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Abstract

We develop the fundamental tools from functional analysis and partial differential equations
to study the geometric and analytic aspects of triple junction hypersurfaces, a special class of
singular manifolds whose boundaries are identified in a particular manner. We define some
useful spaces on such singular objects and describe a kind of second-order elliptic operator
defined on these function spaces. We extend the standard results in PDE theory for second-
order elliptic operators on smooth Riemannian manifolds, including existence, regularity,
spectrum theory, etc., to our singular setting. After that, we mention some applications of
this theory, including the study of the Morse index for minimal hypersurfaces with triple
junctions and the conformal structure on surfaces with triple junctions.

Our new PDE theory is essential to the study of immersed minimal hypersurfaces with
triple junctions. In [Wan22], we have observed the appearance of such function spaces as
an example. This motivates our study of these function spaces in a more general setting.
In [Wan21la, Wan21b], we note that it is vital to have a regularity result so that we can use
the powerful tools from elliptic PDEs. This is another motivation for the general theory of
elliptic partial differential theory on triple junction hypersurfaces.

Once we have established the regularity, almost all PDE tools can be applied to triple
junction hypersurfaces. In particular, we expect these results can also be extended to
other geometric settings. For instance, we may consider defining heat-type equations on
hypersurfaces with triple junctions. We may also consider more irregular hypersurfaces like

surface clusters.
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Chapter 1

Introduction

Minimal surfaces are important objects in mathematics due to their natural phenomenon
arising from certain area minimizing property. In this thesis, I will focus on the singular
version of minimal surfaces, namely the minimal triple junction surfaces.

The research on minimal surfaces went back to J.L. Lagrange, who wanted to find
a surface with the least area with a prescribed boundary. In general, we may obtain a
singular minimal surface with a given boundary after minimizing. This phenomenon
was observed by J. Plateau, who experimented with soap films, and he formulated the
well-known Plateau’s laws to describe their structures.

Since the triple junction structure naturally arises from the Plateau’s laws, there are
quite a lot of results related to triple junction surfaces. J. Taylor [Tay73, Tay76] has studied
specific minimizing problems and found two types of singularities would appear. One is
the Y-type singularity related to the triple junction surfaces. Furthermore, the work of G.
Lawlor and F. Morgan [LM96] has shown that triple junction surfaces are always locally area
minimizing in arbitrary dimension and codimension. From the point of view of mappings
(i.e., [Dou3l]), C. Mese and S. Yamada [MY06] tried to minimize the Dirichlet energy to get
the Y-type singularities. Recently, J. Bernstein and F. Maggi [BM21] showed the rigidity of
the Y-shaped catenoid, a natural extension of the result in [Sch83].

The regularity of stationary integral varifolds is still a central problem in geometric



measure theory. L. Simon [Sim93] showed if a stationary integral varifold is very close to
the union of three half-planes, which is stationary in R", then locally, this varifold is indeed
a CU# triple junction minimal submanifold. B. Krummel [Kru13] improved the regularity
from C* to C® near their junctions.

Just like the classical mean curvature flows, we can also consider moving the triple
junction surfaces by their mean curvatures. Recently, there have been some interesting
progress in this area, e.g., [Frel0, DG13, DGK14, SW20].

Hence, the topics about triple junction surfaces are pretty interesting and attractive to
many researchers. In this thesis, I will introduce the notions of intrinsic triple junction
hypersurfaces. We will focus on the triple junction hypersurfaces that can arise from the

embedded triple junction hypersurfaces in an ambient Riemannian manifold.

1.1 Summary of main results

In this section, I will briefly summarize the main results and explain why we want to study

the intrinsic triple junction hypersurfaces and the elliptic operators on them.

1.1.1 Curvature estimate and generalized Bernstein theorem for stable triple

junction surfaces

The first thing I have investigated is the curvature estimate for stable triple junction surfaces.
Usually, the curvature estimate plays a key role in the theory of minimal surfaces, especially
in the min-max theory (e.g., [Smi83, CdL03, DLT13, LR18, LZ21, LZZ21]).

Besides, the curvature estimate for stable hypersurfaces itself is an interesting topic. Note
that curvature estimate for stable minimal hypersurfaces is equivalent to the generalized
Bernstein theorem for a stable minimal hypersurface in R"*1.

The classical and powerful results are due to Schoen, Simon, Yau [SSY75]. Their methods
are also used in another type of curvature estimate. For instance, the work [LZZ21] used this

trick to show that a particular curvature estimate holds for minimal capillary hypersurfaces.



After that, Schoen and Simon [SS81] developed a deep theory about the regularity
and compactness theory for stable minimal hypersurfaces. This will provide us with an
optimal dimension estimate of the singular set, the validity of curvature estimate, and the
generalized Bernstein theorem hold. Note that all of the previous results require volume
growth conditions.

If we only focus on the surface case, there are other ways to prove the curvature estimate
and generalized Bernstein theorem without the area growth condition. Interested readers
may refer to the work of [dCP12, Pog81, FCS80].

In particular, the recent work of Chodosh and Li [CL21] shows we can get the curvature
estimate for stable minimal hypersurfaces in R* without the volume growth condition.

In [Wan22], we can use the trick due to Schoen, Simon, and Yau to show that if a triple
junction surface X is stable with quadratic area growth condition, and the triple junction is
compact, then we can show X is indeed flat. Since there are a lot of notations we need to
define, we put the precise statement in Subsection 6.1.2.

Note that there are several particularly interesting function spaces during the study of
stability inequality in this work. For example, suppose & = (£!,¥2,%3) is a triple junction
hypersurface. The function f = (f!, f2, f3) in this space will have sum of f' restricted on
boundary vanishes. Hence, it is worth giving more precise definitions of these function
spaces and studying the elliptic operators defined on these spaces. Note that we also need
to develop the regularity theory to give more precise definitions and properties of the Morse
index of minimal triple junction hypersurfaces.

This is one motivation why we need to develop a theory about elliptic partial differential

equations on triple junction hypersurfaces.

1.1.2 Computing the index of stationary networks in 52

Before moving to the Morse index of triple junction hypersurfaces, we can first investigate
the Morse index of networks. This is because the regularity becomes trivial for networks.

By the way, the models of geodesic and stationary networks can be viewed as the



simpler version of minimal surfaces and stationary varifolds. There are still many active
researches focusing on this direction. In particular, the first step towards solving the double
bubble conjecture is the planar double bubble conjecture, which was solved by a group of
undergraduate students [FGB*93], and later on, the stable case was solved by [MW02]. There
are also many researches about planar clusters (e.g., [CHH"94, MFG98, HM05, Wic04]). In
particular, in the work of [MY06], the authors also considered the 1-dimensional case first.

In [Wan21a], we will define the stability operators based on the second variation formula
and define the Morse index of these networks. Since these definitions require much space,

we will illustrate only one of the main results in this paper as follows.

Theorem 1.1. The Morse index of all closed stationary triple junction networks in S? is F — 1 where
the F is the number of regions on S? cut out by this network. The corresponding eigenfunctions are

all locally constant functions.

Since the stability operator is different from the Laplacian on networks in a sphere
only up to a constant, we may confirm one of Yau’s open problems [Yau82] in the case of
triple junction networks. Precisely, our result shows that the first non-trivial eigenvalue for
Laplacian on triple junction networks on S is 1.

The method we used in the proof of Theorem 1.1 is to divide a big network into several
smaller networks, and we construct a Dirichlet-to-Neumann map with respect to this
subdivision. Then we can compute the Morse index of the whole network using the Morse
index and nullity of smaller networks and the index of the Dirichlet-to-Neumann map. This
will significantly reduce the computational time since the original networks might be very
complicated.

Moreover, this method can also be easily generalized to higher dimensions and help
us to compute the Morse index of triple junction hypersurfaces. We will go back to the
Dirichlet-to-Neumann map on triple junction hypersurfaces in Section 6.2 after we have

developed the regularity theory.



1.1.3 Conformal structures on triple junction surfaces

In the classical theory of minimal surfaces, the conformal structures on minimal surfaces
are pretty helpful. In particular, observing the Gauss map of a minimal surface immersed in
R3 is a conformal map, we can determine the conformal structures for a complete minimal
surface in R with finite total curvature [Oss86]. There is a survey [MP04] that investigates
the conformal properties of minimal surfaces.

Hence, it is worth studying the conformal structure on triple junction surfaces. We will
focus on this topic in Chapter 7. In general, we can only develop such a theory after solving
the regularity problem. However, the weak uniformization does not require the regularity
result in one particular case. In [Wan21b], we develop a weak uniformization for some
specific triple junction surfaces. As it needs some notations to precisely state this theorem, I
will put the details in Section 7.4.

The tools used in the paper [Wan21b] is the uniformization of surfaces with boundaries.
Indeed, we extend Rupflin’s work [Rup21] to ensure it can be applied to triple junction
surfaces in this particular case.

Besides, the uniformization of surfaces with boundaries itself is an interesting problem.
There are a lot of related works like [OPS88, OPS89, Khu91, Kim08]. Moreover, Brendle
[Bre02a, Bre02b] has considered a family of curvature flow of metrics and found that the
limit metrics have constant Gaussian curvature and constant geodesic curvature on the

boundary. This provides us with another way to think about uniformization.

1.2 OQOutline of this thesis

In this section, we will describe the organization of this thesis.

In Chapter 2, we will fix notations and introduce the concepts of triple junction hypersur-
faces using triple junction structures. We will also give some standard examples to illustrate
the triple junction hypersurfaces.

In Chapter 3, we define the function spaces, vector fields, differential forms, and metrics



on triple junction hypersurfaces. These definitions are all required to be compatible with
the triple junction structure. In particular, these spaces share some common properties with
the usual spaces that appear on smooth hypersurfaces. We will use several examples to
illustrate what these spaces will look like and demonstrate they are the spaces we want if
the triple junction hypersurfaces are embedded in a larger smooth Riemannian manifold.

In Chapter 4, we define the Sobolev-type spaces and second-order elliptic operators
on triple junction hypersurfaces. In particular, the stability operator used in [Wan22] will
automatically be one of such operators.

From now, we have all the concepts to define elliptic partial differential equations on
triple junction hypersurfaces. This is done in Chapter 5. In this chapter, we will define the
weak solutions to the elliptic equations and establish the regularity of such solutions. In
particular, we will mainly focus on the regularity near triple junctions. After establishing
the regularity results, it is standard to develop the spectrum theory for second-order elliptic
operators.

In Chapter 6, we will describe a method of computing the index and nullity for triple
junction hypersurfaces. As we have mentioned before, this is an extension of my previous
work [Wan21a]. We will find that the index for the second-order elliptic operators can also
be computed through the information on each hypersurface and Dirichlet-to-Neumann map.
At last, we will give an example of its application.

The last chapter will study the conformal structure on triple junction surfaces. We will
show that we can always find a metric with constant Gaussian curvature on triple junction
surfaces when x(X) < 0. We also introduce weak uniformization and use an example to
illustrate why we consider weak uniformization. At last, we mention the relation between

extremal metrics for first non-trivial eigenvalues and conformal structures.



Chapter 2

Basic notations and definitions

2.1 Notations

Let us fix an integer n > 2 as the dimension of hypersurfaces. We adapt the following

notations.
e Rt :={x=(x1, - ,x;) € R":x1 > 0}.

e T'(E), the collection of smooth sections for vector bundle E — X or a rough section
define a.e. on ¥ depending on the context. Usually, if E is a subbundle of T2, we will
use I'(E) to denote the set of smooth sections. If we view E as a vector-valued function,
we do not expect the section to be smooth all the time. It may only be defined almost
everywhere with respect to the measure on X. (See Section 4.1 about Sobolev spaces

on triple junction hypersurfaces for details.)
¢ We will use Einstein summation if needed.

* (X,Y), denotes the inner product of X,Y under metric g. We omit g if the metric
is clear from the context. Sometimes, we use the alternative notation g(X,Y) to
emphasize that ¢ may be changing. If X,Y are vector fields on R" with standard

Euclidean metric, we use X - Y to denote their inner product.



Vs, V& denote the covariant derivative on X with respect to the metric g. Sometimes

we will omit ¥ or g if it is clear from the context.

RicY denotes the Ricci curvature on N. We will write RicN (X) := RicY (X, X). Here,

N is a Riemannian manifold.

divy X := Y"1 (Ve X, e) is defined as the divergence of a vector field, where {e¢;} is
the orthonormal basis of a tangent plane. Note that we can also define the divergence

for a tensor T as (divsT); := Ty x for multi-index I.

Ay f := divyVx f denotes the Laplacian operators acting on a function f.

Suppose X is smoothly immersed into an (# + 1)-dimensional Riemannian manifold

(N, gn), then we will use the following notations related to submanifolds.

e v is the unit normal vector field on ¥ when we immerse X into an (1 + 1)-dimensional

Riemannian manifold.
e Ax(X,Y) := <V§<N Y, 1/> denotes the second fundamental form of X.

* Hy :=Y", As(e;,e;) denotes the mean curvature of ¥, where we choose {¢;} as the
orthonormal basis at a tangent plane. We will write Hy, := Y7 ; Vi"e; as the mean

curvature vector of X.. Note that Hy, can be defined in any codimension.

In the later definitions, we will use a tuple to denote the ordered set of functions, vector
fields, differential forms, metrics, etc., on triple junction hypersurfaces. When we talk about
the actions between these tuples, we always mean we will separate them and do those
actions on each hypersurface and combine their results to get another tuple.

For example, if f = (f1, f2, f3) and ¢ = (g, &%, &%), we will write fg := (f1g!, f2¢% £3¢°).
Similarly for any other kinds of actions like if X = (X!, X2, X®) is a tuple of vector fields,

) 9 9 9
then & f = (G f' e f 3% f?)-



2.2 CO triple junction hypersurfaces

For each i = 1,2, 3, we write ¥/ as an n-dimensional smooth manifold with smooth boundary
oX!. In this thesis, we will assume each X! is always connected and orientable. In general,
0%/ may have more than one component. We will write 0¥/ = I' LI [ as the disjoint union
of the components of 9%/. We want to identify their interior boundary " to get a triple
junction manifold. We call it triple junction hypersurfaces since we will only focus on the
triple junction manifolds that can be immersed into a larger ambient manifold.

We write I as an (n — 1)-dimensional smooth manifold without boundary.

Definition 2.1. We say & = (Z!,22,2%) is a C(O) (intrinsic) triple junction hypersurface, if there
exists an (n — 1)-dimensional manifold I' and three diffeomorphisms (pi 3 fi, i=1,2,3.

We will call T" as the triple junction of ¥ and we will write 0% = U?:l I

Under this definition, we can write T = I for i = 1,2, 3. We call these conditions (i.e., the
diffeomorphism ¢;) as the C(%) triple junction structure on . Note that ¥ will automatically
have the quotient topology. For example, for any p € I, if we say U is a neighborhood of p,
we actually means U = (U', U2, U®) such that U’ is a neighborhood of p € I in .

