X−αY . Forϕ = u−α, the tangential∆Σu term cancels after integration by parts with the tangential
gradient term

−αu−1〈∇Σu,∇Σϕ〉.

Hence the first two lines of (5.2.18), together with (5.2.3) and |AΣ|2 ≥ H2/(n− 1), are bounded above byˆ
Σ
u−α

[
− H2

n− 1
−αHY−αY 2−(n− 1)λ

]
.

The last line of (5.2.18) is ˆ
Σ
u−αXH,
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5.2 Higher-Dimensional Stable Bernstein Theorems

because ϕν = −αu−αY and H + αY = X . Therefore

A′′(0) ≤
ˆ
Σ
u−α

[
− H2

n− 1
−αHY−αY 2−(n− 1)λ+XH

]
.

Expanding H = X − αY gives

A′′(0) ≤
ˆ
Σ
u−α

[
− X2

n− 1
+

2α

n− 1
XY− α2

n− 1
Y 2−αY 2−αXY+α2Y 2

+X2−αXY−(n− 1)λ
]
.

The inverse-function chain rule gives

A′′
v(v0) = (V ′(0))−2A′′(0)− (V ′(0))−3A′(0)V ′′(0).

Substituting the formulas for V ′, V ′′ and using θ = 2α/(n− 1) yields

Q2A′′
v(v0) ≤

ˆ
Σ
u−α

[
− X2

n− 1
+

(
2α

n− 1
− θ

)
XY +

(
n− 2

n− 1
α2 − α

)
Y 2 − (n− 1)λ

]
≤ −

(
A′

v(v0)
2

n− 1
+ (n− 1)λ

)ˆ
Σ
u2θ−3α.

Here we used α ≤ (n− 1)/(n− 2) and u ≥ 1. Holder’s inequality gives

Av(v0)

ˆ
Σ
u2θ−3α ≥

(ˆ
Σ
uθ−α

)2

= Q2.

Thus
Av(v0)A

′′
v(v0) ≤ −A

′
v(v0)

2

n− 1
− (n− 1)λ.

Since Av is an upper barrier for I at v0, this is exactly the viscosity inequality (5.2.17). ♦

Lemma 5.2.21 (ODE comparison for the volume upper bound)

♠

Let V ∈ (0,∞] and let I : [0, V ) → R be continuous with I(0) = 0 and I(v) > 0 for v ∈ (0, V ).
Suppose

I ′′I ≤ − (I ′)2

n− 1
− (n− 1)λ

in the viscosity sense on (0, V ), and suppose

lim sup
v→0+

v−
n−1
n I(v) ≤ n|Bn|1/n.

Then
V ≤ λ−n/2|Sn|.

Proof Set
ψ = I

n
n−1 .

Applying the chain rule to positive upper test functions for I , the preceding viscosity inequality is equivalent to

ψ′′ ≤ −nλψ
2−n
n

in the viscosity sense. The small-volume assumption gives

ψ′
+(0) := lim sup

v→0+

ψ(v)

v
≤ n

n
n−1 |Bn|

1
n−1 = n|Sn−1|

1
n−1 .

For ζ > 0 define

µ(r) =
sin(

√
λr)√
λ

, vζ(r) = ζ

ˆ r

0
µ(s)n−1 ds, 0 ≤ r ≤ π√

λ
,
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and define the model profile Iζ by
Iζ(vζ(r)) = ζµ(r)n−1.

Let ψζ = I
n/(n−1)
ζ . Since

ψζ(vζ(r)) = ζ
n

n−1µ(r)n,
dvζ
dr

= ζµ(r)n−1,

direct differentiation gives
ψ′′
ζ = −nλψ

2−n
n

ζ , (ψζ)
′
+(0) = nζ

1
n−1 .

The existence interval of Iζ has length

Vζ = ζ

ˆ π/
√
λ

0
µ(s)n−1 ds.

For ζ = |Sn−1|, this is exactly λ−n/2|Sn|.
Assume by contradiction that V > λ−n/2|Sn|. Choose ζ > |Sn−1| so close to |Sn−1| that Vζ < V . Then

(ψζ)
′
+(0) > ψ′

+(0), so ψ < ψζ on (0, δ) for some δ > 0. If the two functions first meet at a ∈ (0, Vζ), then on
(0, a)we haveψ < ψζ . Since the function s 7→ −nλs(2−n)/n is increasing on (0,∞), the differencew = ψ−ψζ

satisfies w′′ < 0 in the viscosity sense on (0, a). Thus w is strictly concave there. But w(0) = w(a) = 0 and
w < 0 on (0, a), which is impossible for a concave function. Hence ψ < ψζ on (0, Vζ). Since ψζ(Vζ) = 0

while Vζ < V and I > 0 on (0, V ), continuity gives a contradiction at Vζ . Therefore V ≤ λ−n/2|Sn|. ♦
Proof of the volume part of Theorem 5.2.14 Normalize min

Ñ
ũ = 1 and set

V0 =

ˆ
Ñ
ũθ.

The profile I satisfies (5.2.17). Since ũ attains its minimum at some point p̃, small geodesic balls centered at p̃
satisfy ˆ

Br(p̃)
ũθ = |Bn|rn +O(rn+1),

ˆ
∂Br(p̃)

ũα = n|Bn|rn−1 +O(rn).

Since these balls are admissible competitors for I , it follows that

lim sup
v→0

v−
n−1
n I(v) ≤ n|Bn|1/n.

Lemma 5.2.21 applied with V = V0 therefore gives

V0 ≤ λ−n/2|Sn|.

Since ũ ≥ 1, we have
|Ñ | ≤

ˆ
Ñ
ũθ = V0 ≤ λ−n/2|Sn|.

If equality holds, then
´
Ñ
ũθ = |Ñ | and ũ ≥ 1, hence ũ ≡ 1. The spectral inequality becomes the pointwise

Ricci bound Ric
Ñ

≥ (n − 1)λ, and the equality case in the classical Bishop–Gromov theorem gives that Ñ is
the round sphere of radius λ−1/2. ♦

We need a comparison of distance.

Lemma 5.2.22

♠

Let ϕ : M → Rn+1 be the immersion and g̃ = r−2g and g = ϕ∗(δ) with 0 ∈ M . Given two points
p, q ∈M with dg̃(p, q) ≤ D, we have r(p) ≤ eDr(q).
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Proof Let α be a curve joining p and q with length D + ε. Then, we have

log r(p)− log r(q) =

ˆ
〈∇r, α′(t)〉
r(α(t))

dt ≤
ˆ |α′(t)|g

r
dt

=

ˆ
|α′(t)|g̃dt̃ = D + ε.

♦
Proof of the Euclidean volume-growth estimate

Let Mn ↪→ Rn+1 be as in the theorem, where n = 3 or n = 4. We fix any point x0 ∈ M and suppose
x0 = 0 after a translation. Let g̃ = r−2g, where r(x) = |x|.

The preceding spectral estimates and µ-bubble constructions give the following dimension-dependent con-
stants. There existLn, An, Dn <∞ such that, wheneverN is a compact collar in (M, g̃)with dg̃(∂−N, ∂+N) ≥
Ln, one can find a smooth µ-bubble component Σ which separates ∂−N from ∂+N , lies in B̃Ln(∂−N), and
satisfies

|Σ|g̃ ≤ An, diamg̃(Σ) ≤ Dn.

For n = 3 and n = 4 this follows from the µ-bubble reduction in Theorem 5.2.8 together with the spectral Ricci
estimates in §5.2.6.

For any ρ > 0, choose R large such that

dg̃(∂B
M
ρ , ∂BM

R ) ≥ Ln.

SetN = BM
R \BM

ρ , with ∂−N = ∂BM
ρ and ∂+N = ∂BM

R , and apply the preceding paragraph. If x ∈ Σ, then
there is y ∈ ∂BM

ρ with dg̃(x, y) ≤ Ln. By the distance comparison lemma,

r(x) ≤ eLnr(y) ≤ eLnρ.

Therefore Σ ⊂ BCnρ in the Euclidean metric. Since g = r2g̃, the induced measures on the (n−1)-dimensional
hypersurface Σ satisfy dµg = rn−1dµg̃, and hence

|Σ|g ≤ (Cnρ)
n−1|Σ|g̃ ≤ Cnρ

n−1.

Since M is simply connected and has one end [CSZ97], the side of Σ containing BM
ρ (x0) is a compact

region. Let Ωρ denote this region; then BM
ρ (x0) ⊂ Ωρ and ∂Ωρ = Σ. The Michael–Simon isoperimetric

inequality for minimal submanifolds [MS73] gives

|Ωρ|g ≤ Cn|Σ|
n

n−1
g .

Consequently,
|BM

ρ (x0)| ≤ |Ωρ|g ≤ Cn|Σ|
n

n−1
g ≤ Cnρ

n.

♦

5.2.7 Mazet’s proof in the ambient space R6

Here R6 means the hypersurface dimension is 5. Mazet [Maz24] proves that every complete, connected,
two-sided stable minimal immersion

M5 ↪→ R6

is flat. The proof follows the Chodosh–Li–Minter–Stryker strategy [CLMS25], but with one extra parameter in
the curvature quantity. This extra parameter is the weighted bi-Ricci curvature.

Let (Nm, g) be a Riemannian manifold, and let {e1, . . . , em} be an orthonormal basis. For α ∈ R, Mazet
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defines the α-weighted bi-Ricci curvature by

BRicα(e1, e2) :=

m∑
i=2

R(e1, ei, ei, e1) + α

m∑
j=3

R(e2, ej , ej , e2).

Its pointwise minimum is
Λα(p) := min

e,f∈TpN
|e|=|f |=1, ⟨e,f⟩=0

BRicα(e, f).

When α = 1, this is the usual bi-Ricci curvature:

BRic1(e1, e2) = Ric(e1, e1) + Ric(e2, e2)−R(e1, e2, e2, e1).

Thus α lets one change the relative weight of the curvature directions which are tangent to the eventual µ-bubble.
The first step is the same conformal change as before. Remove the points where the immersion hits the

origin and set
g̃ = r−2g, N :=M \ F−1(0).

The Gulliver–Lawson observation is that (N, g̃) is complete. Mazet’s main spectral estimate says that, in di-
mension 5, one can choose

a =
11

10
, α =

40

43
, δ =

3

10
,

so that the stability inequality implies the following weighted bi-Ricci spectral lower bound:ˆ
N
|∇̃ϕ|2 dµ̃ ≥ 1

a

ˆ
N
V ϕ2 dµ̃, V ≥ δ − Λ̃α, ϕ ∈ C1

c (N).

Equivalently, ˆ
N

(
a|∇̃ϕ|2 + (Λ̃α − δ)ϕ2

)
dµ̃ ≥ 0.

So (N, g̃) does not have a pointwise lower bound Λ̃α ≥ δ, but it has the corresponding spectral lower bound.
The second step is to build a weighted µ-bubble in a long annulus of (N, g̃). The bubble is a hypersurface

Σ4 = ∂Ω

which separates the inner and outer boundary of the annulus. The second variation of the weighted µ-bubble
turns the spectral BRicα bound on N into a spectral Ricci bound on Σ. More precisely, if

λΣ(x) := min
|v|=1

RicΣ(v, v),

then the induced metric on Σ satisfies an inequality of the formˆ
Σ

(
4

(4− a)α
|∇φ|2 + λΣφ

2

)
dµΣ ≥ δ

2α

ˆ
Σ
φ2 dµΣ.

For Mazet’s parameters,
4

(4− a)α
=

43

29
<

3

2
=
k − 1

k − 2
, k = dimΣ = 4.

This is the numerical point that allows the Antonelli–Xu spectral Bishop–Gromov theorem [AX24] to be applied
to the 4-dimensional bubble. It gives a uniform g̃-volume bound for Σ.

Finally one returns to the original metric g. If Σ is chosen around BM
ρ (p0), the conformal collar bound

gives
r ≤ Cρ on Σ,

so the g̃-volume bound for Σ becomes a g-area bound

|Σ|g ≤ Cρ4.
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Since M has one end, one can choose the relevant component of Σ to enclose BM
ρ (p0). The Michael–Simon–

Brendle isoperimetric inequality [MS73, Bre21] on minimal hypersurfaces then gives

|BM
ρ (p0)| ≤ C|Σ|5/4g ≤ Cρ5.

This is the Euclidean volume growth needed by the Schoen–Simon–Yau stable Bernstein theorem. Hence M5

is flat. In short, the new feature in R6 is that the weighted curvature BRic40/43 creates just enough spectral Ricci
positivity on the 4-dimensional µ-bubble for Antonelli–Xu’s volume estimate to close.

5.3 Green-kernel proof of the stable Bernstein theorem in R4

The Green-kernel proof of the stable Bernstein theorem in R4 is due to Cabré–Catino–Mari–Mastrolia–
Roncoroni [CCM+26]. The key point is that this proof does not use µ-bubbles. Instead, it combines:

1. the positive supersolution furnished by stability;
2. the minimal positive Green kernel G of −∆M ;
3. a sharp pointwise estimate for |∇G | obtained from Bochner–Kato and a simple convexity lemma;
4. a weighted Schoen–Simon–Yau inequality;
5. a logarithmic cut-off in the variable G .

Theorem 5.3.1 (Stable Bernstein in R4)

♥

Let M3 ↪→ R4 be a connected, complete, two-sided, stable minimal immersion. Then M is an affine
hyperplane.

Reduction to bounded curvature. It is enough to prove the theorem under the auxiliary assumption

|A| ∈ L∞(M).

Indeed, if the theorem were false, then |A| is nonzero somewhere. If |A| is globally bounded, we are already in
the bounded-curvature case. If not, one performs the standard point-picking argument on intrinsic ballsBM

j (p0):
choose qj and a scale λj = |A(qj)| → ∞ so that, after replacing the immersion by

Fj(x) = λj
(
F (x)− F (qj)

)
,

the rescaled hypersurfaces have |Aj |(qj) = 1 and uniformly bounded curvature on larger and larger intrinsic
balls around qj . Stability and minimality are scale invariant, so a smooth local compactness theorem gives a
complete, two-sided, stable minimal limit in R4 with bounded second fundamental form and |A|(0) = 1. The
bounded-curvature case below would force this limit to be flat, a contradiction.

Green kernel and stability supersolution. Let nowMn ↪→ Rn+1 be complete, two-sided, stable, and minimal,
with n ≥ 3, and assume |A| ∈ L∞(M). We keep n arbitrary until the last step. Stability meansˆ

M
|A|2φ2 dµ ≤

ˆ
M

|∇φ|2 dµ, φ ∈ Lipc(M). (5.3.1)

Equivalently, the operator −∆− |A|2 is nonnegative. By the positive solution characterization of nonnegative
Schrödinger operators, there exists a positive C2 function u such that

∆u+ |A|2u ≤ 0 on M. (5.3.2)

We next explain why the Green kernel exists. The needed potential-theoretic input is the following.
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Definition 5.3.2 (Parabolic and non-parabolic manifolds)

♣

Let (Nm, g) be a connected, complete, noncompact Riemannian manifold. We say that N is non-
parabolic if the Laplacian −∆N admits a positive minimal Green kernel: for some, equivalently for
every, point o ∈ N there is a function G(o, ·) > 0 on N \ {o} such that

∆NG(o, ·) = −δo,

in the distributional sense, andG is minimal among all positive fundamental solutions. If no such positive
Green kernel exists, N is called parabolic.
Equivalently,N is parabolic if every positive superharmonic function onN is constant; equivalently, the
Brownian motion on N is recurrent. Another useful equivalent criterion is the capacity criterion below.

Definition 5.3.3 (Capacity)

♣

For a compact set K ⋐ N , define its 2-capacity by

Cap2(K) := inf

{ˆ
N
|∇φ|2 dµ : φ ∈ C∞

c (N), φ ≥ 1 on a neighborhood of K
}
.

Then N is non-parabolic if and only if Cap2(K) > 0 for some nonempty compact set K; it is parabolic
if and only if Cap2(K) = 0 for every compact K.

Proposition 5.3.4 (Sobolev inequality implies non-parabolic)

♠

Let (Nm, g) be complete and noncompact, withm > 2. Suppose that there is a constant S > 0 such that(ˆ
N
|f |

2m
m−2 dµ

)m−2
m

≤ S

ˆ
N
|∇f |2 dµ ∀f ∈ C∞

c (N). (5.3.3)

Then N is non-parabolic.

Proof Choose a compact set K ⋐ N with |K| > 0. If φ ∈ C∞
c (N) and φ ≥ 1 near K, then

|K| ≤
ˆ
K
|φ|

2m
m−2 dµ ≤

ˆ
N
|φ|

2m
m−2 dµ.

Raising both sides to the power (m− 2)/m and using (5.3.3), we get

|K|
m−2
m ≤

(ˆ
N
|φ|

2m
m−2 dµ

)m−2
m

≤ S

ˆ
N
|∇φ|2 dµ.

Taking the infimum over all admissible φ gives

Cap2(K) ≥ S−1|K|
m−2
m > 0.

By the capacity criterion, N is non-parabolic. ♦

Proposition 5.3.5 (Minimal hypersurfaces of dimension n > 2 are non-parabolic)

♠Let Mn ↪→ Rn+1 be a complete minimal hypersurface with n > 2. Then M is non-parabolic.

Proof We use the sharp Michael–Simon Sobolev inequality of Brendle [Bre21]; in the present minimal hyper-
surface case it gives the following W 1,2 Sobolev consequence:(ˆ

M
|f |

2n
n−2 dµ

)n−2
n

≤ Cn

ˆ
M

|∇f |2 dµ.

Since n > 2, Proposition 5.3.4 applies and M is non-parabolic. ♦
For the theorem, Proposition 5.3.5 applies to our Mn, since n ≥ 3. Hence there exists a minimal positive
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Green kernel G of −∆ with pole o ∈M :

∆G = −δo, G > 0, G (x) → 0 as x→ ∞.

For a.e. s > 0, the level set
Σs := {G = s},

is smooth, and the Green flux identity gives ˆ
Σs

|∇G | dσ = 1. (5.3.4)

Indeed, applying the divergence theorem to {G > s} \ Bε(o) and letting ε → 0 gives exactly the mass of the
pole.

Ricci lower bound from the Gauss equation. Let {ei}ni=1 diagonalize A at a point, with principal curvatures
κi and

∑
i κi = 0. The traced Gauss equation gives

Ric(ei, ei) =
∑
j ̸=i

AiiAjj = −κ2i .

Thus, for every unit vector v,
Ric(v, v) = −|A(v, ·)|2.

Since A is trace-free,

κ2i =

∑
j ̸=i

κj

2

≤ (n− 1)
∑
j ̸=i

κ2j = (n− 1)(|A|2 − κ2i ),

and hence κ2i ≤ n−1
n |A|2. Therefore

Ric ≥ −n− 1

n
|A|2g. (5.3.5)

The key convexity lemma. We shall use the following elementary computation several times.

Lemma 5.3.6 (Subsolution from a subsolution and a supersolution)

♠

Let w, v > 0 be C2 functions on a domain Ω ⊂M satisfying

∆w +Ww ≥ 0, ∆v + V v ≤ 0.

For δ ≥ 0, set
ξδ = w1+δv−δ.

Then
∆ξδ ≥

(
δV − (1 + δ)W

)
ξδ + δ(1 + δ)

∣∣∣∇ log
w

v

∣∣∣2 ξδ. (5.3.6)

Proof Since ξδ = elog ξδ ,
∆ξδ = ξδ

(
∆log ξδ + |∇ log ξδ|2

)
.

Now
log ξδ = (1 + δ) logw − δ log v.

Using
∆logw =

∆w

w
− |∇ logw|2, ∆log v =

∆v

v
− |∇ log v|2,
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5.3 Green-kernel proof of the stable Bernstein theorem in R4

we get
∆log ξδ = (1 + δ)∆ logw − δ∆log v

≥ δV − (1 + δ)W − (1 + δ)|∇ logw|2 + δ|∇ log v|2.

Also,
|∇ log ξδ|2 = (1 + δ)2|∇ logw|2 + δ2|∇ log v|2

− 2δ(1 + δ) 〈∇ logw,∇ log v〉 .

Adding the last two displays gives

∆log ξδ + |∇ log ξδ|2 ≥ δV − (1 + δ)W + δ(1 + δ) |∇ logw −∇ log v|2 ,

which is (5.3.6). ♦

Pointwise gradient estimate for the Green kernel. We first record the local differential inequality for the
Green kernel.