Note that we may allow I’ or I’ to be an empty set. If I* = @, then X will be the
union of three independent manifolds. In this thesis, we will only focus on the case I' # @,
although almost all results will trivially hold for the case I' = @. On the other hand, if
I =T2 =T% = ®, we will write 9T = @.

Remark 2.2. 90X does not play any roles in the definitions of triple junction hypersurfaces. So it is
harmless to temporarily assume 0X. = ©@. We need it nonempty if we want to solve a PDE problem
on X. In that case, we need . to be compact and hence we also need to consider the case 0% # @ in

order to impose some boundary conditions.

Remark 2.3. In general, if some of ¥ has more than one component, we can define the triple junction
hypersurface as above. Sometimes . can become connected under the quotient topology. Almost all

the results in this thesis are valid for this case. See Subsection 7.3 for an example.



Definition 2.4. We say ¥ is a C extrinsic (non-degenerate) triple junction hypersurface if
there exists an (1 + 1)-dimensional manifold N and three smooth immersions ¢ : ¥/ — N

such that the following holds,

* ¢' restricts on I is a diffeomorphism to an immersed (1 — 1)-dimensional submanifold

T of N for different i.

* Foreachp €T, T,X' # T,% for every 1 <i #j < 3.

It is easy to note if ¥ is a C extrinsic triple junction hypersurface, then it will automati-
cally be an intrinsic one. The non-degenerate condition (the second condition in Definition
2.4) makes sure that X/ intersects ¥/ along I transversally for different i, j. In this thesis, we

will always assume X is intrinsic unless otherwise stated.

Definition 2.5. We say a triple junction hypersurface ¥ has density 6, if 8 can be written as

0 = (0',6,6%) and each ¢' is a positive constant function on .

In this thesis, we will always assume X has density 0. Indeed, it is applicable only when
we immerse it into a larger ambient manifold N and try to compute its area. The density

will determine how we can define the function spaces and several other spaces.

2.3 Triple junction structure

Now let us define the triple junction structure on X to make it into a triple junction
hypersurface.

Before giving the precise definitions, let us recall some concepts of distributions and
foliations on manifolds.

Suppose M is an n-dimensional smooth manifold. Let T be a vector field on M and D
be an (n — 1)-dimensional smooth tangent distribution on M. We suppose T ¢ D. Recall we

say D is a distribution if it is a subbundle of tangent bundle TX.

Definition 2.6. We say (7, D) is integrable if D is involutive and for any V € I'(D), we have
[t,V] € T(D).

10



Recall that we say D is involutive if for any V,W € I'(D), we have [V, W] € I'(D).
Standard proof for the Frobenius Theorem implies we can describe the structure of (7, D)

using local coordinate charts.

Proposition 2.7. Suppose (T, D) is integrable on M, then for any p € M, we can find a coordinate

chart (x1,- - -, xy) near p such that
o 7= near
8x1 p’
e D is spanned by =%, - - - , -2 near
p Y dxn’ 7 9xy, p-

From Proposition 2.7, we know (7, D) will determine a foliation {x; = s} near p and D,
will become the tangent space of some leaves for each g near p.

Now let us go back to the C? triple junction hypersurface X.

Definition 2.8. Let T be a smooth vector field near I' on £/ and D' an (n — 1)-dimensional
smooth tangent distribution near I' on X!. We suppose each 7' is pointing outside of I' and
D' = TT when restricted on I'. Then we write (7, D) = ((t!,72,7%), (D!, D?, D?)) and call it
as the triple junction structure on ¥ if each (t?, D') is integrable on X/ for i = 1,2, 3.

We say X is a triple junction hypersurface if we assume X is a C%) triple junction hypersur-

face together with a triple junction structure (7, D).

Remark 2.9. Note that we only require T and D to be defined near I'. This is because, by Proposition
2.7, the existence of D is equivalent to the existence of the foliation of I'. Usually, we do not expect

the foliation can cover the whole hypersurface.

Remark 2.10. (7, D) can be understood as the CV) triple structure condition on . if we want
to compare the previous C\%) triple junction structure. Hence, we say (T, D) is a triple junction

structure on X, we already assume we have fixed C%) triple junction structure on X.
Note that by Proposition 2.7, we can find a good coordinate chart near each p € I.

Proposition 2.11. For each p € T, we can find a local coordinate chart ¢ : U — V (ie,

q)i U= Vic R fori =1,2,3) near p such that

11



p(I'NU) ={x1=0}NV.

o ¢'(p) =0and ¢'(q) = ¢/(q),Yq € T if we identify V', VI as a subset of R™..
* T=—3% nearp.

?

D is spanned by %,- "t gy, near p.

Here, we use the notation ¢ : U — V to mean ¢’ : U’ — Vi where U’ is the neighborhood

of p in £ and V' is the neighborhood of 0 in IR".. Similar rules apply for other notations,

9

eg, T= "5,

actually means 7' = —(¢');’! ( 9 )

* dxq

Proof of Proposition 2.11. The third and fourth results are clear by Proposition 2.7. For the first

one, we note the integral manifold for D' through p is T on £’. On the other hand, the integral

9 ..
aXQ’

manifold for the distribution spanned by { ., %} in R" is the hyperplane defined by
{x1 = c}. Hence, we know the coordinate chart defined by Proposition 2.7 will map I’ to the
subset of {x; = ¢} for c € R. We can choose ¢ = 0 and get (T NU) = {x; =0} N V. For

the second one, we only need to reparametric the coordinate along I' to ensure the image of

I under ¢’ can be matched. O

Remark 2.12. Although we use (T, D) to define the triple junction structure, we will find we can
only use T to define the triple junction structure. This can be seen by the following steps.

Given T = (1!, 72, 7°) defined in Definition 2.8, we can consider the smooth flow 0! : &' — X!
generated by T' (We might extend ¥ a bit to make it into a manifold without boundary) near T. Then
we may define Dj := Ty (0} 4T') for q such that there is a tq with q € 6] ,T'. Roughly speaking, we
can construct a local foliation of T using the flow generated by T, then the distribution will be taken
as the tangent space of this foliation. Note that such D is uniquely determined by .

Moreover, we will find we can only choose T defined on T’ to define the triple junction structure.

See Section 3.3 for details.

We will keep D in our definitions since we need to use it a lot later on.
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2.4 Some examples

Here are some examples of triple junction surfaces (2-dimensional triple junction hypersur-

faces).

r,r

r
An intrinsic triple junction hypersurface Y-catenoid Embedded in R®

Figure 2.1: Y-shaped catenoid

The first one is the Y-shaped catenoid. As shown in Figure 2.1, the blue curves are the
component of 9%, and the red curves are the interior boundary of %‘. We will choose 7' as
the unit outer normal of T in &/ and let such T be the triple junction structure on . (see

Remark 2.12).

1"3
T
1"2
(a) Double Bubble (credit to https://faculty.math.
illinois.edu/~jms/Images/) (b) Triple Junction Surfaces with Corners

Figure 2.2: Some more examples
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Double bubble is another example we might be familiar with since it can be observed in
soap bubbles, as shown in Figure 2.2a. In this example, we find each ¥/ is a disk, and the
CO triple junction structure is just some diffeomorphisms along their boundaries.

There are also many irregular triple junction surfaces. For instance, we can consider
the triple junction surface with corners as shown in Figure 2.2b. We suppose each ¥/ is a
rectangle region (identical to each other) in IR?. Then we can identify one of their boundaries.
In this thesis, I will not consider this case. This is because we need plenty of additional
technical definitions and statements to make it well-defined, especially when studying the
regularity of solutions.

On the other hand, there are also a lot of 1-dimensional triple junction hypersurfaces,
known as networks. In [Wan21a], I have described their structure carefully and given the

ideas of how to solve a PDE on the networks.
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Chapter 3

Geometric spaces on triple junction

hypersurfaces

3.1 Function Spaces on 2

We fix a triple junction structure (7, D) on X.

Definition 3.1. We say f = (f!, f2, f°) is a smooth function on ¥, and write f € C*(X), if for

eachi=1,2,3, f': &' — R is a smooth function on X/ (smooth up to the boundary).

Roughly speaking, C* function space has no connection with any triple junction structure
on X. Now let us define some function spaces related to the C(?) structure on X. Note that
for any f € C®(X), we know the restriction of f on I' can be understood as the smooth map

from T to R3. In other words,

flr = (f'r, f2lr, £Ir) € C°(T,R?).

Note that we can also view C*®(T,R?) as a set of all the smooth sections of the trivial
vector bundle T x R>.

Let E C T x R® be a smooth rank k subbundle of I' x R? for some k € {0,1,2,3}. We
write T'(E) as the set of all possible sections of E. We do not require the sections in I'(E)

to be smooth. In the later definitions about Sobolev spaces, we only require it is defined
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almost everywhere in I'(E) with respect to the canonical measure on I

We define the C,(SO) (X) related to E as follows.

Definition 3.2. We say f € C,(SO)(Z) if f € C*®(X) and in addition, f|r is a smooth section of
E.

Note that since f|r is smooth for any f € C®(X), we can only require f|r € I'(E) instead
of requiring f|r to be a smooth section in Definition 3.2.

One special case is that we can choose E = {(p, (§',8%8°)) e T xR3: g = ¢> =¢*}. If
fe C](:-O) (%), then we actually mean f' will become the same function when restricted on T.
One can understand Céo) (X) as some kind of continuous function spaces on X across the
junction.

Let us choose another E/ C T x R3, a smooth I-dimensional subbundle with I €

{0,1,2,3}. We define the new subspace of C®(X) related to E, E’ as follows.
Definition 3.3. We say f € Cgl)s,(Z) if f € C}(SO)(Z) and in addition, %h— is a smooth section
of E.

o Of _ (off of* of
Here, we write 52 = <a7fa?'ﬁ .

Remark 3.4. Note that f € C ](51])5, (X) means we impose some conditions on the boundary values of f
and the first derivative values of f on T, so we may understand this space as the C! function space

across the junction.
There are two important subbundles we might need to use a lot. We write them as
Evi={(p ("8 8%) e T x R i g! = g = *},
Ep:= {(p, (g4,8%8%)) e T xR®: 0'¢! +6%¢* +6°¢° = O} ,

where 6 = (6',62,6°) is the density function.

If we put a metric on the bundle I' x IR® using density defined as
3 . . .
g-¢ =Y 0¢(), Vggex R%), ~R?peTl.
i=1
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Then for any smooth subbundle E C T x R3, we can define the orthogonal complement
bundle,
Et:={(pg) eTxR*:gLE,VpeT}.

One particular case is Eg = E-.

Now, let us give some examples to help us better understand the above function spaces.

3.1.1 Examples

Let N be an (n + 1)-dimensional Riemannian manifold. Suppose ¢ : £ — N is a smooth
minimal immersion with density 6 = (61,602, 6°). In other words, we suppose the following

conditions hold,
* Each ¢' is a minimal immersion from X to N and ¢'|r = ¢/|r for 1 <i,j < 3.

* Let 7' be the outer conormal of &' C N along T'. Then
3 .o
Y o't =0.
i=1

We will go back to these equivalence conditions when computing the first and second
variation formulas for triple junction hypersurfaces (see Section 4.4).

Note that we have a canonical way to choose the triple junction structure (7, D) using
the immersion ¢ and a metric on N. We will illustrate this structure later on (Subsection
3.4.3). Now let us just assume we have constructed the triple junction structure (7, D) such
that T/ is the outer unit normal of T for &/ C N.

The first interesting function space on X is the restriction of smooth functions h €
C*(N,R) to X. In other words, we choose f = (f!, f2, f?) such that f' = h|s;. Clearly, we

will find f € Cg) (X). Moreover, we note

3
ia [—
LOGaf =0

by the definition of minimal immersion. Then we know 2 f|r € T'(E,) and therefore,

fecy (®).
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Another interesting function space on X is the inner product of a smooth vector field
on N with the unit normal vector field along . Let X be a smooth vector field on N. Let
V= (1/1, V2, 1/3) be the unit normal vector field on %, i.e., v is the unit normal vector field on
¥/, such that Y7 ; #'v' = 0. (In general, we might not able to find a global v to make this
equality hold, especially where I" has more than one component. We will find a more precise
description in Subsection 3.1.3.) For such v on X, we can easily find (v, X) € C 1(?2) (X) where
(,-) is the metric on N and (v, X) := ((v/, X))?_,. Usually, this function space arises from

the variations of 2. Hence, such space plays a crucial role in studying stability operators.

Readers may find similar definitions of these spaces in [Wan22, Wan21a].

3.1.2 Extensions of functions on extrinsic triple junction hypersurfaces

From the above examples, we see one motivation for studying these function spaces is that
they come from the restriction of smooth functions in the ambient space.

A natural extension of C 1(511)5/ (X) is to define

k o o/ .
Cly e (B) = {f €C®(x): afj; EEN0<j< k}.

for some smooth subbundles Ey, - - - ,E; C I x R3. The functions in these spaces can be
viewed as the C* differential functions across the junction. However, we find these spaces
are not necessary. We will give an example to show for every function f € C,(Sll?Ee (X) and £
is an extrinsic triple junction hypersurfaces, then f is a restriction of a smooth function in
the ambient manifold.

Let X be three rays [0, +c0) with their end point {0} identified . We can identify the X

with the set Ry UR, U Ry, C R?2 where

£t = {(x,0) e R*: x >0},
2= {(0y) eR*:y >0},

= {(x,x) eR*:x < 0}.
Note that ‘Z” + }22’ +2 ’23 ‘ is stationary in the sense of varifold.
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Hence if f € C®(IR?), we know f|s € Cl(_jll?F(Z) where F C T x R3 is defined as

F .= {(p,(gl,gZ,g3)> ceTxR3: g +¢%+V2¢° :0}.
Now, we will show that the converse is true. For any g € C}(Ell?F(Z), we can find a smooth

function f € C®(R?) such that g = f|s.

Note that since g’ is smooth up to the boundary, we may write
g'() = g'(0) +(g")/(0) + £2H'(t)

where h'(t) is defined by

‘ g"(t)*g"(g);t(g")’(o), £>0,
W(t) =14

i\ 0
(50 —Y

Note that /' (t) is smooth up to the boundary.

We extend h'(t) to a smooth function on R and define a global function f(x,y) by

f(xy) =g'(0) +x(g")(0) +y(8*)(0) + x*h! (x) + y*h*(y)
+xy <h3 <x2y> R (x) — hz(y)> .

We can easily see f(x,y) is a smooth function and moreover, we can verify f is indeed

an extension of ¢ on X. For example, we can verify ¢3(t) = f (—\%, —\%) by noting

t

t t 3 1y/ 2y/ 2,3
——,——F= | =5°(0) — — 0) + 0) ) +t°h(t
F(=J5=5) =0 - 55 (O + &) + A
=8°(0) +£(8°)/(0) + £21°(t) = h(#).
In other words, we have shown, for any g € Cg?F(Z), we can extend g to a smooth
function f defined on the whole space R2.
This example shows that the first derivative condition is enough for the definitions of

interesting spaces.
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3.1.3 Sign functions related to the orientation

This subsection will define a function space related to the variation of X.