Proposition 5.3.7 (Bochner–Kato subsolution for the Green kernel)

♠

Let
q = |∇G |, α =

n− 2

n− 1
, w = qα.

On the open set {q > 0} \ {o}, the function w satisfies

∆w +
n− 2

n
|A|2w ≥ 0. (5.3.7)

Proof Recall first the standard Bochner formula: for every smooth function f on a Riemannian manifold,
1

2
∆|∇f |2 = |∇2f |2 + 〈∇f,∇∆f〉+Ric(∇f,∇f).

We apply this to f = G on M \ {o}. Since ∆G = 0 away from the pole, the middle term vanishes. Hence
1

2
∆q2 = |∇2G |2 +Ric(∇G ,∇G ).

The refined Kato inequality for harmonic functions gives

|∇2G |2 ≥ n

n− 1
|∇q|2.

Together with the Ricci lower bound (5.3.5), this gives
1

2
∆q2 ≥ n

n− 1
|∇q|2 − n− 1

n
|A|2q2.

Since
1

2
∆q2 = q∆q + |∇q|2,

we subtract |∇q|2 and obtain
q∆q ≥ 1

n− 1
|∇q|2 − n− 1

n
|A|2q2. (5.3.8)

Now compute the Laplacian of w = qα:

∆w = αqα−1∆q + α(α− 1)qα−2|∇q|2

≥ αqα−2

[
1

n− 1
|∇q|2 − n− 1

n
|A|2q2

]
+ α(α− 1)qα−2|∇q|2,

where we used (5.3.8) in the second line. The coefficient of |∇q|2 is

α

(
1

n− 1
+ α− 1

)
= α

(
1

n− 1
+
n− 2

n− 1
− 1

)
= 0.
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5.3 Green-kernel proof of the stable Bernstein theorem in R4

Hence
∆w ≥ −αn− 1

n
|A|2qα = −n− 2

n
|A|2w,

which is exactly (5.3.7). ♦
Apply Lemma 5.3.6 to

W =
n− 2

n
|A|2, V = |A|2, v = u, δ ≥ 0.

For
ξδ = w1+δu−δ,

the coefficient of the zeroth-order |A|2ξδ term in Lemma 5.3.6 is

δV − (1 + δ)W =

[
δ − (1 + δ)

n− 2

n

]
|A|2 = 2δ − (n− 2)

n
|A|2.

Thus this coefficient is nonnegative when δ ≥ n−2
2 , and it vanishes exactly at the critical choice

δ =
n− 2

2
.

With this choice, 1 + δ = n
2 , and

ξ := wn/2u−(n−2)/2 = |∇G |
n(n−2)
2(n−1) u−

n−2
2

is subharmonic on {q > 0} \ U , where
U := {G > 1}.

Because |A| is bounded, (5.3.5) gives a lower Ricci bound, and the Cheng–Yau gradient estimate [CY75] applied
outside U gives

|∇G | ≤ CG .

We package the remaining two comparison-principle arguments into one lemma. First G is compared with the
stability supersolution u; this auxiliary estimate is used only to remove the negative power of u and prove ξ → 0

at infinity. Then ξ is compared directly with the harmonic barrier G .

Lemma 5.3.8 (Comparison of ξ with the Green kernel)

♠

There is a constant C0 > 0 such that

ξ ≤ C0G on M \ U.

Proof We first prove the auxiliary comparison

G ≤ Cu on M \ U.

Since G → 0 at infinity, the set Ū = {G ≥ 1} is compact. Choose C so large that

G ≤ Cu on ∂U.

This is possible because G = 1 on ∂U and u > 0 there. Let ΩR be a smooth exhaustion of M with Ū ⋐ ΩR,
and let GR be the Dirichlet Green function on ΩR with pole o. On the annular region ΩR \ Ū , the function GR

is harmonic and vanishes on ∂ΩR. Also,

∆(Cu) = C∆u ≤ −C|A|2u ≤ 0,

so Cu is superharmonic. On the boundary of ΩR \ Ū we have

GR ≤ G = 1 ≤ Cu on ∂U, GR = 0 ≤ Cu on ∂ΩR.

91



5.3 Green-kernel proof of the stable Bernstein theorem in R4

The comparison principle on the bounded annulus therefore gives

GR ≤ Cu on ΩR \ U.

Letting R→ ∞ and using GR ↑ G , we obtain

G ≤ Cu on M \ U.

This is where the first comparison is used. Combining it with |∇G | ≤ CG , we get

ξ ≤ CG
n(n−2)
2(n−1) u−

n−2
2 ≤ CG

n−2
2(n−1) → 0 as x→ ∞.

Now we perform the second comparison, this time between the subharmonic quantity ξ and a multiple of
the harmonic Green kernel G . Since Ū is compact and ξ is continuous up to ∂U , while G = 1 on ∂U , we can
choose C0 so large that

ξ ≤ C0G on ∂U.

Set
h := ξ − C0G .

OnM \U , the pole o is not present, so G is harmonic. Also ξ is subharmonic there, in the weak sense obtained
from the preceding pointwise computation by the standard regularization qτ = (q2 + τ)1/2 and then letting
τ ↓ 0. Hence

∆h = ∆ξ − C0∆G ≥ 0 on M \ U.

Thus h is subharmonic. Moreover,
h ≤ 0 on ∂U.

We now explain how the boundary condition at infinity is used. Since ξ(x) → 0 and G (x) → 0 as x→ ∞, for
every ε > 0 there is a compact set Kε ⊃ Ū such that

h(x) = ξ(x)− C0G (x) ≤ ξ(x) ≤ ε on M \Kε.

Choose a smooth bounded domain Ωε with Kε ⋐ Ωε. On the bounded annular domain Ωε \ Ū , the maximum
principle gives

h ≤ max{0, ε} = ε.

Indeed, the inner boundary gives h ≤ 0, and the outer boundary lies in M \Kε, where h ≤ ε. Letting ε ↓ 0,
we obtain h ≤ 0 on M \ U , namely ξ ≤ C0G . ♦

Taking the power 2/n yields the Green-kernel gradient estimate

|∇G |
n−2
n−1 ≤ Cu

n−2
n G

2
n on M \ U. (5.3.9)

Weighted Schoen–Simon–Yau inequality. Set

β =
n− 2

n
.

Simons’ identity and the refined Kato inequality for A give, on {|A| > 0},

|A|∆|A| ≥ 2

n
|∇|A||2 − |A|4.

Let w̃ = |A|β . Then

∆w̃ = β|A|β−1∆|A|+ β(β − 1)|A|β−2|∇|A||2

≥ β|A|β−2

[
2

n
|∇|A||2 − |A|4

]
+ β(β − 1)|A|β−2|∇|A||2.
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5.3 Green-kernel proof of the stable Bernstein theorem in R4

Again the gradient coefficient vanishes because
2

n
+ β − 1 =

2

n
+
n− 2

n
− 1 = 0.

Hence
∆w̃ +

n− 2

n
|A|2w̃ ≥ 0.

For 0 < t ≤ 1, (5.3.2) gives

∆ut = tut−1∆u+ t(t− 1)ut−2|∇u|2 ≤ −t|A|2ut.

Apply Lemma 5.3.6 to

w = w̃, v = ut, W =
n− 2

n
|A|2, V = t|A|2.

For δ ≥ 0, define
z = |A|β(1+δ)u−tδ.

Then
∆z ≥

(
tδ − (1 + δ)

n− 2

n

)
|A|2z.

Adding |A|2z to both sides,

∆z + |A|2z ≥ γ|A|2z, γ :=
2

n
+

(
t− n− 2

n

)
δ. (5.3.10)

Assume γ > 0. Using (5.3.1) with test function zψ and integrating by parts gives

0 ≤
ˆ
M

|∇(zψ)|2 − |A|2z2ψ2

=

ˆ
M
z2|∇ψ|2 −

ˆ
M
zψ2(∆z + |A|2z).

Together with (5.3.10),

γ

ˆ
M

|A|2z2ψ2 ≤
ˆ
M
z2|∇ψ|2.

Put
m := 1 + β(1 + δ).

Taking ψ = ϕm and using Young’s inequality,ˆ
M

|A|2mu−2tδϕ2m ≤ C

ˆ
M
u−2tδ|∇ϕ|2m, ϕ ∈ Lipc(M). (5.3.11)

Indeed, the right-hand side before Young is

C

ˆ
M

|A|2(m−1)u−2tδϕ2m−2|∇ϕ|2,

and this is bounded by
1

2

ˆ
M

|A|2mu−2tδϕ2m + C

ˆ
M
u−2tδ|∇ϕ|2m.

The parameter choice and the logarithmic cut-off. We now choose ϕ = η(G ). By the coarea formula,ˆ
M
u−2tδ|∇ϕ|2m =

ˆ
M
u−2tδ|η′(G )|2m|∇G |2m

=

ˆ ∞

0
|η′(s)|2m

[ˆ
Σs

u−2tδ|∇G |2m−1 dσ

]
ds.

(5.3.12)

The estimate (5.3.9) gives

u−tδ|∇G |β(1+δ) ≤ Cu−tδ+
(n−1)(n−2)

n2 (1+δ)G
2(n−1)

n2 (1+δ).
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5.3 Green-kernel proof of the stable Bernstein theorem in R4

We therefore impose

tδ =
(n− 1)(n− 2)

n2
(1 + δ).

Then
u−2tδ|∇G |2m−1 = |∇G |

(
u−tδ|∇G |β(1+δ)

)2
≤ C|∇G |G

4(n−1)

n2 (1+δ).

On Σs this becomes
u−2tδ|∇G |2m−1 ≤ C|∇G |s

4(n−1)

n2 (1+δ).

Using the flux identity (5.3.4), (5.3.12) becomesˆ
M
u−2tδ|∇η(G )|2m ≤ C

ˆ ∞

0
|η′(s)|2ms

4(n−1)

n2 (1+δ) ds.

For a logarithmic cut-off to close, we need
4(n− 1)

n2
(1 + δ) ≥ 2m− 1 = 1 +

2(n− 2)

n
(1 + δ).

This inequality has a nonnegative solution δ only for n = 3. In that case,

β =
1

3
, δ =

7

2
, t =

2

7
, m =

5

2
, γ =

1

2
.

Then (5.3.11) reads ˆ
M

|A|5u−2ϕ5 ≤ C

ˆ
M
u−2|∇ϕ|5. (5.3.13)

Also, the Green gradient estimate becomes

|∇G |1/2 ≤ Cu1/3G 2/3.