Since we have assumed each X! is orientable, we can choose a differential n-form
w € O"(L) such that «' is a non-vanishing n-form on X’ (hence it will determine an
orientation on ¥) for each i. Note that each w’ will naturally induce an orientation on I by
the (n — 1)-form (w'. In general, for different i, the w' may induce a different orientation
on I'. Hence, we want to use a sign function to describe such differences.

Let us fix an orientation form # on I' (a non-vanishing (n — 1)-form). We define the sign
function sign = (sign!,sign?,sign®) on T by
1, Liw and 1 have same sign at p,

sign'(p) =
-1, Liw and 1 have different signs at p.

Now we define the smooth subbundle Fy C T x R? (related to density 0) as
3 . . .
Foi=1(p (8",8%8") €T xR7: ) 0'(p)sign’(p)g'(p) =0, ¥Ypelp. (31
i=1
Note that the vector bundle Fy does not rely on the choice of the orientation on I'. It only
relies on the orientation on X. Hence, we can define the function space C g)) (X) based on Fy.

Using the sign function, we can define the orientability of .

Definition 3.5. We say a triple junction hypersurface X is orientable if we can choose

orientations on each X/ and on T such that the sign function is identically 1.
Note that if ¥ is orientable, then Fy = Eg.

Remark 3.6. If we have a double junction hypersurface instead of the triple junction hypersurface,
then the orientability defined above coincides with the usual orientability on this hypersurface.

For example, suppose M is a smooth manifold, and it can be regarded as a union of two orientable
smooth manifolds My, My with boundary by an identification along their boundaries. Then M is
orientable if and only if we can find orientations on My, My, respectively, such that they induce the

same orientation on oMy = oM.
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Note that we use the orientability in Theorem 6.7 only. Hence, this thesis also provides a method
to study geometric properties and the PDE theory on non-orientable hypersurfaces if we change triple

junction hypersurfaces to double junction hypersurfaces.

Now, let us illustrate why ng) (%) is related to the variation.

Fix a Riemannian manifold N equipped with metric gn. We suppose N is orientable and
fix an orientation on N. Let ¢ : ¥ — N be an extrinsic triple junction hypersurface in N.

Suppose v is a unit normal vector field on . Recall that v = (v!,v2,1?) is a unit normal
vector field if and only if each v is a unit normal vector field on X/ fori = 1,2, 3. Usually, v
will induce an orientation on X.

We choose T = (1!, 72, 7) as the unit normal vector field of T such that each 7' is tangent
to ' and pointing outside of X/. As before, we can choose an orientation on I'. Suppose
{e1,- -+ ,e,_1} is an oriented basis of T,I' for any p € I'. Then by the definition of sign, we
know {signiri, ey, -, en_l} is an oriented basis of X/ at p. Note that the orientation on Yi
is induced by vl we actually know {vi, signiri, €1, - ,en,l} is an oriented basis of N at p.

Hence, we know the vector fields {vi, signiri} determine the same orientation on the
normal bundle of T in N for different i and at the same time, each of them forms an
orthonormal basis of E. This means, if Y7 ; 81" = 0 along T, then we know

3 S
Y signv'6' = 0.
i=1

Note that this result implies, if ¢ : £ — N is a minimal immersion with density 6, then
for any smooth vector field X on N, we know the function f defined by f := (X,v) an is in

the class C I(CS) (X). Hence, this function space is closely related to the vector fields on ¥ and

it will appear in the first and second variation formulas.

3.2 Vector fields and differential forms

We fix a triple junction hypersurface ¥ with triple junction structure (7, D) and density

0 = (601,62,0%).
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3.2.1 Vector fields on triple junction hypersurfaces

Definition 3.7. We say X = (X!, X2, X?) is a smooth vector field on ¥ if X' € T(TX!) is a
smooth vector field on ¥/ for each i = 1,2,3. We use X(X) to denote the space of smooth
vector fields on X.

We say X € X(X) is CW) continuously tangentially across the boundary T with density 0, and

write itas X € l"él) (D), if in addition, the following three conditions hold,

¢ there exists a neighborhood U of I', we have X; € D; forall p € U,
o Xih" = th",
o Y3 ,60/t, X =0along T.

One of the properties of the vector field X in F(gl) (D) is the function space C él]?Ee (X) is

invariant under the action of X.
Proposition 3.8. For any X € r((al) (D) and f € Cgll?Eo(Z)/ we have %f € Cl(Sll?Eb(Z)'
Proof. Given f € Cg?Ee (X), it is clear that % f € Cg) ().

5= (5%f) = 5% (5f) + [ex17

and note % (%f) Ir € T(Ep) and [1, X|f|r € T(Ep). Hence % f € Cgl?Eg(Z). O

Moreover, we find

Remark 3.9. For any subbundle E' C T x R3, we can define the vector fields associated with E' by

the following in view of Proposition 3.8.

We define
') ={xexz '—af c® (x Y cW (x
5 (D) : €X(X): 3% € E],E,( ), Vfe e )¢ -

Now if we write Xp/(T') = {X = (X1, X% X% ed? x(T): g—i eT(E'),Vg € C“(F)},
then we can find X € Fg,)(D) if and only if

X|r=X|r and [7r,X]|r € Xp/(T).
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3.2.2 Differential forms on triple junction hypersurfaces

Definition 3.10. We say w = (w!, w?, w?) is a (smooth) differential form of degree k on X, and
write it as w € QF(X), if each w' € OF(Z) is a smooth differential form of degree k on X/.
We say w € OF(L) is CO) continuous across the junction and write it as w € Qll{:"e (%), if in
addition, we have the following conditions hold,
 W(X1,.., Xx) € Cpp (2) for Xy, -+, X; € T (D).

 W(T, X1, Xp1) € CL) () for X1, -+, Xj_q € Ty (D).

Recall that we use the notation w(Xy, -+, Xi) = (w'(X}, -, X,i))?:l.

Clearly, any the function f € Cg?EG (X) will automatically be a zero-form on X.

It is also quite interesting that such differential forms have similar properties to the usual

differential forms on smooth manifolds.
Proposition 3.11. We have the following properties for the differential forms QF, (X),

* O (%) is closed under the usual differential d on (3" ().

* O, is closed under N\ product.

Hence, Proposition 3.11 shows O (X) is a well-defined differential graded subalgebra
of O*(X).

Proof. The proof is clear if we choose a suitable coordinate system. Let (x1,---,x,) be
the coordinate chart near p that appeared in Proposition 2.11. Locally, we can express
w e O*(X) as

w = aydxy Ndxy + ajdx;

where [, ] are multi-indices that do not contain index 1. Here, we use the Einstein sum-
mation so that there is a summation over the multi-indices I, . Note that D is spanned by

{ai;z,. . ,%} and T = —%, we can flnd
0 1
ay € Cl(fe) (X) and a5 € Cél?Ee (Z)
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if and only if w € Qf (¥).
Hence for w € Qf (), we have

n

dayg da; = daj *
Z —dx] Adxy Adxy+ a—xldxl Adx; +j§ a—xjdxj Ndxy € O, ()

. )
by noting %|r- € T(Eo), % |r € I(Ep) and He cil ().
So dw € O (%).
The second result can be concluded using the following properties of the closeness of

the function space by using the coordinate chart in Proposition 2.11. O

Proposition 3.12. The function spaces Cg) (%) and CSJE, (%) are all closed under the usual

multiplication for any smooth subbundle E' of T x R3.

Moreover, C](S?) (X) acts on any C ( ) for any smooth k-dimensional subbundle E C T x R3.

Proof. Indeed, C é?) (¥) actson C éo) (X) by multiplication comes from the definition of E;. As

a by product, we know C 1(5(1)) (%) is closed under multiplication.

Now for any fi, f> € Cg?E,(Z), we know

(fl f2>‘ e T(E), <f2 f1> T(E').
We also have fif> € Cg)(Z). Hence f1f, € Cg?E,(Z). O

Remark 3.13. Note that in general, the function space C ,(50) (X) might not closed under multiplication
for a general E. This is the reason why we consider C éll?Ee (X) and define the differential forms only
related to Cgl) g, (). Indeed, other function spaces will also play a crucial role for other kinds of
elliptic PDEs.

We can also describe the proposition of differential operators in the following sense.

Proposition 3.14. There is a unique operator d : Q’,‘Sg(ZL) — Q’E;l(Z) for all k satisfying the

following properties,

® d is linear over R.
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e Forany w € QI“ES(Z) and 1 € Q%G (X), we have
d(wAy) =dw A+ (=1)ky Ady.

e dod=0.

e Forany f € CE?EQ(Z), df is given by df (X) = 5% f for any X € X(X).

Proof. Suppose d is any operator satisfying the above four conditions.

We only need to show d is a local operator. This is because we already know the d
satisfies this proposition on the usual smooth manifolds without boundary. If we know d
is a local operator up to the boundary, then d must agree with d up to the boundary and
hence d = d.

Hence, we only need to show if w; = w» in a neighborhood Uy of p € I, then dw; = dw;
at p. Let us choose a bump function ¢ € Cg?Eg (X) supported in U and having value 1 near

p. This can be done using the coordinate chart ¢ : U — V in Proposition 2.11. For example,

we can choose a bump function ¢ : R, — R such that
d
¢ =1in B.(0) "R, supp¢ C B (0) NRY, 3 ?= 0 along {x; =0}.
1

Here, we use B,(x) to denote the closed balls in Euclidean space.
Now we can choose the bump function ¢ such that ¢’ := ¢ o ¢’ for ¢ sufficiently small
such that suppyp C Up. From the above construction, we know @ € C ](513]59 (X). Note that yy

is identically zero with # := w; — w», hence by the properties of d, we know

0 ch(gbiy) :Jl/)/\iy+lpci~17.

Note that dip, = 0 by the fourth property of d and note ¢/(p) = 1, we have dy’ = 0 at p.
This shows dw; and dw, agrees with each other at p. Hence we have shown d is a local

operator. ]
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3.3 Equivalence classes of triple junction hypersurfaces

As we have seen in Remark 2.12, we know we can define the function spaces and differential
forms by T only. In this section, we will see that we only need to ensure 7 is defined along

I' (or just an equivalence class of T defined along I').

Definition 3.15. Fix a triple junction hypersurface X, we say two triple junction structures

(t,D) and (%, D) are equivalent to each other, if the function space C}(;%})S/(Z) agrees with

Cg%, (X) where Cg‘)g, () is determined by (%,D) for any E,E' C T x R® being smooth

subbundles over I'. We will write this equivalence as (7, D) ~ (%, D).

This definition is quite natural. Usually, if two geometric structures give the same spaces,
like function spaces, we have no reason to distinguish them when we want to solve PDEs.

Recall that in the definition of C }(511)5/ (X), we only need the values of T along I'. Hence if
T = %, we know (7,D) ~ (%, D). Moreover, for any positive function h € C*(T), we have

(t,D) ~ (%,D) if T = ht along I'. Conversely, we have

Proposition 3.16. If (t,D) ~ (T,D), then there is a positive function h € C®(T) such that

T=nht

Proof. This is easy to see by considering the space C M where E’ is a non-trivial

I'xIR3, E/( )

subbundle. For any p € T, we know T can be written as ¥ = hit' + ;' where ' € X(T), k' €

C*®(T'). Then we may choose a test function f € C§X)1R3 o (Z) such that % f = 0at p for

any 17 € T,(T) (i.e., f is constant along I'). This will imply if (a1,a2,a3) € E},, then we have

(h'ay, h*ay, ha3) € E’ by f € ¢t (£). We can choose different E’ to get h! = h? = h3.

FXII{3 E’

Hence we may suppose ' = ht! + ' for some h € C®(T') and WLOG, assume & = 1 near p.

iN 3
Hence, we get (%) € I'(E'). Suppose 1! # 0, then we choose E' = {(p, (0,¢% ¢°)) €

I x R3}. For any f € c! Y), we can adjust f such that 2 5 of 75 0 and f =0 at p for

FXR3 E’(

j = 2,3. This is possible since we do not have restriction on f. This will Contradlct the fact
i\ 3
Lff) /
(55)_ erE).

Hence, we need to have 7' = 0 for each i. O
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It is interesting to note that the differential forms do not depend on the choice of the

equivalence class of (7, D).

Proposition 3.17. If (1, D) ~ (%, D), then

£ (Z) = O, (T)
where O () is the space of the differential forms related to (%, D).

Proof. Using Proposition 3.16, we suppose T = ht for h € C*(X).
Suppose w € Q’fgg(Z). Let Xy, , X} € fél)(D) and let Yq,---, Y € Fél)(Z) such that

Y= X forj=1,--- k. Itis easy to note
Xy, , X cOx Xy, ,X) ecYz
CL)(T, 1, ’ k—l) € Eo ( )r (U( 1, s k) € Eq ( )

So we only need to show

)
ﬁ(U(Xlr' o /Xk)‘l” € F(EQ)

Note that by the properties of Lie derivative, we have

k
ﬁfw(Xl, s ,Xk) = aiw(Xl, s ,Xk) — Zw( ey, [’f,Xj], s ), (32)
j=1

where w(---,[%,Xj],---) means w(Xy, -+, Xj_1, [T, X;], Xj31,- -+, Xi) and L; = (Eifi)?:1
with £ the Lie derivative on .

Since L;w is a tensor, we have

E%(U(Xlz' . /Xk)’l" = ,CfW(Yl,' e ,Yk)’r

) k
:ha*w(Yl,"' Y r — Zw(“-,[hT,Yj]w“)!r
T pst
9 k K on
:ha*w(er"' rYk)’F_th("‘ ’[T’Yj]"”)|r+ZWw(“' T, )|r (3.3)
T =1 j=19%j

where we have used %w(' e, T, ) = a—Yjw(Yl, Y, T Y, Y-
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Recall that Y°2_, 07[%, Xi] = Y2 6T, Yl] =0, we get

K
Yl [T Y], Ywt [ X)) € c(x). (3.4)

k
j=1
At last, we know h%w(Yl,- Y, %’jw(- e, T, ) € Cg;) (X). Combining the identities

(3.2), (3.3), and the result (3.4), we have 2w (X, -+, X¢)|r € [(Ey). O

From now on, we will call T as a triple junction structure on X even if T is only defined
along I'. In this case, we will extend T arbitrarily near I' and choose D based on T if
necessary.

If we only consider the space C ,(511?]59 (X) when fixing the density 6 on X, we have another

type of equivalent defined as follows.

Definition 3.18. We say two triple junction structures (7, D) and (%, D) are 6-equivalent
to each other, if the function space C,(Sll?Eg (X) agrees with Cgl?EQ(Z). We will write this

equivalence as (7, D) ~y (T, D).

We can give another description of the 6-equivalence relation.
Proposition 3.19. (7, D) ~g (%, D) if and only if there exists a positive smooth function h € C®(T)
and some vector field X € Xo(T') such that T = ht + X. Here, Xy(T') is defined as,

. 3 . .
X%y(T) := {X = (X, X%X%): X' e x(T) and Y 0'X' = 0} :
i=1

Proof. The "only if" part is easy to see after a simple verification.

For the "if" part, as shown in Proposition 3.16, we know ¥’ = ht + 7' for some h € C*(T)
and 7' € X(T'). Hence, the condition f € ng}sg (X) implies Y3_, 0'dfi(3') = 0 on T, or we
can write Y0_; dg(6'n') = 0 if we define ¢ = f|r. Note that for any ¢ € C*(X), we may
extend it to a function f € CE?EG(Z) with ¢ = f|r on T. So the identity Y?_, dg(6'y") = 0 for
any g. Hence Y3, 'y’ = 0. O

Moreover, we have a slightly stronger result than Proposition 3.17.
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Proposition 3.20. If (T, D) ~y (T, D), then

O, (2) = O, (2).

Proof. In view of the result Proposition 3.17, we only need to consider the case T = 7+ X
for some X € Xy(T).

The proof for this case is similar to the proof of Proposition 3.17. The key here is to show

0
gw(xlr' ot /Xk)‘l” S F(EQ)/

and we can make use of Lie derivatives to finish the proof. O

3.4 Metrics on triple junction hypersurfaces

We say g € Sym?T*Y. is a metric on ¥. and write it as g € Met(Z) if ¢ = (', g2, &%) such that

each gi is a metric on X! for each i = 1,2, 3.

3.4.1 Canonical metrics and C() metrics
Given (7, D), the triple junction structure on X, we can define a canonical metric as follows.
Definition 3.21. We say g € Met(X) is a canonical metric on X if the following holds,

* §=(g",g% 8% suchthatg'|r = g*lr = ¢’[ron T,

. gt =1,

g(7,X) =0forany X € T'(D),

g(X,Y) € C)p (%) for any X, Y € I}V (D).

Note that the canonical metric will depend on D and it is not unique. Recall that if we

use the coordinate chart in Proposition 2.11, we know the canonical metric g has the form
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g = dx? + g», where g; is the metric on {x; = t}. This expression shows that the canonical
metric has some relations with the Fermi coordinate. We will use this fact later on.
Let us define a C(Y) metric on X, which only relies on the equivalence class of triple

junction structures.

Definition 3.22. We say a metric ¢ € Met(Z) is a C)) metric on ¥, and write it as ¢ €

Met(!) (X) if g satisfies the following conditions,
* ¢=(g',¢%¢%) such that ¢'|r = ¢*|r = ¢°*lron T,
* g(rh ) el (@),
e ¢(7,X) € C}(S(;)(Z),VX € X(X) along T,
e« g(X,Y) eCl), (£),vX,Y eT{V(D).

1

Here, 7= means the projection of T to the normal of D under metric g.

By the way, we write ¢ € Met?)(Z) if we only have ¢|r = ¢/|r on T.
Remark 3.23. We note each canonical metric § € Met) (2).
We may prove the following proposition.

Proposition 3.24. The definition of C\) metric does not rely on the choice of elements in the

equivalence class of relation ~y.

Proof. Suppose (T,D) ~g (£,D) and g € Met'") (). Then we want to show g € l\/fet(l)(Z)
where the Met" (X) is the space of C(1) metric related to (%, D).
From Proposition 3.19, we know T = ht + 1 for some positive h € C®(T') and 17 € Xy(T).
Suppose X, Y € T\(D) and X, Y € TV (D) such that X|r = X|r, Y|r = Y|r.

It is easy to verify the following things,

= hzg(Tl,TL)‘r e I'(Ep),
g(t, X)|r = hg(t, X)|r + g(1, X)|r € T(Eq),

g( ~/Y)h“ = g(X/Y)|F € F(El)'
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Hence, we only need to show,

0 o -
28(X, V)l € T(Ey).

This can be done by using the properties of Lie derivatives. Note that along I', we have

28X, Y) (5. %,Y) - g(X, [, V)

= Lg(X,V) = Leg(X,Y)

= hgog(X,Y) + 59X, Y) ~ (7, X, Y) = (X, [£,Y)

= g, Y) + 56(X,Y) = (5, X, ¥) — (X, [1Y]) + Sg(n,Y) + Gre(X, v
—8&([n. X1, Y) = g(X, [, Y]) (3.5)

Note that all the terms in the last part of identity (3.5) is in Cg) (X) by the definition of g,

the properties of 77, X and Y.
So we get 2¢(X,Y)|r € I'(Eg) by showing g([%, X],Y), (X, [£,Y]) € CL)(%). O

Although our C™") metric only relies on the equivalence classes, we can always choose a
triple junction structure in its equivalence class to turn the metric into the canonical metric.

This property can be viewed as the inverse property of Remark 3.23.

Proposition 3.25. Suppose g € Met'V) (%), then we can find (t,D) ~g (T,D) such that g is a

canonical metric under the triple junction structure (%, D).

Proof. For any p € T, we fix a local coordinate chart ¢r : Ur NI' = Vr of I' near p where Ur
is a neighborhood of p in I' and Vr is a neighborhood of 0 in R"™! = {(xp,- -+ ,x,) € R""1}.

Now we can extend ¢r to a Fermi coordinate of Y/ near p, and we write it as
¢ U'NT — V< [0,¢)

for € small enough.
This will give us the construction of 7 and D as we can choose T = —%, D = tts where

T2 is the orthogonal complemented subspace with respect to T under metric g. Then we
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can glue 7, D near T locally by the partition of unity. Clearly, we know g satisfies the first
three conditions in the definition of the canonical metric.

Now, let us verify (t,D) ~p (T,D). We write T = ht+ 1 for 0 < h € &}_,C*(T), 5 €
@®?_,X(T). We extend 7 near I so that 7 € l"él)(Z). We only need to show h € T'(E;) and
n € Xo(I).

Indeed, from the definition of Met(l)(Z) and ¥ = ¥t = ht! + 5+ = ht'! along T, we
have

% = %g(f,f) =g(tt,tt) €T(E;) alongT.

Hence h € T(E;). So we can view h as a function in C*(X).

On the other hand, for any X € X(I'), we have g(7, X)|r € I'(Ep). Hence

siii 3iiTZ_77i 39iii
o:Zeg(r,X)=;9g< . ,X>=—Zh8(77/X)
1=

i=1

31 .
= - Zﬁgr(f)ln’,m

holds along I'. Hence Y3, 8’5 = 0 by the arbitrariness of X. Hence, we know (T, D) ~j
(t,D).

Using Proposition 3.19, we know ¢ also satisfies the fourth condition in the definition of
canonical metrics.

Hence, ¢ is a canonical metric with triple junction structure (%, D). O

3.4.2 Geometric meanings of C(!) metrics

From the definition of C(!) metrics, we know not all metrics ¢ = (!, 4%, ¢%) € Met(X) can
become a C1) metric for some triple junction structure (7, D). At least, when we fix a C(*)
triple junction hypersurface ¥, we need to ensure ¢' = ¢/ along I at least.

Indeed, we need additional conditions on g to ensure we can find (7, D) such that g will
become a C(Y) metric under this triple junction structure. As we will see, this can be viewed

as another definition of the triple junction structure.

Proposition 3.26. Let us fix a triple junction structure (t, D), and a metric g € MetV) (Z). We
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write AL as the second fundamental form of T in ¥ with respect to the outer unit normal vector field
along T. We write Ar = (A}, A2, A3) for short. Then we have

3 . .

Y 0'AL(X,Y) =0, VX, YeXx().

i=1

Proof. WLOG (using Proposition 3.25), we assume g is a canonical metric. Hence T will be
the outer unit normal vector field along T'.

Hence, for any X,Y € X(I'), we extend them to vector fields X, Y € l"él) (D). Then we
find

2 8(X,Y) = §(V:X,Y) +(X, Vo)
=8([T. X, Y) +&(VxT,Y) + &(X, [, Y]) + ¢(X, Vy71)

= 8([r, X],Y) +¢(X,[1,Y]) = 24r(X,Y) (3.6)

along I'. Recall that [, X], [7,Y] € %p(T) and 2¢(X,Y)|r € T'(Eg), we get Ar(X,Y) € T(Ep).

This is what we want to prove. O

Moreover, the reverse part is true. We can always make it into a CD) metric if in addition,

we have Ar(X,Y) € T'(Ey). We summarize it as follows.
Proposition 3.27. If ¢ € Met(X) satisfies
* ¢(X,Y) eT(E1), VX, YeX(I),
o Ar(X,Y) €T(Ey), VXY e x(I).
Then there is a triple junction structure (t, D) such that g is a CV) metric under (t, D).

Proof. We can construct (7, D) as in the proof of Proposition 3.25 using Fermi coordinate.
Clearly, ¢ will satisfy the first three conditions in the definition of canonical metrics. We
need a different proof to show that the fourth condition is true.

Indeed, this is not hard by noting the identity (3.6) is true and we already know
Ar(X,Y) € T'(Eg). This will give us 2¢(X,Y)|r € I'(Eg). Here, we have extended X, Y such
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that X,Y € Fél) (D). Hence, we see g is indeed a canonical metric under the triple junction

structure (7, D). O

Proposition 3.27 shows that, given a C%) triple junction hypersurface X, we can construct
a C(M) metric first based on the conditions in Proposition 3.27, then we can recover the triple
junction structures. This means C1) metric itself can be viewed as a triple junction structure

in some sense. Hence, we can call a metric C(!) even without the triple junction structure.

Remark 3.28. We can view the conditions in Proposition 3.27 for g as the C™V)-continuity of metrics
if we recall the definition of C™V)-continuity function space C 1(311?1?9 (X2).
In particular, recall that g = dx? + g, if we use the Fermi coordinate. Then the first condition is

equivalent to g = g|r, and the second condition is equivalent to Y5 Gia%l gk =0 =0.

Remark 3.29. Sometimes, we may also be interested in the following problem. Given g € Met(X),
can we find a C) triple junction structure on ¥. to ensure g is a C1V) metric? In other words, we
allow the diffeomorphisms on the boundary to change. This is the case considered in [Wan21b]. We

will go back to this case later on.

Remark 3.30. Recall that we can define the vector fields 1"](51,) (D) associated with vector bundle E'
in Remark 3.9. Indeed, we can define the differential forms and C() metrics with respect to E' using
similar methods. All the results hold for this general case. Almost all the proofs are essentially the

same, and we do not repeat them here since we do not use these spaces later on.

3.4.3 Relations with extrinsic metrics

Fix (N, gn) to be an (n + 1)-dimensional Riemannian manifold. We let ¢ : ¥ — N be a
smooth minimal immersion with density 6 defined in Subsection 3.1.1.

We write the metric on the ambient manifold N as gyn. Clearly, £ will automatically
have the pullback metric g := ¢*(gn). We will show that ¢ will be a C(!) metric on ¥ with

density 6.

Proposition 3.31. The pullback metric g will satisfy the conditions in Proposition 3.27. Hence, it
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will be a CY) metric under some triple junction structure (t, D). Moreover, we can choose T such

that T' is the unit outer normal of T in .

Proof. Note that g'|r = ¢/|r for i,j = 1,2,3 since g is the pullback metric. So we only need
to show Yo, 6'AL = 0.

We construct (7, D) as in the proof of Proposition 3.25. If g satisfies the conditions in
Proposition 3.27, then g will automatically be a C(!) metric under (7, D).

Note that T will be the unit outer normal of T in ¥, so the minimality condition implies

Y2 6! = 0. Hence

w
w
W

3 . . .. i . . i . . .
Y OALX,Y) = Y 0 (VEY, ) = Y 0ign(VEY, T) = Y 0ign(VE'Y, T)
i=1 i=1 i=1 i=1

for any X,Y € X(T'), where V¢ is the covariant derivative related to metric g. ]

Proposition 3.31 shows that minimal immersion is closely related to the triple junction
hypersurfaces. This is one of the reasons why we impose the triple junction structure on X.
This structure will help us study the properties of triple junction hypersurfaces arising from
minimal immersions even without the metrics.

3.4.4 Conformal invariance of C(!) metrics

In particular, we note the Met!) (%) is invariant under conformal transformations in the

following sense.

Proposition 3.32. If ¢ € Met'") (%), then for any h € CS?EQ (X) with h > 0, we have hg €
MetD ().

Proof. The only non-trivial thing we need to verify hg € MetM () is to show
(1) (1)
hg(X,Y) € Cp p, (£), VX, Y €Ty’ (D).

But this is not hard by noting 1, g(X,Y) € Cg?Ee (X) and we can use Proposition 3.12. [
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3.5 Diffeomorphisms between triple junction hypersurfaces

Let (%,T), (£,T) be two triple junction hypersurfaces. Let us fix the triple junction structure
(t,D) (resp. (%,D)) on T (resp. £). We suppose these two triple junction hypersurfaces

carry the same density function 6.

Definition 3.33. We say F = (Fl,F2, F3) is a diffeomorphism between X and ¥ if each
Flisa diffeomorphism between Y and ¥/ and when we restrict F! on I or on fi, itis a
diffeomorphism.

We say F is a C(0) diffeomorphism between ¥ and % if F is a diffeomorphism and
Fi|r = F/|r. (Keep the C(%) triple junction structure.)

We say F is a C(V) diffeomorphism between % and % if F is a C(O) diffeomorphism
and there is (£,D) ~g (%, D) such that F,(t) = % along I'. (Keep the C(V) triple junction

structure.)

Note that if F is a C(9) diffeomorphism, the pullback of function space C éo) (£) will be
the same with the function space El(:(j)E(Z) where F.E is the pullback bundle of E on T'.

If F is a C(V) diffeomorphism, we know the pullback of Cg?EH (£) will be ngEg (2).

Usually, we will always assume there is a metric on X, so we may not care about the
diffeomorphism. However, when we want to study the properties less related to metrics,

like conformal structure, we may need to consider the diffeomorphism. We will talk about

the conformal structure on triple junction surfaces later on.
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Chapter 4

Sobolev spaces and elliptic operators

on triple junction hypersurfaces

In this chapter, we will fix a triple junction hypersurface X with a triple junction structure
(t,D). We will assume X. is compact. That is, we assume each X! is compact. Suppose
carries a density 6 as usual. We will also fix a C() metric ¢ on =. WLOG, we assume g is a
canonical metric. Under these conditions, we know the gradient V := V38 is well-defined on

2.

4.1 Sobolev spaces on triple junction hypersurfaces

Definition 4.1. For any 1 < p < oo, we define the L” space on X by letting

3

LP(2) := P L ().
Similarly, we can define the W+ () space on X by letting
3 .
WP (Z) := P WHP(Z) for k > 1.
i=1
Roughly speaking, for u = (u!,u? u%) € WkP(Z) (resp. u € LP(Z)), we simply mean
each u' € WP (21) (resp. u' € LP(Z1)).
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Remark 4.2. Since we have assumed . is compact, we know L{, (Z') = LP (%) and W{;’f(Zi) =

WEP (),

loc

Note that in Definition 4.1, the spaces do not even rely on the C() triple junction
structure on X.. Indeed, we know there is no meaning to talk about the restriction of the L?
function on I'. We cannot impose the boundary condition for the functions in L”(X) using
CO) triple junction structure.