Therefore
u−1|∇G |3/2 ≤ CG 2,

and, on Σs,
u−2|∇G |4 = |∇G |

(
u−1|∇G |3/2

)2
≤ C|∇G |s4.

Hence ˆ
M
u−2|∇η(G )|5 ≤ C

ˆ ∞

0
|η′(s)|5s4 ds.

For R > 1, choose the logarithmic cut-off

ηR(s) =


0, 0 ≤ s ≤ R−2,

2 +
log s

logR
, R−2 < s < R−1,

1, s ≥ R−1.

Then |η′R(s)| = (s logR)−1 on (R−2, R−1) and 0 elsewhere. Putting ϕ = ηR(G ) in (5.3.13),ˆ
{G≥R−1}

|A|5u−2 ≤ C

ˆ
M
u−2|∇ηR(G )|5

≤ C

ˆ R−1

R−2

s4

s5(logR)5
ds

=
C

(logR)5

ˆ R−1

R−2

ds

s
=

C

(logR)4
.

Letting R→ ∞, the sets {G ≥ R−1} exhaust M up to the end, and the right-hand side tends to zero. Hence

|A|5u−2 ≡ 0.
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5.3 Green-kernel proof of the stable Bernstein theorem in R4

Since u > 0, we conclude A ≡ 0. Thus the immersion is totally geodesic, and the connected complete image is
an affine hyperplane in R4. This proves Theorem 5.3.1.
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Chapter 6 Applications to Positive Scalar Curvature and
General Relativity

We now turn to applications where stable minimal hypersurfaces are used as probes of scalar curvature.
The guiding mechanism is the Schoen–Yau dimension-reduction argument [SY79a, SY79b]: a stable minimal
hypersurface inside a manifold with a scalar-curvature lower bound inherits, after a conformal change, a related
lower bound in one lower dimension. This simple idea has two closely connected roles. In positive scalar
curvature it leads to topological obstructions such as Geroch’s conjecture. In mathematical general relativity it
becomes a tool for proving mass inequalities, beginning with the positive mass theorem and, in the negatively
curved setting, the Horowitz–Myers conjecture.

We first record the conformal calculation behind the descent argument, then explain how it proves the
positive-scalar-curvature obstruction for tori. The last two sections reinterpret the same method in general rel-
ativity: the asymptotically flat case leads to the positive mass theorem, while the asymptotically locally hy-
perbolic toroidal case leads to the Horowitz–Myers mass inequality. A convenient modern reference for the
positive-scalar-curvature part is Chodosh’s notes Stable minimal surfaces and positive scalar curvature.

6.1 The conformal Laplacian

Let (Xn, g) be a closed Riemannian manifold, n ≥ 3. We use the conformal Laplacian

Lg := −cn∆g +Rg, cn :=
4(n− 1)

n− 2
.

Here Rg is the scalar curvature of g. With our sign convention,ˆ
X
uLgu dµg =

ˆ
X
cn|∇u|2 +Rgu

2 dµg.

If
ĝ = u

4
n−2 g, u > 0,

then this is the same as writing ĝ = e2fg with

e2f = u
4

n−2 , f =
2

n− 2
log u.

For a general conformal change ĝ = e2fg, the scalar curvature formula is

Rĝ = e−2f
(
Rg − 2(n− 1)∆gf − (n− 1)(n− 2)|∇f |2

)
.

We now plug in f = 2
n−2 log u. First,

∇f =
2

n− 2

∇u
u
, |∇f |2 = 4

(n− 2)2
|∇u|2

u2
,

and
∆gf =

2

n− 2
∆g log u =

2

n− 2

(
∆gu

u
− |∇u|2

u2

)
.

Therefore
Rĝ = u−

4
n−2

[
Rg −

4(n− 1)

n− 2

(
∆gu

u
− |∇u|2

u2

)
− 4(n− 1)

n− 2

|∇u|2

u2

]
= u−

4
n−2

(
Rg −

4(n− 1)

n− 2

∆gu

u

)
.

https://web.stanford.edu/~ochodosh/Math258-min-surf.pdf


6.2 Conformal descent on a stable minimal hypersurface

The two |∇u|2/u2 terms cancel exactly: the first comes from −2(n − 1)∆gf , and the second comes from
−(n− 1)(n− 2)|∇f |2. Since cn = 4(n−1)

n−2 , we get

Rĝ = u−
n+2
n−2
(
−cn∆gu+Rgu

)
= u−

n+2
n−2Lgu. (6.1.1)

Lemma 6.1.1 (Positive first eigenvalue gives positive scalar curvature)

♠

If the first eigenvalue ofLg is positive, thenX admits a metric of positive scalar curvature in the conformal
class of g.

Proof Let u > 0 be the first eigenfunction:

Lgu = λ1u, λ1 > 0.

For ĝ = u4/(n−2)g, formula (6.1.1) gives

Rĝ = λ1u
− 4

n−2 > 0.

♦

Lemma 6.1.2 (Nonnegative scalar curvature, positive somewhere)

♠

Let Xn be closed, n ≥ 3. If Rg ≥ 0 and Rg > 0 somewhere, then X admits a metric of positive scalar
curvature.

Proof We show that λ1(Lg) > 0. For every nonzero φ,ˆ
X
φLgφdµg =

ˆ
X
cn|∇φ|2 +Rgφ

2 dµg ≥ 0.

Thus λ1 ≥ 0. If λ1 = 0, let u > 0 be a first eigenfunction. Then

0 =

ˆ
X
cn|∇u|2 +Rgu

2 dµg.

Both terms are nonnegative, so ∇u ≡ 0 and Rgu
2 ≡ 0. Since u > 0, this forces Rg ≡ 0, contradicting the

assumption that Rg > 0 somewhere. Hence λ1 > 0, and Lemma 6.1.1 applies. ♦

6.2 Conformal descent on a stable minimal hypersurface

Let (Nn+1, gN ) be a closed Riemannian manifold and let Σn ⊂ N be a closed, two-sided, stable minimal
hypersurface. Denote the induced metric on Σ by g. The stability inequality isˆ

Σ
|∇φ|2 dµg ≥

ˆ
Σ

(
|A|2 +RicN (ν, ν)

)
φ2 dµg, φ ∈ C∞(Σ). (6.2.1)

The Gauss equation, using H = 0, gives

RN = RΣ + 2RicN (ν, ν) + |A|2. (6.2.2)

Combining (6.2.1) and (6.2.2),̂

Σ
2|∇φ|2 +RΣφ

2 dµg ≥
ˆ
Σ
(RN + |A|2)φ2 dµg. (6.2.3)

This is the basic Schoen–Yau rearrangement.

Proposition 6.2.1 (Conformal descent)

♠

Assume RN > 0 and n ≥ 3. Then every closed, two-sided, stable minimal hypersurface Σn ⊂ Nn+1

admits a metric of positive scalar curvature.
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6.3 Geroch’s Conjecture by Dimension Reduction

Proof Since Σ is compact and RN > 0 on N , there is a number κ > 0 such that RN ≥ κ on Σ. From (6.2.3),ˆ
Σ
2|∇φ|2 +RΣφ

2 dµg ≥ κ

ˆ
Σ
φ2 dµg.

Because cn = 4(n− 1)/(n− 2) ≥ 2, we also haveˆ
Σ
cn|∇φ|2 +RΣφ

2 dµg ≥ κ

ˆ
Σ
φ2 dµg.

Thus the first eigenvalue of the conformal Laplacian Lg is positive. The claim follows from Lemma 6.1.1. ♦

Remark 6.2.2 (The surface case). When n = 2, the same rearrangement gives useful topological information
directly. Taking φ ≡ 1 in (6.2.3) gives ˆ

Σ
RΣ dµg = 2

ˆ
Σ
KΣ dµg > 0.

Hence χ(Σ) > 0 by Gauss–Bonnet. In particular a closed orientable stable minimal surface in a three-manifold
with RN > 0 is a union of two-spheres.

6.3 Geroch’s Conjecture by Dimension Reduction

The following theorem is the form of the Geroch conjecture used in the positive mass theorem. The dimen-
sion restriction comes only from the regularity theory for area-minimizing hypersurfaces: an area-minimizing
hypersurface in an n-manifold is smooth when n ≤ 7.

Theorem 6.3.1 (Geroch conjecture, Schoen–Yau)

♥

Let 3 ≤ n ≤ 7. Let Xn be a closed oriented smooth manifold. If there is a continuous map

F : X → Tn

of nonzero degree, then X admits no metric of positive scalar curvature.

Proof We argue by induction on n. The base n = 2 is Gauss–Bonnet: if a closed oriented surface maps to T2

with nonzero degree, then it has genus at least one, so it cannot carry a metric with positive Gaussian curvature.
Assume now 3 ≤ n ≤ 7, and suppose the theorem is known in dimension n−1. Let g be a positive-scalar-

curvature metric on X . Write
θ1, . . . , θn ∈ H1(Tn;Z)

for the standard degree-one cohomology classes, and set

ωi := F ∗θi ∈ H1(X;Z).

Since degF 6= 0,
ω1 ^ · · ·^ ωn 6= 0 in Hn(X;Z).

Let α = ωn. Its Poincare dual is a nonzero integral homology class in Hn−1(X;Z). Choose an area-
minimizing integral current Σ in this class. Since n ≤ 7, regularity theory implies that Σ is a smooth embedded
closed hypersurface, possibly with several components and integer multiplicities. It is oriented, two-sided,
minimal, and stable.

By Proposition 6.2.1, every component of Σ of dimension at least three admits a positive-scalar-curvature
metric; in the surface case, Remark 6.2.2 says that every component is a two-sphere.
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Now compute the cup product on Σ. Since [Σ] is Poincare dual to ωn,ˆ
Σ
ω1 ^ · · ·^ ωn−1 =

ˆ
X
ω1 ^ · · ·^ ωn 6= 0.

Therefore at least one connected component Σ0 hasˆ
Σ0

ω1 ^ · · ·^ ωn−1 6= 0.

Equivalently, the map
F0 := (F1, . . . , Fn−1)|Σ0 : Σ0 → Tn−1

has nonzero degree.
If n − 1 = 2, this contradicts the fact that Σ0 is a two-sphere. If n − 1 ≥ 3, then Σ0 carries a positive-

scalar-curvature metric by conformal descent, contradicting the induction hypothesis in dimension n− 1. This
proves the theorem. ♦

Corollary 6.3.2

♠

For 3 ≤ n ≤ 7 and for every closed oriented n-manifold Y , the connected sum

Tn#Y

admits no metric of positive scalar curvature.