However, we can indeed talk about the restriction of W*? functions on the boundary.

Definition 4.3. We suppose E C T x R? is a smooth subbundle of I' x IR?. Then we define

WP spaces related to E by
WP (5) = {u e WHP(Z) :ulr € r(E)},
where we understand the restriction in the trace sense.

Here, we have used the notation u|r € T'(E) to mean u is a section of E defined almost
everywhere with respect to the measure on I' induced by the metric g|r.
In particular, we can show that W]Lf’p (%) is a closed subset of WX? (%) under the norm

|| - Hwk,p():) as follows.

Proposition 4.4. ng’p(Z) is a closed subset of W5P () under the norm || - ||y (x)- Hence, ng,p (%)

is a Banach space.

Proof. Let {u;} C Wg’p (X) be a sequence of functions such that 11; — u for some u € W5 (%)
in the sense of W*? norm.

Now let us fix p € T and we want to show u|r is a section of E near p. Since E
is a smooth vector bundle, we know E is spanned by some orthonormal vector-valued
functions g1, - - ,g; defined near p on I'. (Recall that each g is a vector-valued function,
ie, g5 = (g1,82,83).) So from u; € WP (), we know uj|r can be written as the linear

combination of gs such that the coefficients are in L? space near p. That is, we have
l
ujlr = Y 1jsgs, for some il;; € L(T) near p.
s=1
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Note that 7;; can be obtained by the inner product with gs as ;s = Yo ullrgl.

We can extend {g1,--,¢} to the smooth orthonormal frame {g1,---, g3} for I x R3
near p. So we may also write u|r = Y°_ isgs since u € WkP(Z),

The trace theorem says, if we have u; — u in the W' norm, then the restriction
uj|r — u|r convergences at least in L? norm. So we know fljs — ils for s < I and 0 — #; for
s > 1+ 1in the L sense near p. This implies u|r € I'(E) locally near p. Since T’ is compact,

we know u € WP (). O

Remark 4.5. Here we will suppose E is a smooth subbundle of T x R3, although we may consider
some weaker continuity E to extend our definitions. This is because the smooth case is enough for our

later application, and we can avoid some tedious technical definitions if E is smooth.

Note that the definition of ng’p(Z) does not require g to be a C(1) metric. In other words,
Definition 4.3 does not rely on the triple junction structure on X. It only relies on the C(0)
triple junction structure on .

There are two spaces we use often. We define the following spaces,

Sometimes, we will use another equivalent norm || - ||ty 5., instead of || - [|yyep(x) on
0

()
Wg’p (X) defined by 1
3 v
HuHWg/p(Z) = EGZHulH[}i\/k;ﬂ(zi)
=

Similarly, we define L} norm by

1
P

3 . .
Il gz = [Zel [ |urpd21]
i=1 ¥

Note that if p = 2, then W'E’Z(Z) will become a Hilbert space under the inner product

(*/*)wra(z) (or the inner product (-, -) (2))' We write HE(Z) := WF2(Z) and have the

k2
WG

following result by Proposition 4.4.
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Proposition 4.6. HX(Z) is a closed subset of H*(X). Moreover, HK(X) is a Hilbert space with

inner product (-, ) i (x) (or (-, ')H{g(z)) restricted on HE(Z).

4.1.1 Trace-zero spaces
We define the trace-zero space on X as
WP () = {u € W () 1l =0, ¥i=1,2,3}, HE(Z) =W (D).

Here, we understand ui|r in the trace sense and ui|r = 0 means ui|r is zero almost
everywhere.

Hence, we can define the trace-zero spaces related to a smooth subbundle E C I' x R3 as
kp — wkp kp
Wy () = Wy (2) NWEP (%)

Note that ng (%) is a closed subspace of W+?(X) under the norm || - Iwer(z)- In

particular, we can find the space is the closure of the following set
{u ecl (X) : u vanishes near 82}
E :

under the norm | - [[yyep(y)-
Similarly, we can define the trace-zero Hilbert spaces H () := WE2(2) N WE(Z). We

also use the following notations.
kp sy .— wh? kp kp sy . WP kp
e Wy (2) =W (2) NWyT(E), Wy (2) := Wy (2) N Wy (2).

* Hfi(2) = Woi (D), Hi(2) = Weg (D).

4.2 Some integral notations

We make the integral convention to simplify our equations. Suppose X is a triple junction

hypersurface with C() metric g.
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For some function f = (f!, 2, f3) defined on ¥, we write

[ sz ::ié/zifidzéi.

Hence, the L}, norm of f on X can be written as Hf||z,,(2) = [+ 0|f|" dX (recall that we
0
have defined |f|" := (|f/]")3_)).

Similarly, for any function f = (f1, 2, 3) defined on I, we will write

/rfdl"::g/rfidrg.

4.3 Second-order elliptic operators

We recall some basic definitions and results for elliptic operators on manifolds. Note that
these definitions do not rely on the C() triple junction structure on =. Hence we may forget
about any triple junction structures on X (only put metric ¢ on X). Hence, the following
results are pretty standard, and we will not give detailed proof here. Readers may find them

in some well-known textbooks (for instance, [Nic20, Chapter 10]).

4.3.1 Definitions from the algebraic aspect

The operators OP(X) on X is the space of all the R-linear operators on C®(X) — C®(X).
We define the adjoint map ad(f) : OP(X) - OP(X) by ad(f)(T) :=Tof — foT = [T, f]
forany T € OP(X) and f € C®(X).

Now, we define P (") (Z) as partial differential operators of order < m by
P (5) = {T € OP(): [T, f] € P, Vfe C“(Z)} m>1,

and we write PO)(X) := {T € OP(Z) : [T, f] = 0,Vf € C®(X)}. Note that P(?)(X) can be

identified with C*(X) by multiplication.

Lemma 4.7. For any P € P (Z), we have ad(f) o ad(g)(P) = ad(g) o ad(f)(P) for any
f,g € C®°(X). Moreover, if f;,gi € C®(X) such that at ¢ € ¥, we have dfi(q) = dgi(q) for
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i=1,---,m, then
[ad(f1)ad(f2) - - -ad(fm)P] | = [ad(g1)ad(g2) - - - ad(gm)P] |4

Lemma 4.7 tells us, the value of 2; [ad(f1)ad(f2) - --ad(fu)P]|, depends only on co-

m!

vector §; = dfi(q) € TyE. Hence, we may define the linear function on Tq*®mM by

TP)E, o) = o [ad (@) -+ ad(@n)] Ply

Since o (P) is symmetric in the variables ¢; by Lemma 4.7, we know the linear function
o (P) is uniquely determined by the degree m polynomial ¢, (P)(¢) := o(P)(E, - - ,{) (might
be a zero polynomial).

We say P € P")(X) has order m if 0,,(P) is not identically to zero. We will call ¢;,(P)
as the principal symbol of P. In particular, we say P is a second-order operator on X if m = 2.

We say a second-order operator P is elliptic if for any g € ¥ and ¢ € T;(2)\ {0}, we
have 0, (P)(&) > 0.

Remark 4.8. In general, the ellipticity of a general degree operator only requires o,,(P)(&) # O.
Since we are only interested in second-order operators that are positive or negative defined, we will
assume o> (P) (&) > 0 here.

Remark 4.9. We do not need the metric g to define the partial differential operators from the above
definitions.

Since we have assumed X is compact, we know if P is an elliptic second-order operator,
then P is uniformly elliptic in the sense that & |& > < 0»(P) < A& for some A large
enough.

For any P € P(")(¥), we say a operator Q € P(")(%) is a formal adjoint of P, written as

P*:= Q, if for any u,v € C§’(X), we have

/ZUP(u)dZ:/ZuQ(U)dZ.

Here, C{°(X) means the functions that vanish near 0%! on each X'. We say P is formally

self-adjoint if P* = P.
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Remark 4.10. Note that we need the metric g here to define the adjoint-operator P*. This is because

the volume form dX. is associated with g.

If P is an elliptic second-order operator, then in the local coordinate {xy,- - ,x,} near g,
we can express P as
P(u) = i AjjUxx; + i biuy, +c
ij=1 i=1
for some smooth functions a;;(x), b;(x), c(x) where (a;;) is uniformly elliptic. The principal

symbol of P at g is

n
7(P) =Y a8,
ij=1
if gi;; = ¢;j at g and we denote ¢ = (€1, -+ ,Cn) using canonical orthonormal basis on T;‘Z.

Remark 4.11. This thesis only considers smooth second-order elliptic operators to avoid very tedious
technical details. The smooth case is already enough for our later application.
4.3.2 Description using tensors

This subsection shows that second-order elliptic operators can be viewed as a linear combi-
nation of several forms acting on the derivative of functions.
We already know if P € P(0)(Z), then we can find a smooth function f on X such that

P(u) = fu for any u € C®(Z). For P € P1)(Z), we can describe P in the following ways.

Proposition 4.12. If P € P (%), then there exists a smooth vector field X on ¥ and a smooth

function f on X such that

P(u) + fu, YueC¥(X).

= ﬁ(“)
Proof. Note that by definition of P(*)(Z), we know
P.f] € PO()
for any f € C*(X). Hence, we may find a smooth function Q(f) related to f such that
[P, () = Q(f)u. (4.1)
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Now we replace f by fg in equation (4.1) for smooth functions f, g, we have

P(fgu) — fP(gu) = Q(fg)u, Vue C*(%). (4.2)

On the other hand, we replace f by g in equation (4.1) and multiply f, we have

fP(gu) — fgP(u) = fQ(gu, VYueC™(L) (4.3)

At last, we replace u by gu in equation (4.1) and get

P(fgu) — fP(gu) = gQ(f)u, Vu e C*(X) (4.4)

Now from equations (4.2), (4.3), and (4.4), we find

Qfg)u = fQ(gu+8Q(flu, Vue CT(X).

Hence, as a function, we know the operator Q satisfies Q(fg) = fQ(g) + gQ(f). Hence
Q should correspond to a smooth vector field X, and the action of Q is just the derivative of
functions with respect to X.

Let us consider the operator P — Q. Note that for any f € C®(X), we have

[P=Q, fl(u) = [P, fl(u) = Q(fu) + fQ(u) = Q(f)u+ fQ(u) = Q(fu) =0, Vue C*(X).

This implies P — Q € P()(Z) and hence (P — Q)(u) = gu for some smooth function

g € C®(X). This means, we can write

0
P=Q+g287+g

O]

Note that we can also understand the vector field X by one tensor (one form) w := X’

using the metric g. So the action of P can be written as
P(u) = w(Vu) + gu.

We have a similar result for P € P?)(Z).

44



Proposition 4.13. If P € P2 (%), then there exists a symmetric two-tensor |, a one-tensor w, and

a smooth function g € C*°(X) such that

P(u) = J(V*u) + w(Vu) +gu, Yu € C®(X).

Proof. By definition of P € P?)(X), we know for any f € C®(X), there is a vector field
X = X and a function R(f) € C*(X) such that

[P, f](u) = a;f +R(f)u.

Using similar calculation as in Proposition 4.12, we have the identity

u+ R(fg)u —ga;fw - uaf(fg — gR(f)u —fa;gu —fR(g)u=0, VueC™(x)

0Xre s
Hence, we have
Xfg = fXg+8Xf, (4.6)
d
R(fg) = fR(g) + &R(f) + xS (4.7)

The identity (4.6) implies, the vector X at a point g4 € ¥ only depends on the values Vf at g.
Hence, we can think of X as a tensor field of T*M ® TM, which maps V f to another vector
field Xr. We write | as the covariant 2-tensor obtained by %X using bundle isomorphisms

determined by metric g. That means | can be computed by

d

JVf@Ve) =I(VLVE) = 3558

Note that ] is a symmetric 2-tensor in view of identity (4.5). ] can also act on V2f since

V2f is a 2-vector.
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Let us consider the operator Q(f) := R(f) — J(V2f) and using identity (4.7), we have

Q(fg) = R(fg) — J(V*(fg))
= fR(g) + 8R(f) +2](Vf,Vg) — 8] (V*f) — fI(V?8) — [(Vf @ Vg) — (Vg @ V)
= fQ(g) +8Q(f)-

Hence, there is a one-form w such that Q(f) = w(VY).

Now let us consider the operator S(u) := P(u) — J(V?u) — w(Vu). It is easy to find
[S, fl(u) =0, YueC»X).
Hence, there is a smooth function ¢ € C*(X) such that S(u) = gu. In summary, we get
P(u) = J(V?u) + w(Vu) +gqu, Yu € C®(Z).
O

Note that for any P(u) = J(V?u) + w(Vu) + gu that appeared in Proposition 4.13, we

can also write P in the divergence form as
P(u) =div(] - Vu) — div](Vu) + w(Vu) + gu

by the properties of divergence for tensors. It is easy to see that P is elliptic if and only if
] is a positive defined bilinear form at T,X for any q € . If P is a (formally) self-adjoint
operator, we can find w(Vu) = div](Vu). Hence for the second-order self-adjoint elliptic

operator P, we can write it as P(u) = div(J - Vu) + gu shortly.

4.4 First and second variation formulas

This section will find that the second-order elliptic operators naturally arise from the first
and second variations. This is one of the reasons why we focus on the general second elliptic
operators on triple junction hypersurfaces.

Suppose we have an extrinsic triple junction hypersurface ¢ : ¥ — N for some (1 + 1)-
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dimensional Riemannian manifold (N, gn). Hence, each &/ will have the pullback metric

g = (¢") (gn).

4.4.1 First variation of

Definition 4.14. We say ¢;(-) = ¢(-,t) : = x (—¢,€) — N is a smooth variation of ¢, if each ¢!
is a smooth variation of &/ up to the boundary and each ¢; is an extrinsic triple junction
hypersurface in N. We say a smooth variation ¢; of ¢ has compact support (in the interior of

Y) if ¢ = ¢ near oX.

In other words, if a smooth variation ¢; has compact support, then the boundary 90X will
be fixed. Note that we do not fix I'.

For any smooth variation ¢ of ¢, there is an associated vector field X : ¥ — TN,
such that each X' is a smooth vector field along Y/ vanishes near I, and Xi|r =X Ir for
1<4,7<3.

We assume X has density 6. Then the area of ¢;(X) is given by

3
_ i i
9(Z)] = ; /21_9 Al o

Suppose ¢; is a smooth variation for the extrinsic triple junction hypersurface ¢ : & — N
with compact support. Let X be the associated variational vector field. We write the function
f = (X,v),,, where v is a unit normal vector field along X.