Proof There is a degree-one map
Tn#Y → Tn

obtained by collapsing Y minus a ball to the connected-sum point and using the identity map on the torus side.
Theorem 6.3.1 applies. ♦

6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

We now explain how the Riemannian positive mass theorem is reduced to Corollary 6.3.2. We state the
time-symmetric version, which is the one governed by scalar curvature.

Remark 6.4.1 (Historical guide to the positive mass theorem). The time-symmetric, or Riemannian, positive
mass theorem was first proved by Schoen–Yau by the minimal-hypersurface method [SY79b, SY81]. In the
smooth dimension-reduction form of their argument, the regularity theory for area-minimizing hypersurfaces
gives the theorem for 3 ≤ n ≤ 7. Witten then gave a spinorial proof for spin asymptotically flat manifolds,
without this regularity dimension restriction [Wit81].

The later history is largely about removing the non-spin dimension restriction. Schoen–Yau proposed an all-
dimensional singular minimal-slicing approach [SY19], while Lohkamp’s cut-off/compactification observation
relates the Riemannian PMT to Geroch torus rigidity; this is the reduction used below. The generic-regularity
work culminating in Chodosh–Mantoulidis–Schulze–Wang pushes the minimal-hypersurface/Lohkamp route
to dimension 11 [CMSW25]. Bi–Hao–He–Shi–Zhu then proved the Riemannian PMT up to dimension 19

[BHH+26], and Brendle–Wang subsequently gave a dimension descent scheme which closes the Riemannian
theorem in arbitrary dimension [BW26a]. They also derived the spacetime positive energy theorem in arbitrary
dimension from the Riemannian theorem and Jang-type arguments [BW26b].

There are also alternative proofs and stability directions which are useful to keep mentally separate from
the reduction below. In dimension three, Bray–Kazaras–Khuri–Stern gave a harmonic-function proof of the
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

Riemannian PMT [BKKS22]. Stability versions ask whether small ADM mass forces the geometry to be close
to Euclidean space. Lee–Sormani proved pointed intrinsic-flat stability for rotationally symmetric asymptoti-
cally flat manifolds [LS14]. Huang–Lee–Sormani proved pointed intrinsic-flat stability for graphical hypersur-
faces in Euclidean space under natural technical hypotheses [HLS17]. Dong–Song proved a three-dimensional
stability theorem in the general asymptotically flat setting: if the mass of a chosen end tends to zero, then af-
ter removing subsets whose boundary areas tend to zero, the remaining spaces converge to Euclidean 3-space
in the pointed measured Gromov–Hausdorff topology [DS25]. The proof below records the classical smooth
Schoen–Yau/Lohkamp/Geroch mechanism, because that is the version whose topology is most visible from
stable minimal hypersurfaces.

Theorem 6.4.2 (Riemannian positive mass theorem, Schoen–Yau)

♥

Let 3 ≤ n ≤ 7. Let (Mn, g) be a complete one-ended asymptotically flat Riemannian manifold with
nonnegative scalar curvature. Then the ADM mass is nonnegative. If the mass is zero and the usual
rigidity hypotheses hold, then (M, g) is isometric to Euclidean space.

For a manifold with several asymptotically flat ends, the same conclusion is applied to one end at a time
after the standard reduction which compactifies or fills the other ends without changing the sign of the chosen
mass. We focus on the one-ended case because it contains the topological argument.

Recall the ADM mass of an end with asymptotically flat coordinates x:

mADM(g) =
1

2(n− 1)ωn−1
lim
r→∞

ˆ
Sr

(∂jgij − ∂igjj)ν
i dσ.

The nonnegativity part is the one whose topology is most transparent.

Definition 6.4.3 (AF coordinates and weighted Sobolev decay)

♣

Fix an asymptotically flat end and write its coordinate chart as

x = (x1, . . . , xn) :M \K → Rn \BR, r = |x|.

The symbol δ denotes the Euclidean metric in these coordinates. For a tensor T on the end and a number
τ > 0, we use

‖T‖p
Lp
−τ

:=

ˆ
M\K

∣∣(1 + r)τT
∣∣p(1 + r)−n dx,

and

‖T‖
Wk,p

−τ
:=

k∑
j=0

‖∂jT‖Lp
−τ−j

.

Thus T ∈ W k,p
−τ means that T decays like r−τ and its j-th coordinate derivatives decay like r−τ−j in

weighted Lp sense.
In particular, an AF metric of Sobolev type (p, q) means

gij − δij ∈W 2,p
−q , p > n, q >

n− 2

2
,

together with the integrability condition Rg ∈ L1 when the ADM mass is used. The condition p > n

gives enough Sobolev embedding to read the metric and first derivatives pointwise, while q > n−2
2 is the

decay threshold which makes the ADM mass stable under the density deformation.

Remark 6.4.4 (How this follows from the usual pointwise AF definition). If one starts instead from the
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6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

classical pointwise AF assumption of order τ ,

∂α(gij − δij) = O(r−τ−|α|), |α| ≤ 2,

then the weighted Sobolev hypothesis follows with every smaller decay rate q < τ . Indeed, for |α| ≤ 2,

‖∂α(g − δ)‖p
Lp
−q−|α|

≤ C

ˆ ∞

R
rp(q+|α|)r−p(τ+|α|)dr

r

= C

ˆ ∞

R
r−p(τ−q)−1 dr <∞.

Thus a C2 AF end of order τ > n−2
2 gives the Sobolev assumption needed below after choosing q with

n−2
2 < q < τ . Many analytic statements of the density theorem take this Sobolev condition as the defini-

tion of asymptotic flatness.

Remark 6.4.5 (Attribution of the compactification step). There are two different ideas which should not
be conflated. The original Schoen–Yau proof of the positive mass theorem uses a noncompact minimal hyper-
surface produced by a limiting Plateau argument. The more topological shortcut described below—cutting off
a negative-mass end, compactifying it to a torus, and then contradicting torus rigidity—is usually attributed
to Lohkamp’s compactification observation; see [Loh99]. Modern accounts phrase this as follows: using
Lohkamp’s idea, one can reduce the Riemannian positive mass theorem to the impossibility of R > 0 on
Tn#Xn; see the discussion in [LUY24].

Theorem 6.4.6 (Standard deformation to a negative harmonically flat end)

♥

Let (Mn, g) be complete, one-ended, and asymptotically flat, with Rg ≥ 0 and negative ADM mass
m < 0. Assume the usual decay for which the ADM mass and the weighted elliptic theory are valid,
including Rg ∈ L1; for instance one may work with the Sobolev AF condition in Definition 6.4.3. Then,
for every sufficiently small ε > 0, there is a complete asymptotically flat metric gε with the following
properties:

Rgε ≥ 0, |mADM(gε)−m| < ε,

and on some exterior coordinate region {r ≥ Rε},

gε = u
4

n−2
ε δ, ∆δuε = 0, uε = 1 + aεr

2−n +O∞(r1−n).

Moreover
mADM(gε) = 2aε.

Thus, if ε < −m/2, then aε < 0. In the positive-mass contradiction argument, we may therefore replace
the original metric by one which is conformally flat and scalar-flat near infinity, with negative harmonic
mass coefficient.

Here the notation in the conclusion is as follows. The function uε is a positive harmonic function on the
exterior Euclidean coordinate region, and aε is the coefficient of its leading r2−n term. The notation O∞(rβ)

is a shorthand for “big-O with all derivatives”. More precisely, if E = O∞(rβ), then for every multi-index α
there is a constant Cα such that, in the chosen exterior coordinates,

|∂αE| ≤ Cαr
β−|α| for r large.

Thus O∞(r1−n) means not only that the error itself is O(r1−n), but also that every coordinate derivative has
the corresponding differentiated decay; for example

∂αO∞(r1−n) = O(r1−n−|α|).
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This is stronger than ordinary O(r1−n) notation and is the form needed when differentiating the expansion
in the ADM mass or scalar-curvature computations. The equality mADM(gε) = 2aε is the standard ADM
normalization for a conformally flat end u4/(n−2)

ε δ.
Proof This is the standard density step in the positive mass theorem; see [Bar86, LLU23]. We spell out the
mechanism because it is the analytic part which precedes Lohkamp’s compactification.

Choose a large radial cut-off χλ on the asymptotically flat end, with χλ = 1 for r ≤ λ and χλ = 0 for
r ≥ 2λ. Let gEuc = δ be the Euclidean metric in the AF coordinates and set

gλ = χλg + (1− χλ)gEuc

on the end, extending it by g on the compact part. Thus gλ = g on a large compact set and gλ = δ for r ≥ 2λ.
The only scalar curvature error is in the annulus {λ ≤ r ≤ 2λ}. Define

Vλ := Rgλ − χλRg.

The basic estimate is
‖Vλ‖Lp

−q′−2
+ ‖Vλ‖Ln/2 + ‖Vλ‖L2n/(n+2) → 0 (6.4.1)

for every q′ < q with n−2
2 < q′ < n−2. The point is that the linear part of the scalar curvature at the Euclidean

metric is
DRδ(k) = ∂i∂jkij − ∂j∂jkii.

When kλ = χλ(g − δ), the terms with two derivatives on g − δ are exactly χλDRδ(g − δ); the remaining
terms contain at least one derivative of χλ and are supported in the annulus. Since |∇kχλ| ≤ Cλ−k there, and
g − δ ∈ W 2,p

−q , these commutator terms go to zero in the weighted norms above. The nonlinear terms in Rgλ

contain either (gλ − δ)∂2gλ or (∂gλ)2, and have the same decay. This proves (6.4.1).
For λ large, solve the conformal correction equation

−cn∆gλwλ + Vλwλ = 0, wλ → 1 on the chosen end, (6.4.2)

where cn = 4(n−1)
n−2 . The weighted Fredholm estimate for the Laplacian on an asymptotically flat end, together

with the smallness of Vλ in (6.4.1), gives a unique solution with

wλ − 1 ∈W 2,p
−q′ , ‖wλ − 1‖

W 2,p

−q′
→ 0.

Equivalently, writing wλ = 1 + ηλ, the equation is(
−cn∆gλ + Vλ

)
ηλ = −Vλ.