We use the well-known first variation formulas for smooth hypersurfaces and compute

4| @),

3 . .
‘(Pt(Z)’ = E - GldiVZiXdZ;i
i=1

_ lé [ 0'Hs, (x,v7)

. 3 . .
Y /r o' (Xt >gN iy,  (48)

where Hy; is the mean curvature of ¥ respect to the unit normal vector field vi. Now, we
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can find ¢ is a critical point of the area function if and only if
. 3 . .
Hyi=0on X' and Z 't =0onT. 4.9)
i=1

Definition 4.15. We say an extrinsic triple junction hypersurface ¢ : ¥ — N with density 60

is minimal if the conditions (4.9) holds for .

Remark 4.16. Note that Y3, 0't' = 0 can hold only when 6" 4 0' > 6% for any permutation
(ijk) of (123). Note that it should be a strict inequality if we recall the non-degenerate property in

definition of extrinsic triple junction hypersurfaces.

If we suppose the ambient manifold (N, gn) = (R""1,4;) is the standard Euclidean
space, we see that minimal immersions are equivalent to the following properties of coordi-
nate functions. Note that Hy; = 0 is equivalent to the equation Ay;x; = 0 where x; := xj0 ¢
is the coordinate function for ~.. On the other hand, the vector field T can also be viewed
as the derivative of coordinate function (e.g., T = g—i). Hence, we know the coordinate X;
should solve the following problem,

Ayxj =0, on X
(4.10)

‘ (1)
Xj € CELEG’

Moreover, it is easy to note the following result.

Proposition 4.17. Suppose ¥ is an extrinsic triple junction hypersurface in R"*1. Then ¥ is
minimal with respect to the density 6 if and only if every coordinate function x; satisfies Problem

(4.10) for 1 <j<mn+1.

Proposition 4.17 shows, it is worth to study the operator Ayx. In later applications, we
will use similar results like an immersion of ¥ to a unit sphere is a minimal immersion if

and only if the coordinate functions solve particular elliptic partial differential equations.
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4.4.2 Second variation of X

We assume ¢; is a smooth variation of ¢ : ¥ — N with compact support and X is the
associated vector field. We write f = (X, v), . Then by the similar calculation that appeared

in [Wan22], we can get the following formula.

Proposition 4.18. Suppose ¢ : £ — N is a minimal extrinsic triple junction hypersurface. The for

any smooth variation ¢y of ¢, we can compute the second derivative of its area by

A2 3 i
2 t:0’¢t(2)| = 1;/21 Uvzif

_ Zé /r(fi)2 <Hr, rf>gN gidr. (4.11)

" AP () - RiV W) (F)?| ez

We can shorten the formula (4.11) as

d2
dar?

(@) = [0[IVeff = |Axf £ = Ric¥ ()] 4=~ [ 0f (Hr,7), aT

t=0

using the notations in Section 4.2.

Proof. We will use the methods in [RS97, Appendix] (see also [Wan22, Theorem 4]).
Let () be %\tzo(-). Here, we use D to denote the covariant derivative on N. Take
derivative with respect to t in the first variation formula (4.8), and we get

d2

| )= _/)EGH/Zfd2+/r9<X'T/>gN dr. (4.12)

t=0

Note that here, we have used minimal conditions Hy, = 0 and Y, #'t' = 0 along T.
Using the well-known formula (cf. [Ros93]), we have Hy = Asf + |Ax|* f + RicN (v) f. This
will contribute to the interior term in the formula (4.11).

Now, let us compute T = ((t!), (72, (%)).

Let Sy, = (Syi)?_; denote the shape operator of ¥ with respect to the normal v (i.e.,
(52(X), Y)g, = As(X)Y) for X, Y € X(X)). Let XI, X! denote the tangential component of

vector fields X when immersing X and I', respectively, into N.
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Using Lemma 4.1 in [RS97], we have
V' = =Vx(f) = Sz (X3).

Let { e]} ! be an orthonormal frame of T,T for some p € I'. We write ¢;(t) = d¢;(e;)

and decompose X = fv + g7 + X{ where ¢ = (X, 7). Then we find

<€],T>gN = <DE].X, T>gN = —fAz(Ej, T) + seg] — Ar(Xlr, Ej),

for 1 <j <n—1. Recall that Ar = (A%, A%, A13-)

Hence, we can compute (X, '), to get

8N
(X, = (tv), f+{, 1) g+ni:1<r’ ej) <XT e'>
4N AN N = "IN NI g

1
== <T'V/>ng +;; <T’ e;>gN <X1I' €j>3N

= &4 fas(e XD + FASCE ) — B4 A XD)
F

%)
= & fean(r, )+ 2f A (X, ) - 8 sar tATEXD. a1y
Note that the last three terms in identity (4.13) are sections of Ey. Indeed, we can find

g € T(Eg) and Y3_, 0" Al = 0 by Proposition 3.26. For the term fAyx (X[, T), we have
3 . . . T . 3 . . . .
Y0 FAL(XE, T) = Z o' <DXgrl,f’v’>
i=1 ‘

_ iil<DXrT(9iri),X>g i<DXT oiti), Xr>

— i@igi <ngri, Ti> =0,

8N i=1 8N

—_

using Y2 ; 0't' = 0 and (7, Ti>gN =1alongI.
For the term fgAx (7, T), using minimal conditions, we have

3 n—1

Zf)flglAZ, o, 1) =YY —0'fgAsi(eje) = 291 1<Hr,f1 1>

i=1j=1
3

= — é@igi [(Hr, X>gN —g <Hr, Ti>gN — <HF/ Xlr>gN} — Zgi(gi)Z <HF, Ti>gN'

=1

Note that g* = |X|§,N — f? - ‘Xﬂ;’ where |-|§N i= (")g,- Using the fact Yo 0T =0
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along I', we have

ZOfIgIAZl ', ) 261 <Hr,Ti>gN

i=1

Combining with the identity (4.13) and (4.12), we have

()] :/ZGf(—AZf | Ax ]2 f — RicN dz+/9f< f(Hr,T>gN> dT.
(4.14)

d2
e {,_g

After integration by parts, we can get the formula (4.11). O

In view of formula (4.14), we know that the second-order elliptic operator | := Ay +
| As|* + RicM (v) (the usual Jacobi operator) plays an essential role in the second variation
formula. In particular, there is an additional boundary term on I', which is associated with

the function (Hr, T We view this function as a part of elliptic operators. Please see the
gN p p P

next chapter for details.
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Chapter 5

Elliptic partial differential equations

on triple junction hypersurfaces

In this chapter, we will study second-order elliptic partial differential equations on the triple
junction hypersurface 2. We will only focus on self-adjoint operators since their results can
be easily adapted to the general case. We will make the same assumptions for X used in

Chapter 4.

5.1 Definitions of problems

In this chapter, we will be interested in the following problem,

—Lu = f, in Z‘/
u=0, on J%,
(5.1)
M’r S F(E),
(J(Vu,t) +uh)|r € T(EL)

for smooth subbundle E = E; or E = Fy. Here, the function f, defined on %, is given, and F,
a section of I' x IR?, is given. u is the unknown function. We suppose L is the self-adjoint

second-order elliptic operator on X and write L(u) as L(u) = div(] - Vu) — cu for some
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symmetric two-tensor | and smooth function ¢ € C*(X). Note that we understand | as
J=U4T D).

Usually, the function / will be related to the geometric properties of X, and we will
always assume that it is a smooth section of T x IR®. Hence, we can view & as a particular
coefficient of L defined on I

We will use (L, h) to denote the symmetric elliptic operators on ¥ that may have the

non-zero coefficient h on T'.

5.1.1 Weak solutions

Assume we have a smooth solution to Problem (5.1). For any v € Céo) (X) that vanishes on

0%, we can multiply v0 to Lu = 0 and integrate on X to get the following identity,
/2 [—odiv(] - Vu) 4 cuv] 0dX = /ZfUOdZ.

Then we can apply integration by parts to get

/Z (Y, Vo) + cuv) 0d% — /r J(Vu, T)0bdT = /Z FoOdE. (5.2)
From the fourth condition in Problem (5.1), we know

/r(](Vu, 7) + uh)ogdl = 0.
Put the above identity into equation (5.2), we get the following identity,
/Z [J(Vu, Vo) + cuv] 04 + /r wohfdl = /Z Fobds.
Now we can define the bilinear form B[, -] as
Blu,v] := /Z [J(Vu, Vo) + cuv] 0d% + /1" uvhfdr. (5.3)

Note that although B is defined only for smooth functions initially, we can extend the

definition of | to ensure B is defined on H!(X) since smooth functions are dense in H!(Z).

Remark 5.1. We can compare the bilinear form B in equation (5.3) with the second variation formula
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(4.11). Note that the function h will corresponding to the term (Hr, T) gy i1 equation (4.11). This
is the reason why we have an extra h coming into the definition of Problem (5.1). In our case, the
function h is determined by the geometric properties of X.. Hence it is reasonable to assume h is given

and smooth on T.

Definition 5.2. We say that u € Hj;(X) is a weak solution to Problem (5.1) if for any

v € Hj ;(X), we have
Blu,v] = (frU)Lg(z)r

where (-, -) 12(x) 18 the L? inner product on ¥ with respect to the density 6.

5.2 Existence of weak solutions

First of all, let us show a preliminary energy estimate for later application.

Proposition 5.3. There exist some constants a, B,y > 0 such that

ol sy < Bl ] + vl ) < Bllully s

forall u € H}(Z). Here, we write H§(X) := Wg’Z(Z). The constants only depend on X, the operator
L and the L*® norm of h.

Before the proof of this proposition, let us prove a trace theorem which is required in

this proof.
Lemma 5.4. For any fixed C > 0, there exists a constant A\ large enough such that,
HV“Hig(z) +AH“H%§(Z) > CH“H%g(r)
for any u € H{ ().
Recall that [|u||?, . := [ u*0dT.
ecall tha ||uHL§(r) Jru

Proof of Lemma 5.4. Note that by trace theorem for u € Wg’l(Z), we can find a constant cq

such that

/yu|9drgc1 U |w|9dz+/ |u|9d2].
r 2 %
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Let us replace u by u?, then by Cauchy-Schwarz inequality, we have
/uzedr <c [/ 2|ul |Vul GdZ—i—/ uZGdZ}
r z z
< cle/ VuPds+ (< +c) / 12045,
z € z
Hence, we can choose ¢ small enough to ensure % < %, so we have
CH”H%@(E) < ||VMH%5(2) +A||”||ig(z)
for some A sufficiently large. O
Proof of Proposition 5.3. Let us find some «, v such that the inequality
0‘”””?{;(2) < Blu,u] + 'YH”H%%(Z)

holds.

Note that since L is elliptic, we can find A > 0 such that

1,2 2

LI < 16) < AP 54
Since the L*® norm of & is bounded, we know there exists a constant ¢; such that

’ /)2 thGdF‘ < ||u|y§§(r). (5.5)
Using Lemma 5.4, we can find A such that

1
2 2 2
ClHuHL(Z’(r) < ﬁ”quL(ﬁ(Z) +AHMHL§(2)' (5-6)

Hence, combining the results of (5.4), (5.5), (5.6) and choose A’ such that A’ > |c|, then

we have

1 2 1 2 1 2 1 2
Bl + (57 + 8+ &) Il 2 5219l + gl = o Il

Hence we can choose & = 51,7 = 51 + A + A’ to make the first inequality holds.
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For the second inequality, it is easy to see by inequality (5.6) as
1
Blu, ] + s ) < ANVl 2ys) + 5 [Vuly) + (7 + A+ Al 3y < Blluly sy
for B sufficiently large. O

Using the Fredholm alternative, we can get the existence theorem for the weak solutions
to Problem (5.1).
Let N C Hjp(X) be the spaces of functions u which solve Problem (5.1) with f = 0

(homogeneous problem) weakly.

Theorem 5.5. Problem (5.1) has a weak solution if and only if (f, U)Lg(z) =0foranyv € N. In

particular, the solution u is unique in the sense of (u,v) 2 =0 forany v € N.

Remark 5.6. If N only contains zero function, then Theorem 5.5 says for any f € L*(X), there

exists a unique weak solution u to Problem (5.1).

Proof of Theorem 5.5. Let us define the bilinear form
By [u, 0] := Blu, 0] + 7(u,0) 25,

where we choose 1y as in Proposition 5.3. Note that by Proposition 5.3, we know B, indeed
defines a norm on £ and this norm is equivalent to the usual norm || - || j1x,-

Note that the function f determines a bounded linear functional on H(l),E(Z) as

Tf 10— (f/U)L(Z)(Z)'

Hence, by Riesz Representation Theorem, there exists a unique element u € Hé,E (%)

such that

B, [u,v] = (f,v)Lg(z), Vo € H(%,E(Z‘)'

Hence, we get a map from f to u. Let us write this map as u = P(f). It is easy to find P
is indeed a linear operator. Note that u € H(l)IE(Z) is a weak to Problem (5.1) if and only if

Bylu, 0] = (yu+ f,0)3(5) forany v € Hj(X). This is equivalent to the following identity

u—yP(u) = P(f). 57)
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Now let us show P is a bounded operator. Indeed, by Proposition 5.3, we have

& [P(N)fns) < ByP(F), P(H)] = (P(f), Nizmy < 1PNyl f -

This implies a| P(f) ||H5(Z) < ||fHL§(Z). Hence P is a bounded linear operator P : L?(X) —
Hjg(X) C L3(%). Since Hj () is compactly embedded in L*(%), we actually know P is a
bounded, linear, compact operator.

So we may apply the Fredholm alternative for the operator -y P.

Let us write N := {u € Hyp(X) :u—P(u) = O}. Then from Fredholm alternative, we
know the equation (5.7) has a solution u € H{ ;(X) if and only if P(f) LN under the inner
product (-, -);3(x)- The solution is unique if we require ulN.

Note that

u € N <= B,[u,0] — vB,[P(1),0] =0, Vo€ H}p(Z)
<~ B[u, U] +v(u, U)Lg(z) —v(u, U)Lg(z)/ Vv e H(%,E (%),

< B[u,0] =0, Vo€ Hjp(L).
Hence, we know N is the same with N. On the other hand, for any u € N, we note

B,u,v] =0 <= B,[yP(u),v] =0 <= 'y(u,v)Lg(Z) =0, Yovec Hi(X)

(P(f),u)pax) = 0 <= By[P(f),u] =0 <= (f,u);3x) =0, Vf e L*(Z).
Hence, P(f) LN is equivalent to the (f,v) 3(z) = 0 for all v € N. Under this condition,
the solution u will exist and it is unique if we require (u,v) r3(x) = O forany v € N. O
5.3 Regularity

In this section, we will show that a weak solution to Problem (5.1) can be improved to a
smooth solution provided f is sufficiently regular. In particular, this solution should be a

classical solution to Problem (5.1).
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Theorem 5.7. Suppose f € L*(X) and u € H&E(Z) is a weak solution to Problem (5.1). Then
uc H*(X),

with estimate

Il < € (Il + 1ol ) - (5.8)

Proof. The proof is quite standard, and it is similar to the proof of regularity for usual
elliptic PDEs.

Note that by the regularity of usual second-order elliptic PDEs, we know u is H? away
from the triple junction I'' We only need to show the regularity near the junction.