The operator on the left is a small perturbation of the AF Laplacian −cn∆gλ : W 2,p
−q′ → Lp

−q′−2, which is an
isomorphism for 0 < q′ < n − 2. Thus a Neumann-series/Fredholm argument solves for ηλ and gives the
norm estimate above. This is the only analytic input in the deformation step. Since p > n, weighted Sobolev
embedding gives ‖wλ − 1‖C0 → 0; after increasing λ we therefore have 1

2 ≤ wλ ≤ 2. Define

g̃λ := w
4

n−2

λ gλ.

The conformal scalar curvature formula gives

Rg̃λ = w
−n+2

n−2

λ

(
−cn∆gλwλ +Rgλwλ

)
= w

−n+2
n−2

λ (Rgλ − Vλ)wλ = χλRg w
− 4

n−2

λ ≥ 0.

Thus the scalar curvature sign is preserved. Since wλ stays uniformly bounded above and below and gλ is
uniformly equivalent to g, the new metric is complete.
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On the region r ≥ 2λ, we have gλ = δ and Vλ = 0, so (6.4.2) becomes

∆δwλ = 0.

Therefore g̃λ is harmonically flat there:

g̃λ = w
4

n−2

λ δ, wλ = 1 +Aλr
2−n +O∞(r1−n).

Here the “conformal mass formula” is the following elementary consequence of the ADM boundary integral. If
an AF metric g0 has mass mADM(g0) and

ĝ = u
4

n−2 g0, u = 1 +Ar2−n +O∞(r1−n),

then
mADM(ĝ) = mADM(g0) + 2A. (6.4.3)

Indeed, in the flat coordinates of the end, u4/(n−2) = 1 + 4A
n−2r

2−n + O∞(r1−n), so the extra contribution to
the ADM integrand is

∂j
(
(u4/(n−2) − 1)δij

)
− ∂i

(
(u4/(n−2) − 1)δjj

)
= −(n− 1)∂i(u

4/(n−2)),

and the boundary integral gives 2A.
Applying (6.4.3) with g0 = gλ gives

mADM(g̃λ)−mADM(gλ) = 2Aλ.

The equation for wλ then identifies this coefficient. Integrating

−cn∆gλwλ + Vλwλ = 0

over a large coordinate ball and letting the radius tend to infinity, using that gλ = δ near infinity, gives

0 = −cn lim
r→∞

ˆ
Sr

∂νwλ dσ +

ˆ
M
Vλwλ dµgλ .

Since ∂νwλ = −(n− 2)Aλr
1−n +O(r−n) and cn = 4(n−1)

n−2 , this becomes

2Aλ = − 1

2(n− 1)ωn−1

ˆ
M
Vλwλ dµgλ .

Hence
mADM(g̃λ)−mADM(gλ) = − 1

2(n− 1)ωn−1

ˆ
M
Vλwλ dµgλ ,

Here gλ is exactly Euclidean at infinity, so mADM(gλ) = 0; the integral above is precisely what produces the
new harmonic mass coefficient.

To see that this new mass is close to the original mass, one uses the standard mass-continuity lemma in
the density theorem. The construction gives g̃λ − g → 0 in W 2,p

−q′ for every n−2
2 < q′ < n − 2, and the scalar

curvatures also converge in L1:

Rg̃λ −Rg = χλRg

(
w

− 4
n−2

λ − 1
)
+ (χλ − 1)Rg.

The first term goes to zero because wλ → 1 uniformly and Rg is integrable on the AF end; the second goes to
zero because its support escapes to infinity. The ADM boundary integral is continuous under thisW 2,p

−q′ conver-
gence together with L1 scalar-curvature convergence: this is the usual Bartnik density mass lemma, obtained by
writing the mass integrand as the Euclidean linearization of scalar curvature plus quadratic terms, whose tails
are integrable when q′ > n−2

2 . Hence

mADM(g̃λ) → mADM(g) = m.

Choosing λ large, the mass of g̃λ therefore differs from m by less than ε.

103



6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

It remains only to identify the coefficient Aλ with the ADM mass. Set v = w
4/(n−2)
λ , so g̃λ,ij = vδij near

infinity. Since
v = 1 +

4Aλ

n− 2
r2−n +O(r1−n), ∂νv = −4Aλr

1−n + o(r1−n),

we compute
∂j g̃λ,ij − ∂ig̃λ,jj = −(n− 1)∂iv.

Substituting in the ADM formula yields

mADM(g̃λ) =
1

2(n− 1)ωn−1
lim
r→∞

ˆ
Sr

4Aλ(n− 1)r1−n dσ = 2Aλ.

Taking gε = g̃λ and aε = Aλ proves the theorem. ♦

Lemma 6.4.7 (Lohkamp cut-off on a negative harmonically flat end)

♠

Assume that on an exterior coordinate region {r ≥ R0} the metric is

g = u
4

n−2 δ, Rg ≥ 0, a < 0,

u = 1 + ar2−n + o(r2−n), ∇u = −(n− 2)ar1−n∂r + o(r1−n).

Then, after increasingR0 if necessary, one can replace u outside a large compact set by a smooth positive
function ū such that

ū = u near the compact core, ū ≡ c > 0 near infinity, ∆δū ≤ 0,

with strict inequality somewhere. Therefore

ḡ = ū
4

n−2 δ

has nonnegative scalar curvature on the end, has positive scalar curvature somewhere in the transition
region, and is exactly flat near infinity. Since ū = u on a full neighborhood of the inner matching sphere,
this replacement glues smoothly to the original metric on the compact part.

Proof The conformal scalar curvature formula on the flat background gives

Rg = −cnu−
n+2
n−2∆δu, cn =

4(n− 1)

n− 2
.

Since Rg ≥ 0, the conformal factor is superharmonic:

∆δu ≤ 0.

The negative coefficient a < 0 says that u approaches 1 from below. More precisely, for r sufficiently large,

∂ru = −(n− 2)ar1−n + o(r1−n) > 0.

After enlarging the compact core, choose ε > 0 and radii R1 < R2 so large that

u < 1− 3ε on a collar of SR1 , u > 1− ε for r ≥ R2,

and such that ∂ru > 0 throughout R1 ≤ r ≤ R2. Thus the transition set

1− 3ε < u < 1− ε

is contained in a compact annulus in the end, and |∇u| 6= 0 somewhere inside this transition set.
Choose a smooth function Ψ : R → R with the following properties:

Ψ(t) = t for t ≤ 1− 3ε, Ψ(t) = c for t ≥ 1− ε,

where c > 0, and
0 ≤ Ψ′ ≤ 1, Ψ′′ ≤ 0,

104



6.4 The Positive Mass Theorem and the Reduction to Geroch’s Conjecture

with Ψ′′ < 0 somewhere in (1 − 3ε, 1 − ε). Such a function is obtained by choosing a smooth nonincreasing
function θ : [1 − 3ε, 1 − ε] → [0, 1] which equals 1 near the left endpoint and 0 near the right endpoint, and
then setting

Ψ(t) = 1− 3ε+

ˆ t

1−3ε
θ(s) ds

on the transition interval, with the two constant/identity extensions above.
Now set

ū := Ψ(u)

on the end, and keep ū = u on the compact core. This is smooth across the inner matching region because
Ψ(t) = t wherever u ≤ 1− 3ε. It is positive because u > 0 and c > 0, and it is constant equal to c near infinity
because Ψ is constant for t ≥ 1− ε.

By the chain rule,
∆δū = Ψ′′(u)|∇u|2 +Ψ′(u)∆δu ≤ 0.

The inequality is strict somewhere in the transition annulus: there |∇u| 6= 0 at some point where Ψ′′(u) < 0.
This proves the desired superharmonic cut-off. Notice that no spherical symmetry is used here; the only inputs
are conformal flatness, superharmonicity, and the negative mass asymptotic.

Finally use the conformal scalar curvature formula with flat background metric. For any positive function
φ,

Rϕ4/(n−2)δ = −cnφ−
n+2
n−2∆δφ, cn =

4(n− 1)

n− 2
.

Applying this to φ = ū gives
Rḡ = −cnū−

n+2
n−2∆δū ≥ 0,

and it is positive somewhere. Since ū is constant near infinity, ḡ is flat there. ♦

Proposition 6.4.8 (Negative mass produces a PSC torus connected sum)

♠

If a one-ended asymptotically flat manifold (Mn, g), 3 ≤ n ≤ 7, has nonnegative scalar curvature and
negative ADM mass, then some closed manifold of the form

Tn#Y

admits a positive-scalar-curvature metric.

Proof First apply Theorem 6.4.6, choosing the deformation so that the mass remains negative. Then apply
Lemma 6.4.7 to the harmonically flat end. We obtain a new complete metric, still denoted by g, with the
following properties: Rg ≥ 0, Rg > 0 somewhere in a compact annulus in the chosen end, and on {r ≥ R2}
the metric is

g = c
4

n−2 δ

for a constant c > 0.
Choose a coordinate radius R with R0 < R < R2, and let KR :=M \ {r > R} be the compact manifold

obtained by cutting the chosen end at the coordinate sphere SR = ∂BR. Then choose L > R2 and let

QL = [−L,L]n ⊂ Rn.

Since every point of ∂QL has Euclidean radius at least L > R2, a whole collar of ∂QL lies in the exactly flat
region. Remove from M the part of the chosen end outside QL. Equivalently, the remaining compact manifold

105



6.5 The Horowitz–Myers Conjecture

with corners is
W = KR ∪SR

(QL \BR),

where QL \ BR is read in the asymptotic coordinate chart. The outer boundary of this fundamental domain is
the boundary of the cube QL.

Now identify opposite faces of ∂QL by the translations

(x1, . . . , xi = L, . . . , xn) ∼ (x1, . . . , xi = −L, . . . , xn), i = 1, . . . , n.

These translations are isometries for the constant flat metric c4/(n−2)δ. Hence the metric descends smoothly
across the identified faces. There is no corner singularity: the cube is only a fundamental domain for the standard
smooth quotient QL/∼= Tn, and the metric is the translation-invariant flat metric in a neighborhood of the
boundary faces.

Let X be the closed quotient. We next identify its topology. Form the closed manifold

Y := KR ∪SR
BR.

On the other hand, after the opposite faces of QL are identified, QL becomes Tn, and the image of the interior
ball BR is an embedded ball in this torus. Therefore

X = KR ∪SR

(
(QL \BR)/∼

)
' Y#Tn.