Since the regularity is purely a local result, we can choose a coordinate chart described
in Proposition 3.25 for any p € I' such that X can be written as the union of three half
balls Bs; = B, (0) := (B}, (0),B5,(0),B3,(0)) near p for some é small enough. Here,
B, (0) :={x = (x1,---,xn) € Bs(0) : x; >0, |x| <6}

Note that we can view B;. as a triple junction hypersurface with corner in the sense that

we choose I' = 9B N {|x| = 6} and I = 9B}, N {x; = 0}. The outer unit normal vector

d

field 7 is given by T/ = T

So we can write the operator L in the local coordinate as
L(u) = (aij”xf)xj —cu

for some smooth function a;j, ¢ defined on B;,. Here, we have used Einstein summation.

Note that since u is a weak solution, we can find

/B @yt 05, + cuo] 0 + huobdy = /B fobdx, VoeHip(Bs).  (59)
o+ 5+

TNBs;
where we use y to denote the coordinate of points in R”~!. Here, we can view the space
Hj ¢ (Bsy) as the function v € Hj (X) which is supported in B, and v = 0 on 9B;.. in the
trace sense.

We write U = Bs, and V = B o for short. Let us choose a smooth cutoff function ¢
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such that

(=1inV, 0<(¢<1, (issupportedin B%(er.
Recall that here, we think  as { = (Z',Z?,¢3), each (' is defined on Bng(O). So the
function ¢ € C,(;?) (2).

For any t # 0, we define the differential quotient D! as

u(x + teg) — u(x)
t

ty, —
Diu =

where {ej,--- ,e,} is the standard orthonormal basis in Euclidean space. Note that if
u € Hj (%), then u(x + teg)|r is a section of E near p for t small enough and k # 1. Note
that here, we have used the fact E = E; or E = Fy. This implies, we can choose |t| > 0 small
enough, k € {2,---,n} to ensure v := —D,/({*Dfu) € Hj ;(Bs). (Note that we have used
results like Proposition 3.12 to ensure v € H(l),E(B<5+)~) This is the only part we need the
assumption E = Ej or E = F.

We put v into the identity (5.9), and get

ai‘ux,vx.edx—k/ huvfd :/ Fobdx 5.10
/u TN rnu Y uf (5.10)

for f = f — cu. We use the following notations

.= / aijuxivxj(?dx,
u

H::/ huvbdy,
rnu Y

I :— / Fobdx.
uf

Now, by an elementary computation, we have
= /u D (aijttx;) (2 Dlut). 0ddx
_ /U al; D}, 0Dy, Ol
+ /u [Zaij,t(uxigngD,iu + Dyajjiy, Diuiy 0% + 2D,iaijuxiD,iu§§xj} Odx

= +1p, (5.11)
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where afj 1= ajj(x + tey).

Note that we have

L>1 | &% |DiDul ax (5.12)
AJu

by the elliptic condition for some A large. By Cauchy-Schwarz inequality, we can estimate

the term I, by

C
I, < s/ 7 }D,t(Du|2dx+ —/ 4 [‘D,ﬁu|2 + |Du|2} 0dx
u e Ju
< e/ g2 | DLDul dx + C(e) / \Dul?6dx. (5.13)
u u
Note that we have used that the differential quotient can be controlled by L? norm of

Du. Hence we get
1 2
S b 2 |t _ / 2 '
1> ZA/Ug [DDu[*6dx —C [ |Duf 6dx, (5.14)
from inequality (5.12), (5.13) by choosing € = 5+.
For the estimation on II, we have
< [ [|w]|Duf* ¢+ [DihuDlul] 6
] < mu“ | [Dgu|” 2% + [ Dy k” y
<c [ [ D +u?]ed
e it ]
1
< —/ |D(§D,iu)\26dx+C/ CZ\D,t(u\zde—kC/ ]Du\z(?dx—kC/ u?fdx
8A Ju u u u
1
< 41 [ @1Dipufedx+C [ |Duf0ax (5.15)
4A Ju u
by Cauchy-Schwarz inequality. Here we have used Lemma 5.4.

Similarly, we can estimate the term III by
) < [ (1] Jul) fol 0ax
< S/U‘Df((CZD,t(u)}zdejLS/ll(f2+u2)9dx
< Cs/u \D(CzD,iu)}Zde—kf/u(feruz)de
< Cs/ug2 ‘DIiDM‘ZQdX—FC(S)/U(fZ—FMZ-i— |Du|*)dx. (5.16)

Now we can choose ¢ = gi= in inequality (5.16) and combining the inequality (5.14) and
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(5.15) to get
/ |D{Du? 0dx < c/ (f2 + 12 + |Dul?)6dx
1% u

for k = 2,---,n and sufficiently small |f| # 0. Hence, from the properties of differential

quotient, we know u,, € H!(V) with estimate

s iy < € (1 liaqey + Nl ) - (5.17)

for1 <i,j < nexceptthecasei=j=1.
Now we can use the equation to show the estimate (5.17) holds for i = j = 1.

Recall that we already know u is in H2

c(Z) away from triple junction I'. Hence, u will

satisfy the equation

(aijuxi)x]. +cuv=f, ae inl.

Note that the ellipticity of L implies a;; > L. Hence, we have

‘MX1X1| S C E

1<i,j<n,i+j>1

+ |Du| + |u| + |f].

uxix]-

Hence, we get [|ix,x 25 ) < € (11f i3 + 1l )-
In summary, we get u € H2(V) and hence u € H?(X) by the partition of unity with

estimate
Iz < € (1Al + 1ol gy ) -

O]

Remark 5.8. Recall that we used E = E; or Fy in the proof of Theorem 5.7. Indeed, we know it is
true for other kinds of E such as E = Eg. But for general smooth E, we conjecture that Theorem 5.7
is valid, too. The tricky part is, we do not know if Dyulr € T(E) for u € Hy p(X). Hence, we need
to construct a new differential quotient of u such that it maps H&E(Z) to H&E(Z) and shares similar

properties with the usual differential quotient.

Since we know u € H2(X) if u is a weak solution to Problem (5.1) for f € L?(%), we

know Vu is well-defined on I in the trace sense. Hence, we can get the following result.
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Proposition 5.9. If u is a weak solution to Problem (5.1) with f € L2(X), then (J(Vu,T) + uh)|r
isin E* fora.e. p €T.
Note that here, a.e. means almost everywhere with respect to the boundary measure on

I.

Proof of Proposition 5.9. Note that this property is a local property. Hence, we can use the
coordinate chart that appeared in the proof of Theorem 5.7. This means, we can assume
the identity (5.9) holds for any v € H&/E (Bs+). We fix such v and apply integration by parts

since u € H*(X) to get

/ [—(aijux,.)xj + cu] obdx + | (—anuy, +uh)védy = / fobdx.
Bo’+ rﬂB‘5+ Bng

Note that we already know —(az-]-uxi) y +oou = f a.e. in 2. Hence, we get

/ (—anuy, +uh)vddy =0
T'NBs4

for any v € Hjp(Bs). This means (—aj iy, + uh) LE a.e. near p on I with respect to the
density 6. Note that ey = —7 under this coordinate chart and we can write —a;ju,, =
J(Vu, 1), we get

J(Vu,t)+hulE, ae. onT.

O]

Remark 5.10. From Proposition 5.9, we know the weak solution u should solve Problem (5.1) almost
everywhere on . or on T if f has enough reqularity like f € L?(%).

Now, we can get higher regularity results.

Theorem 5.11. Suppose m is a nonnegative integer and assume f € H™(X). We assume u €

Hé/E(Z) is a weak solution to Problem (5.1). Then
u € H™2(%)

with the estimate

Il sy < € (1 ey + lullzagey ) -
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Proof. The proof is quite close to the standard proof in the textbooks for elliptic PDEs. So
we only illustrate the idea in this proof.

By induction, we assume this theorem holds for m < mg, and we want to prove this
theorem holds for m = mg + 1, too. Now we fix a multi-index a« = (aq, - - -, a,) such that
la| ==Y a; = mp+1and a3 = 0. We will also work at the local coordinate near p € T.

We will use the notation
9" o™ 9%
D'u=—>u=2_...°% 4

T o oxy  oxy' !

First of all, we can show il := D%u is in H:(B; ) and solve a weak particular problem
(similar to Problem (5.1)) with f € L?(Z). So we know D*u € H?(X) with some estimations.

In particular, we can get ||D*ul|j3(x) < C(HfHHgIOH(Z) + lullz(z)) for any |a| = mo +3
and 0 < @7 < 2.

Now, we can do the induction on the value of ; to estimate ||D“u||L5(Z) using the

equation for u since the equation will hold point-wise almost everywhere. This step is very

similar to the last step in the proof of Theorem 5.7. O

At last, we can get a smooth solution if we suppose f is smooth using general Sobolev

inequalities.

Theorem 5.12. Suppose u € H&E(Z) is a weak solution to Problem (5.1) for some smooth function
f € C®(X), then we know
uecV(z).

In particular, u is a classical solution to Problem (5.1).

5.4 Eigenvalues and eigenfunctions

In this section, we will define the eigenvalues and eigenfunctions for the symmetric elliptic

operator (L, h).
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Definition 5.13. We say A € R is an eigenvalue for the symmetric elliptic operator (L, ) if
there exists a non-trivial u € Hj ;(X) such that u solves Problem (5.1) for f = Au. We say

such u is an eigenfunction corresponding to A.

Note that by the regularity theorem (Theorem 5.11), we can improve the regularity of u
to H™(X) for any natural number m by induction, and hence, u is indeed a smooth function.
By the properties of compact operators (spectral theory of compact operators), we can

get the following theorem directly.

Theorem 5.14. The set of eigenvalues A of (L, h) is at most countable. Moreover, we can write
A = { A} o counting multiplicity with Ay < Ay < Az < -+ such that Ay, — o0 as k — oo.

For each eigenvalue Ay, there is a corresponding eigenfunction wy € Hy p(X) such that {wi};2,
forms an orthonormal basis of L?(X.) with respect to the inner product (-, -) 13(x):

Moreover, wy, w; are also orthogonal to each other for k # I with respect to the bilinear form

B[, -].

Proof. We consider the compact operator P defined in the proof of Theorem 5.5. Note that
since P is a self-adjoint, compact, injective operator on L?(%Z), we may find the eigenvalues
{0y }1—; (counting multiplicity) and corresponding eigenfunctions {wy };.; such that o — 0
and {wy };-, forms an orthonormal basis of L?(X) with respect to the inner product (-, -) [3(x)-

Note that none of oy is zero since P is an injection. We may note ¢ > 0 since

(P(f), flia) = By[P(f), P(f)] 20, Vf e LX(%).
At last, we have

P(wy) = oywy <= By [P(wy),v| = 0xB,[wy, v), Vo € Hj (%),
= (0, 0)3(x) = OkBlw, v] + oy (W, v) 2(5), Vo E Hjg(Z),
e  Blwyv] = (Jlk - ’y> (01, 0) 12(5). Vo € Hb (Z).
Hence wy is the eigenfunction of (L,h), which is corresponding to the eigenvalue
A = Ulk — . We can rearrange A such that A is an increasing sequence such that

)\k — —+o0.
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Note that we observe
B[wk, wl] = /\k(wk, wl)Lg(Z) = 0, Vk 7'é I
O

Standard steps can show that the eigenvalues can be characterized by a variational
formula using the Rayleigh quotient as

_ Blu, u]
Ay = min max-—-——
VkCH&E(Z) uEVi Hu“L%(Z)

4

where V4 is any k-dimensional subspace of Hj ¢ ().

We call the first eigenvalue A; as the principal eigenvalue of (L, h).

Remark 5.15. Note that, in general, the principal eigenvalue Ay is not simple. Here is a simple
example. Suppose X is a triple junction hypersurface without boundary (i.e., 0X = @) and consider
the operator (A,0) on space Hy ¢ (Z) where 6 = (1,1,1). It is easy to find the principal eigenvalue is
0 and the corresponding eigenfunctions are locally constant functions (the function f = (f', f2, f3)
that f' = c' is a constant on V).

Note that the eigenfunction corresponding the principal eigenvalue may change signs due to the
condition Y3 ,u' =0onT ifu € H&/EQ(Z).

Readers may find more examples regarding this part in the paper [Wan21a]. The dimension of
eigenspace corresponding to the principal eigenfunction might be quite large, although they are all

connected under quotient topology.

Remark 5.16. If the elliptic operator (L, h) is defined on the space Hyp (X), then the principal
eigenvalue is simple. Moreover, the corresponding eigenfunction for the principal eigenvalue does not

change sign on X.
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Chapter 6

Index and nullity of symmetric elliptic

operators

In this chapter, we fix a triple junction hypersurface X with C(*) metric used in Chapter 4 and
Chapter 5. Besides, we will also fix a second-order symmetric elliptic operator (L, h) defined
on Sobolev space H(%,E(Z) for E = E; or Fy (Indeed, we can assume E is the subbundle such
that the Regularity Theorem 5.7 holds). From this chapter, we will simply write L instead of
(L, h) to denote the second-order symmetric elliptic operator. We will use B]-, -] to denote
the bilinear form associated with L.

We will give a method of computing index and nullity for triple junction hypersurface
Y, using Dirichlet-to-Neumann maps. This method has been successfully carried out in

[Wan2la] to compute the index and nullity of stationary networks.

6.1 Basic definitions

From Theorem 5.14, we know we can write {A;};-; as the eigenvalues of L such that

A <Ay <.+ with A — oo,

Definition 6.1. We define the index of L, and write it as Ind(L), to be the largest k such that
A < 0.
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We define the nullity of L, and write it as Nul(L), to be the number of Ay such that

Ap = 0.

Note that by the min-max characterization of eigenvalues of L, we have the following

results.

Proposition 6.2. The index of L is the dimension of the largest subspace of H(l),E(Z> such that B is
negative-definite on it.

The nullity of L is the dimension of the largest subspace of H&E(Z) such that B vanishes on it.

Here, we say B vanishes on subspace V C H(%,E(Z) if foranyv e Vand u € Hé,E (X), we
have B[u,v] = 0.

We define the several notations used later on.

e J)\(L), the space of all eigenfunctions corresponding to the eigenvalue A.
* Jy (L) := @iz Ia(L).

o JY(L):= Jo(L). This is the null space of L.

We can easily find Ind(L) = dimJ; (L) and Nul(L) = dimJJ(L).

6.1.1 Stability operators and stable triple junction hypersurfaces

If ¢ : ¥ — N is an extrinsic triple junction hypersurface in N, where N is an (1 + 1)-
dimensional Riemannian manifold, then we can define the stability operator | = (], 1) using

the second variation formula (4.11).

Definition 6.3. We say | = (], h) is a stability operator for X if we define

J = As+|Asf +RicN(v), h=—(Hr, 1),
and suppose the operator (], 1) acts on space H&G(Z).