This is the promised torus connected sum.
The scalar curvature statement is local, so it survives the quotient. Thus the induced metric on X has

R ≥ 0 everywhere and R > 0 somewhere. By Lemma 6.1.2, the closed manifold X admits a metric with
R > 0 everywhere. Since X ' Tn#Y , this proves the proposition. ♦
Proof of the nonnegativity statement in Theorem 6.4.2 Suppose, to the contrary, that the mass is negative.
By Proposition 6.4.8, some Tn#Y admits a positive-scalar-curvature metric. This contradicts Corollary 6.3.2.
Hence the ADM mass is nonnegative. ♦

Remark 6.4.9 (Rigidity). The equality case is less topological but fits the same philosophy. If an asymptoti-
cally flat manifold withRg ≥ 0 has zero mass and is not Euclidean, one uses a conformal/deformation argument
to produce a new asymptotically flat metric with R ≥ 0 and strictly negative mass. This contradicts the non-
negativity just proved. In the original Schoen–Yau proof this is combined with the strong maximum principle
and the regularity theory for the minimizing hypersurfaces.

Remark 6.4.10 (Summary of the positive mass argument). The proof has three moving parts.
1. Stability plus the Gauss equation givesˆ

Σ
2|∇φ|2 +RΣφ

2 ≥
ˆ
Σ
(RN + |A|2)φ2.

This is the whole reason positive scalar curvature descends to a stable minimal hypersurface.
2. A nonzero-degree map to a torus supplies cohomology classes whose cup product remains nonzero after

passing to a Poincare-dual minimizing hypersurface.
3. A negative-mass end can be flattened to make a closed positive-scalar-curvature metric on Tn#Y , con-

tradicting Geroch.

6.5 The Horowitz–Myers Conjecture

The Horowitz–Myers conjecture [HM98] is a positive mass statement for spaces with negative cosmological
constant. The point of this section is to explain the Riemannian version proved by Brendle–Hung [BH24], and
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then to outline how their systolic inequality proves it.

6.5.1 From AdS energy to a Riemannian inequality

Recall first the analogy with the positive mass theorem. For asymptotically flat initial data, Euclidean space
is the reference geometry and the expected lower bound for the ADM mass is 0. With a negative cosmological
constant, the natural reference geometry is anti-de Sitter space. In spacetime language the Einstein equation is

Ricg − 1

2
Rgg + Λg = 8πT.

For AdS geometry one takes Λ < 0; in our normalization,

Λ = −n(n− 1)

2
.

On a time-symmetric spacelike slice, the second fundamental form vanishes and the Hamiltonian constraint
becomes a scalar-curvature condition. In vacuum it is

Rg = −n(n− 1),

and under the dominant energy condition it becomes

Rg ≥ −n(n− 1).

For asymptotically hyperbolic data with spherical conformal infinity, the ground state is pure AdS, whose
time-symmetric slice is hyperbolic space. The Horowitz–Myers phenomenon begins when the conformal infinity
is toroidal. In that case the product hyperbolic end is not the expected lowest-energy geometry. One circle
direction at infinity can fill in smoothly in the interior, producing the AdS soliton on R2 × Tn−2. This metric
has negative mass relative to the product hyperbolic end. The conjecture says that, among metrics with the same
toroidal asymptotics and Rg ≥ −n(n− 1), the AdS soliton has the least possible mass.

6.5.2 The Brendle–Hung mass inequality

Let γ be a flat metric on S1 × Tn−2. The model end is

ḡ = r−2dr2 + r2γ

on (r0,∞)× S1 × Tn−2. An asymptotically Horowitz–Myers end has an expansion

g = ḡ + r2−nQ+ o(r2−n),

where Q is a symmetric 2-tensor on S1 × Tn−2. The quantityˆ
S1×Tn−2

n trγ QdVγ

is the mass term in the normalization used here.
There is also a systolic quantity built into the toroidal end. Let ξ : S1×Tn−2 → S1 be the circle projection

and let Ξ be the pullback of the volume form on S1. Define

σ = inf

{
lengthγ(α) : α ⊂ S1 × Tn−2 closed and

ˆ
α
Ξ 6= 0

}
.

Thus σ is the length of the shortest loop which winds nontrivially in the distinguished S1-direction.

Theorem 6.5.1 (Horowitz–Myers mass inequality, Brendle–Hung)
Let 3 ≤ n ≤ 7, and let γ be a flat metric on S1 × Tn−2. Let

ḡ = r−2dr2 + r2γ

107



6.5 The Horowitz–Myers Conjecture

♥

on (r0,∞)×S1×Tn−2, and letQ be a symmetric 2-tensor on S1×Tn−2. Suppose (N, gN ) is a smooth
n-manifold such that:

(1) N \ E ∼= (r0,∞)× S1 × Tn−2 for some compact set E ⊂ N ;
(2) the Tn−2-projection on the end extends smoothly to a map N → Tn−2;
(3) on the end,

|gN − ḡ − r2−nQ|ḡ = o(r−n), |D̄(gN − ḡ − r2−nQ)|ḡ = o(r−n);

(4) RgN ≥ −n(n− 1).
Then ˆ

S1×Tn−2

n trγ(Q) dVγ ≥ −
ˆ
S1×Tn−2

(
4π

nσ

)n

dVγ .

The left-hand side is the Horowitz–Myers mass term. The right-hand side is the mass of the corresponding
AdS soliton. The rigidity statement, proved by Brendle–Hung in a subsequent work [BH25], says that equality
forces the metric to be locally isometric to a Horowitz–Myers metric.

6.5.3 The systolic boundary inequality

The mass inequality is proved by cutting off the end and applying a sharp boundary inequality to the re-
sulting compact manifold. We state that inequality in the compact form in which it is used.

Let M be a compact, connected, orientable n-manifold with nonempty boundary. Suppose

ξ : ∂M → S1, θ = (θ1, . . . , θn−2) : ∂M → Tn−2

are smooth maps such that (ξ, θ) : ∂M → S1 × Tn−2 has nonzero degree. Let Ξ = ξ∗(dθS1), where dθS1 is
the volume form of the circle. Similarly, let Θj = θ∗j (dθj) denote the pulled-back volume forms from the circle
factors of Tn−2. Define σ to be the shortest length of a closed curve α ⊂ ∂M with

´
α Ξ 6= 0. Let H∂M be the

mean curvature of ∂M with respect to the outward unit normal η.

Theorem 6.5.2 (Brendle–Hung systolic boundary inequality)

♥

Let 3 ≤ n ≤ 7, let β > n, and let ϕ ∈ C∞(M). If

−2∆Mϕ− β − n+ 1

β − n
|∇Mϕ|2 +RM + β(β − 1) ≥ 0,

then

2σβ inf
∂M

(
〈∇Mϕ, η〉+H∂M − (β − 1)

)
≤
(
4π

β

)β

.

For the mass theorem, one only needs the scalar-curvature consequence obtained by taking ϕ ≡ 0 and
letting β → n.

Corollary 6.5.3 (Scalar-curvature boundary inequality)

♠

With the same topological notation, if RM ≥ −n(n− 1), then

2σn inf
∂M

(H∂M − (n− 1)) ≤
(
4π

n

)n

.
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6.5.4 The AdS soliton and sharpness

The sharp example is the Horowitz–Myers, or AdS soliton, metric. Geometrically one should picture the
S1-factor at infinity as a polar-angle direction which collapses smoothly in the interior. Thus the underlying
manifold is R2 × Tn−2, while the conformal infinity is S1 × Tn−2.

For simplicity, assume that (S1, gS1) has length 4π/n. On (1,∞)× S1 × Tn−2, set

g =
1

ρ2(1− ρ−n)
dρ2 + ρ2(1− ρ−n)gS1 + ρ2gTn−2 .

With the substitution

ρ =

(
cosh

nρ̃

2

)2/n

,

this becomes

g = dρ̃2 +

(
cosh

nρ̃

2

)4/n
[(

tanh
nρ̃

2

)2

gS1 + gTn−2

]
.

Near ρ̃ = 0, the first two directions look like

dρ̃2 +

(
nρ̃

2

)2

gS1 .

The choice length(S1) = 4π/n is exactly the no-cone-angle condition, so the metric extends smoothly across
the collapsed circle. The resulting metric has scalar curvature

Rg = −n(n− 1).

To compare it with the asymptotic model, define r by

ρn/2 = rn/2
(
1 +

1

4
r−n

)
.

Then

g = r−2dr2 + r2
(
1 +

1

4
r−n

)4/n−2(
1− 1

4
r−n

)2

gS1 + r2
(
1 +

1

4
r−n

)4/n

gTn−2

= r−2dr2 + r2
(
1− n− 1

n
r−n

)
gS1 + r2

(
1 +

1

n
r−n

)
gTn−2 + o(r−n).

Thus the tensor Q is
Q = −n− 1

n
gS1 +

1

n
gTn−2 ,

and
trγ Q = − 1

n
.

Since σ = 4π/n, the right-hand side in Theorem 6.5.1 is exactly the mass of this metric. Hence the inequality
is sharp.

6.5.5 How the Brendle–Hung proof works

We keep the proof in three parts. The first part converts the boundary inequality into the mass inequality.
The second part proves the boundary inequality by dimension reduction. The final part is the two-dimensional
endpoint, where the sharp constant is computed.

Step 1: from the boundary inequality to the mass inequality.

109



6.5 The Horowitz–Myers Conjecture

The goal is to prove Theorem 6.5.1:ˆ
S1×Tn−2

n trγ QdVγ ≥ −
ˆ
S1×Tn−2

(
4π

nσ

)n

dVγ .

The compact input is Corollary 6.5.3. Thus we need to cut off the end of N in such a way that the boundary
mean curvature sees the mass aspect.

Choose u and a constant µ on S1 × Tn−2 by

∆γu+
n

2
trγ Q+ µ = 0,

ˆ
S1×Tn−2

u dVγ = 0.

Equivalently, ˆ
S1×Tn−2

(n trγ Q+ 2µ) dVγ = 0.

For large r̂, cut off the end by the graph

N̂ = N ∩ {r ≤ r̂ + r̂3−nû}, û = u ◦ π.

The reason for using this graph, rather than the coordinate torus {r = r̂}, is that the graph makes the first
nontrivial term in the mean curvature constant. The two estimates one needs are

D2û = D2
γu− r−1(dr ⊗ dû+ dû⊗ dr) +O(r−n−1)

and
D2r = rg − n

2
r3−nQ+ o(r1−n).

Substituting these into the level-set formula

H
∂N̂

=
tr

∂N̂
D2(r − r̂3−nû)

|D(r − r̂3−nû)|
gives

H
∂N̂

= (n− 1) + r̂−nµ+ o(r̂−n).

Therefore Corollary 6.5.3 applied to N̂ gives

2σ̂nr̂−nµ ≤
(
4π

n

)n

+ o(1),

where σ̂ is the boundary systole on ∂N̂ . Since

r̂−2g
∂N̂

→ γ,
σ̂

r̂
→ σ,

we pass to the limit and recover the mass inequality. Equivalently, one may argue by contradiction: if the mass
integral were too negative, then for some ε > 0,

2(1− ε)n+1σnµ ≥
(
4π

n

)n

,

whereas the boundary inequality gives

2(1− ε)σ̂nr̂−nµ ≤
(
4π

n

)n

for large r̂. Hence σ̂/r̂ ≤ (1− ε)σ, contradicting σ̂/r̂ → σ.

Step 2: dimensional reduction for the systolic inequality.
The goal is now Theorem 6.5.2. The proof reduces the n-dimensional boundary inequality to a two-

dimensional one by repeatedly taking free-boundary hypersurfaces which preserve the relevant cohomological
information.

The inductive object is a pair (Σk, ϕk), where Σk has boundary and carries the nontrivial topological
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information coming from Ξ,Θ1, . . . ,Θk−2. The pair is required to satisfy

Ek(ϕk, gk) := −2∆Σk
ϕk −

β − k + 1

β − k
|∇Σk

ϕk|2 +RΣk + β(β − 1) ≥ 0,

and the boundary term is
Bk := ∂ηϕk +H∂Σk .

Starting with Σn =M and ϕn = ϕ, the reduction step is:

Reduction proposition.
Assume Ek(ϕk, gk) ≥ 0 and Bk ≥ 0. Then there is a compact free boundary hypersurface Σk−1 ⊂ Σk,

stable for the weighted area functional

Ak(S) =

ˆ
S
eφk dAgk ,

and a function ϕk−1 on Σk−1, such that

Ek−1(ϕk−1, gk−1) ≥ 0

and
∂ηϕk−1 +H∂Σk−1 = ∂ηϕk +H∂Σk .

The hypersurface is chosen in the homology class detected by the remaining forms, so the relevant systole cannot
decrease in the direction needed for the final inequality.

Let us indicate why the differential inequality is preserved. Write Σ̄ = Σk, Σ̃ = Σk−1, and ϕ̄ = ϕk|Σ̃. All
geometric quantities below are computed in the original metric gk. If ν̃ is the unit normal of Σ̃ ⊂ Σ̄, then the
second variation of Ak gives, for every smooth test function ζ,

0 ≤
ˆ
Σ̃
eφ̄
(
|∇̃ζ|2 −

(
Ric(ν̃, ν̃) + |Ã|2

)
ζ2 + ∇̄2ϕ̄(ν̃, ν̃)ζ2

)
−
ˆ
∂Σ̃
eφ̄A∂Σ̄(ν̃, ν̃)ζ

2.

Here Ã is the second fundamental form of Σ̃ ⊂ Σ̄. The usual Gauss equation and the free-boundary relation
give

|Ã|2 +Ric(ν̃, ν̃) =
1

2

(
R̄− R̃+ |Ã|2 + H̃2

)
≥ 1

2

(
R̄− R̃+ H̃2

)
,

and
A∂Σ̄(ν̃, ν̃) = H∂Σ̄ −H

∂Σ̃
.

Thus the stability inequality may be weakened to

0 ≤
ˆ
Σ̃
eφ̄
(
|∇̃ζ|2 − 1

2
(R̄− R̃+ H̃2)ζ2 + ∇̄2ϕ̄(ν̃, ν̃)ζ2

)
−
ˆ
∂Σ̃
eφ̄(H∂Σ̄ −H

∂Σ̃
)ζ2.

By the first-eigenfunction argument for this Robin problem, there is a positive function ω on Σ̃ and a number
λ ≥ 0 such that

− divΣ̃(eφ̄∇̃ω)− 1

2
(R̄− R̃+ H̃2)eφ̄ω + eφ̄∇̄2ϕ̄(ν̃, ν̃)ω

= λeφ̄ω ≥ 0,

with boundary condition
∂ηω − (H∂Σ̄ −H

∂Σ̃
)ω = 0.
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Define
ϕ̃ = ϕk−1 := ϕ̄+ logω.

The Schoen–Yau rearrangement of the stability inequality gives

− 2∆̃ϕ̃+ R̃− |∇̃ϕ̃|2

≥ −2∆̄ϕ̄+ R̄− |∇̄ϕ̄|2 + |∇̃ϕ̄− ∇̃ϕ̃|2.
The only algebraic point is

|a− b|2 + p|a|2 ≥ p

1 + p
|b|2.

Taking p = 1/(β − k) gives

|∇̃ϕ̄− ∇̃ϕ̃|2 + 1

β − k
|∇̃ϕ̄|2 ≥ 1

β − k + 1
|∇̃ϕ̃|2.

Therefore
− 2∆̃ϕ̃+ R̃−

(
1 +

1

β − k + 1

)
|∇̃ϕ̃|2 + β(β − 1)

≥ −2∆̄ϕ̄+ R̄−
(
1 +

1

β − k

)
|∇̄ϕ̄|2 + β(β − 1) ≥ 0.

This is exactly the inequality Ek−1 ≥ 0. The boundary equality follows directly from the Neumann condition
for ω:

∂ηϕ̃+H∂Σk−1 = ∂ηϕ̄+H∂Σk .

Iterating the reduction either stops early, in which case the boundary infimum is already nonpositive and
the desired inequality is immediate, or reaches a surface (Σ2, ϕ2). In the latter case the boundary terms are the
same along the construction and, if σ2 is the corresponding systole on ∂Σ2, then σ ≤ σ2. The two-dimensional
estimate therefore gives

2σβ inf
∂M

(∂ηϕ+H∂M − (β − 1))

≤ 2σβ2 inf
∂Σ2

(∂ηϕ2 +H∂Σ2 − (β − 1)) ≤
(
4π

β

)β

.

Step 3: the two-dimensional endpoint and the monotonicity.
The dimension reduction leaves a sharp inequality on a surface. This is the only place where the numerical

constant (4π/β)β is produced explicitly.

Theorem 6.5.4 (Two-dimensional endpoint)

♥

Let Σ be a compact connected orientable surface with nonempty boundary. Let K be its Gaussian cur-
vature, κ the geodesic curvature of ∂Σ, and η the outward unit normal. Suppose

−2∆ψ − β − 1

β − 2
|∇ψ|2 + 2K + β(β − 1) ≥ 0.

Then:
(i) If Σ is diffeomorphic to a disk, then

2|∂Σ|β inf
∂Σ

(∂ηψ + κ− (β − 1)) ≤
(
4π

β

)β

.

(ii) If Σ is not diffeomorphic to a disk, then

inf
∂Σ

(∂ηψ + κ− (β − 1)) ≤ 0.
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The second case is proved by reducing further to a free-boundary geodesic. The main new estimate is the
disk case.

For the disk case define the parallel domains

Ωs = {x ∈ Σ : d(x, ∂Σ) > s}, γs = ∂Ωs, L(s) = H1(γs),

and let l = sup{s : Ωs 6= ∅}. Put

F (s) = tanh
βs

2
, G(s) =

(
cosh

βs

2

) 2(β−1)
β

.

For almost every s, the curve γs is piecewise smooth. If Γ(s) denotes its total curvature, then the comparison
geometry gives

L′(s) ≤ −Γ(s).

Since the connected components of Ωs are disks, Gauss–Bonnet gives

2π ≤ Γ(s) +

ˆ
Ωs

K.

Now define
I(s) = 2π − (β − 1)F (l − s)L(s) +

ˆ
Ωs

(∆ψ −K).

The fundamental monotonicity statement is

I ′(s)− (β − 1)F (l − s)I(s) ≥ 0 for a.e. s ∈ (0, l).

The computation is short enough to record the structure. Differentiate I , useL′(s) ≤ −Γ(s), use Gauss–Bonnet
to replace Γ(s), and use the scalar inequality to control the integral over γs. The last point is the elementary
estimate

β − 1

2(β − 2)
|∇ψ|2 + (β − 1)(β − 2)

2
F 2(l − s) ≥ (β − 1)F (l − s)|∇ψ|.

These inequalities combine to give
I ′(s) ≥ (β − 1)F (l − s)I(s).

Since
(logG)′(s) = (β − 1)F (s),

the equivalent formulation is

J(s) := G(l − s)I(s) =⇒ J ′(s) ≥ 0.

This is the monotonicity one should remember.
Finally J(0) ≤ J(l). Using Gauss–Bonnet on the original disk, this gives

2π ≥ G(l)

(ˆ
∂Σ

(∂ηψ + κ)− (β − 1)F (l)|∂Σ|
)
.

Let σ = |∂Σ| in the disk case. Write

a := inf
∂Σ

(∂ηψ + κ− (β − 1)) .

The preceding inequality controls the boundary average, hence also the infimum:

a ≤ 1

σ

ˆ
∂Σ

(∂ηψ + κ− (β − 1)) ≤ 2π

σG(l)
− (β − 1)(1− F (l)).

Multiplying by 2σβ gives

2σβa ≤ 4πσβ−1

G(l)
− 2(β − 1)(1− F (l))σβ .
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Since 0 ≤ F (l) < 1, we have

1− F (l) ≥ 1

2
(1− F 2(l)) =

1

2
G(l)

− β
β−1 .

Therefore
2σβa ≤ 4πσβ−1

G(l)
− (β − 1)

σβ

G(l)
β

β−1

.

Now set
x =

σ

G(l)1/(β−1)
.

The right-hand side becomes
4πxβ−1 − (β − 1)xβ .

This one-variable expression is maximized at x = 4π/β, and its maximum is(
4π

β

)β

.

This proves Theorem 6.5.4. Step 2 gives Theorem 6.5.2, Corollary 6.5.3 follows by taking ϕ ≡ 0 and β → n,
and Step 1 proves the Horowitz–Myers mass inequality.
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