Now we can define the Morse index and nullity for triple junction hypersurface X.
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Definition 6.4. We define the (Morse) index of X, written as Ind(X), as the index of J.

Similarly, we define the nullity of X, written as Nul(X), as the nullity of J.
In particular, we can talk about the stable triple junction hypersurfaces.

Definition 6.5. We say X is stable if Ind(X) = 0.

6.1.2 Curvature estimate and generalized Bernstein theorem for triple junction

surfaces

In this subsection, we will briefly summarize the result in [Wan22]. Usually, the curvature
estimate will become complicated due to the terms on triple junctions.

Let us assume ¢ : £ — R is a minimal triple junction surface in R® equipped with the
standard Euclidean metric. We will suppose X is stable.

From Schoen, Simon, Yau’s trick [SSY75], we can get the L? curvature estimate for triple

junction surface ..

Theorem 6.6. [Wan22, Theorem 5] Suppose ¥ is a stable minimal triple junction surface in R,
Let f € H{(Z) N L®(X) such that sign(f) |As|P~1 | f|P is a section of Fy almost everywhere when

restricted on T. Then for any 1 < p < 2, we have
' 2|72 ' 2p-2 | ¢ 12p—2 2
L1zl IfPreaz < c [ |AsP? 2 P72 Ve s P 0dx

P19 _He. 22| pi2p
+ [ [E5 [ tolach |~ r < asPr 2 o, o
for some constant C which does not depend on p.

Note that there is an extra boundary term on I' as shown in inequality (6.1).

The proof of this theorem is quite similar to Schoen, Simon, and Yau’s standard proof.
We need to keep in mind the condition 1 < p < 3 and use some tricks to deal with the
singular integration.

As a consequence of LF curvature estimate, we can get a type of generalized Bernstein

theorem.
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Theorem 6.7. [Wan22, Theorem 6] Suppose X is an orientable stable minimal triple junction surface

in R3. We assume ¥ is complete without boundary. Then T cannot be compact.

Recall that orientable is defined in Subsection 3.1.3. Note that complete ¥~ may not
be bounded in IR? and hence the stable here means the stability inequality holds for any

smooth variation with compact support.

Remark 6.8. As a corollary, we know if ¥ is a complete orientable stable minimal triple junction

surface in R® and T is compact, then % is unstable.

Key steps in the proof of Theorem 6.7. We only illustrate the key steps in the proof of Theorem
6.7. Interested readers can refer [Wan22] for details.

We prove this theorem by contradiction. Suppose X is a complete orientable stable
minimal triple junction surface in R*> and assume T is compact.

First, let us consider the case of none of X/ is flat.

¢ Write L estimate (6.1) in the following ways,

/ 0 |As|? |f|?P dZ < CI+ 11 — 111,
b

L= [ 0]as/? 2 fP7 2 |Veffds,
b

p—1_10

I:= | =—0|—1logl|A

[ 2505 s 14

Il := /Hr 10| Ag |72 |f?P dT.
T

A2 | dr,

e Fix three nonzero constants ¢’ such that Y3, 8’c’ = 0. Choose a cut-off function p,
supported in T,(I') and equal to 1 in T,(T'). Here T,(I') is the tubular neighborhood

of T with the distance induced by metric gx. Define ¢’ = [T |Asi|- Choose f as

Cl

ooy | )P N
ft=sign(c') |c'|" (m(g) ' +pr—p1)
for r > 2. Hence, we can check sign(f) |f|” |As|"~! € H}(Z). (Note that Fy = Eg here.)

 We can estimate IIl = [, Hr - 10 |Ax " |f[*PdT = [ Hr - 1012, |Ags [P 2dT > 0

by adjusting c'.
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* We can control IT = [, %16

2 Jog ]AZ\) |A|?P72 |f|*? dT < & by choosing p close to 1

enough.

¢ Now, let us estimate the term I. We write
1= [o1AsP? | Ve ff

~ ([ Lot Lo ) O1APT 212 Ve,
S JLM\S I (D\T(T)

and split I = I'(Singularity) +I;(Regular and near I') +I(Regular and far from T).
Here, S denotes the small neighborhood of zeros of second fundamental form. (Recall
that the set of zeros of second fundamental form is discrete if ¥/ is non-flat.) We can
choose the region S small to ensure I’ < e. Then we choose p closed to 1 enough to

ensure I; < e. At last, we fix p and choose r large enough to ensure I, < «.

Combining the above inequalities, we can find | Ay | should vanish everywhere. Hence,
we know at least one of X is flat. Let us suppose X! is flat, then we can find that ¥? and ¥3
are capillary minimal hypersurfaces in some half-spaces. We can use the similar method to
get Ay =0 fori=2,3.

Note that if X; is flat, we can find X, Y5 are minimal surfaces with constant contact
angle with a plane in IR®. There are several results related to the curvature estimates for
capillary minimal surfaces. See for instance [HS21, LZ21].

Now if we know all of ¥; are flat, we know the intersection of 2; and X, should be a part
of straight line. Hence, by the unique contiunation and completeness of minimal surfaces,

we know I' contains a straight line. This contradicts the fact that I' is compact. O

Remark 6.9. Although Theorem 6 in [Wan22] needs the condition that ¥ has quadratic area growth,
it has been pointed out by Luen-fai Tam that we can deduce ¥ has quadratic area growth from the

stable condition and I" being compact by the arqument due to D. Fischer-Colbrie [FC85].

The tough part for the proof of Theorem 6.7 is, we need the careful choice of the test
function f in the L curvature estimate (6.1) such that f will satisfy the condition in Theorem

6.6. Usually, the constant functions do not meet those conditions. This will introduce many
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extra terms near I', and we can analyze them carefully to ensure they are all controlled. In
addition, we also need to choose p sufficiently closed to 1 to control the boundary terms.
This is why we only get the generalized Bernstein theorem only for the surface case and

why we require I' to be compact.

Remark 6.10. There is another proof for Theorem 6.7. We assume L. as stated in Theorem 6.7 and T
compact. Let's fix three nonzero constants ¢ with Y3_, 0'c’ = 0. For any positive integer n, we can

choose the test function f € H}(X) as

;

ct dist(p,T') <1

fip)=qei (18D, 1 <dist(p,T) <o,

0, dist(p,T) > e".

Put f into the stability inequality, and we have

/ 2 |AP0dE < / |Vf]2d2—/c2Hp-19dZ.
£NTy(T) i r
We can choose a suitable ¢ to make sure fr c2Hy - T0dT > 0 as before. Then, we have

C i
< < — h=,
/ml 2| AP ods Z/ = 2n29d2 =Y (@)

\Tl 1 i=1

Hence, we can choose n — oo to get |A| = 0 in Ty (T). This impies ¥ is flat for each i.

6.2 Dirichlet-to-Neumann maps and index theorem

6.2.1 Dirichlet-to-Neumann maps on each X'

We will fix an operator L on triple junction hypersurface X.
For any i = 1, 2,3, we will define a Dirichlet-to-Neumann map T! on boundary ["=T.

We use the following notations.

e Jy(Zi, L), the space of all eigenfunctions corresponding to the eigenvalue A of operator

L defined on X. More precisely, it is the space of functions solving the following
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problem,

—Lu=Au, inXi

u=20, on JXi.

joi (Zi/ L) = @/\<0 j/\(z‘i/ L)

JIELL) == Jo(Z4, L).

D-JY(Z,L) := {J(Vo, ') € C*(T) : v € JP(X/,L)}, where | is the symmetric 2-

tensor associated with the operator L.

(D JP(E, L)+ := {veC®(): [pvwdl =0,Yw € D:J)(X',L)}. This is the L* or-

thogonal complement space of D J) (X, L).

Ind(X}, L) = dimJ; (X, L), the index of ! with respect to the operator L.

Nul(Zi, L) = diijO(Zi, L), the nullity of Y with respect to the operator L.
Remark 6.11. Note that all these definitions are only related to the operator L' := Lly;.
For any ¢ € C*(T), we consider the following problem on X/.
Lu=0, inX}
u=g, onT, (6.2)

u=20, on T".

\

The classical existence theorem for elliptic PDEs on X! implies the following results.
Proposition 6.12. Problem (6.2) has a smooth solution if and only if
g € (D=7 (T, L))
Moreover, this solution is unique up to an addition of function v € JY(Z!,L).

Based on Proposition 6.12, we may define the Dirichlet-to-Neumann through the follow-

ing proposition.
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Proposition 6.13. For each § € (D JY(X',L))*, we can choose a solution ug to Problem (6.2)
with given g such that
J(Vug,7)| + h'g € (D:JJ (X, L)) .

Moreover, such ug is unique, and hence we can define the Dirichlet-to-Neumann map T' by

T': (D:JP(Z, L))" — (D:JP(Z, L))"
g — ](Vug,T)‘r—i—hig.

Recall that / is the function defined on I" associated with elliptic operator L. We will call

uq as the L-extension of g.

Proof of Proposition 6.13. Let u be one solution to Problem (6.2) with given g. First of all, we

can find a unique gy € D+JQ (X, L) such that
J(Vu, T)|p + g + g0 LD J5 (X', L)

by the properties of orthogonal projection. Let vy € JJ (£, L) such that J(Vvy, T) = go on I
Then we can choose u¢ = 1 + v and note 1, is a solution to Problem (6.2) by Proposition
6.13.

If there is another solution i, satisfying the same conditions, we can consider u = uy — i,
which solves

Lu=0, on X/,

u=0, on 0%, (6.3)

J(Vu,t) =0, onT.
The third condition in Problem (6.3) comes from the following reasons.

Note u € JP(X',L) by the first two conditions in Problem (6.3). So J(Vu,1)|; €
D JJ(2,L). On the other hand, we know [(Vu, T)| . +h'g € (D<JJ (X', L))*, [(Vilg, T)|+
hg € (D:JP(X, L))+, hence J(Vu,7)|p € (D:J(X%, L))+, This will imply J(Vu,t) =0

onl.
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However, by the Hopf lemma, we should have u = 0 on Y!. Hence, ug is unique. So the

Dirichlet-to-Neumann map T’ is well-defined. O

Note that T' is a self-adjoint compact operator defined on some function spaces on I
according to the results in [AtEKS14]. Moreover it has discrete eigenvalues and we write
them as 01 (T") < 0»(T") < --- such that 0j(T") — oo as j — co. These eigenvalues are

usually called Steklov eigenvalues.

Remark 6.14. The usual Dirichlet-to-Neumann map defined on ¥ won't contain the h' term here.
We add h' term since we will use it to define the Dirichlet-to-Neumann on X. Note that it is a
self-adjoint operator defined on (DzJY(%,L))*. Such an operator remains compact since h' is
smooth and bounded.

Moreover, the operator T' here gives us the connection between the following two eigenvalue
problems. The first problem is the problem with zero Dirichlet boundary condition on ¥,

—Lu=Mu, inX
6.4)

u=20, on ox.
The second one is the problem with Neumann boundary condition associated with h' defined as
—Lu = Au, in X,
u=20, on T (6.5)

J(Vu,t) +hu=0, onT.

Then the index and nullity of Problem (6.5) can be computed by the index and nullity of (6.4)

and T'. Precisely, we have the following results,
e Ind(N) = Ind(D) + Ind(T’) + Nul(D),
e Nul(N) = Nul(T%),

where we use D to denote Problem (6.4), and N to denote Problem (6.5).
Readers may refer to H. Tran’s work [Tra20] for similar works. Note that this result is slightly

more general than the result in [Tra20, Theorem 3.3, Theorem 3.6] since we do not require h' to be a
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constant. The proof for the index and nullity theorem for this case is essentially the same as his work

with obvious modification.

6.2.2 Dirichlet-to-Neumann maps on triple junction hypersurface =

We write
e D:JY(ZL):={g=(g",8%¢") e C°(I,R%) : ¢' € D:JY(E',L),Vi=1,2,3},
o (D:JYE L) ={g=1(g",8%¢") € C*(I,R?) : ¢’ € (D:JP(X', L))+, Vi=1,2,3]}.

It is easy to see that C*(T,R%) = D-J(%,L) ® (D+JY(%,L))* is an orthogonal decom-
position of C®(I',R?) with respect to the inner product of L(T). (Recall that (g1, 82)13(r) =
i Jrgigh6'dr)

By the definition of Dirichlet-to-Neumann maps on each £/, we know we can define a
map

T:(D:J3(E L))" — (DJR (%, L)%,
g=1(88.8) — T(g)=(T'(g) T*(g) T°(&))-
In general, we are interested in the function space Céo)(Z). Note that we have the

orthogonal decomposition of C®(Z,R?) as
(5, R = (5) o c(z).
Hence, we define the orthogonal projection Pr as
Pe:C(L,RY) — cV(x),
g — Pe(9)

Now, we can define the Dirichlet-to-Neumann map T on the set C,(SO) (Z)N(D:JYZ, L))+
by T(g) = ProT(g). Note that the projection P will map (D-JQ(%, L))" to the set
(DT
VEL(Z

(Z,L)+n (O) (X) by the property of projection. Hence T is an operator on the space
) where we define

Ve (Z) = (D JO(Z, L) nc(x). (6.6)
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Remark 6.15. Note that (D JY (%, L))+ has an orthogonal decomposition (D-JY (%, L))+ =
VE,L (Z) ) VEL,L(Z).

It is easy to verify that T is a compact self-adjoint operator on the space V1 (X). Hence,
it will have discrete eigenvalues. We write 0y (T) as the eigenvalues of T where we assume
0 <0y <--- — o0. (See Remark 6.16) For each 0 € R, we let G, be the subspace of V¢ 1 (X)
with eigenvalue o with respect to the operator T.

We use the following notations similarly as before.

* G (T) := Do<o Go

e GY(T) := Go(T),

Ind(T) := dimG(T),
e Nul(T) := dimG*(T).

We call the operator T defined on Vg (X) as the Dirichlet-to-Neumann map on triple
junction hypersurface ~. Note that the k-th eigenvalue of T can also be characterized

variationally by

T(g),
0x(T) = min max—( (8) g)Lg(r)

6.7
Vk€VEL(Z) g€k (818)L§(r) ©7)

where Vj is the k-dimensional subspace of V¢ 1 (X).

Remark 6.16. From the min-max identity (6.7), we can find o1 (T) > min {o1(T"), o1 (T?), 01(T°) }

as we note for any § € Vg (L), we have

(e8]

(T(g)rg)Lg(r) = (PE(T(X))rg)Lg(r) = (T(g)rg)Lg(r) = Zei(Ti(gi)/gi)LZ(r)

i=1
3 L v 3 ‘
> ) 0 (T)(8, 8 )12y = min {01(7“ )} ; 0'(8", 8 12(r) = min {Ul(T )} (88)12(r)-
This shows o1 (T) > —oco and hence the formula (6.7) is well-defined.
Now we define the space related to the nullity as

We L (Z) := D JO(E, L) N CY(%).
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Then, the space C*(X,R3) can be decomposed as
C®(Z,R?) = Vg (Z) @ W L(Z) @ Vi (2) & Wit ().

Then, we have the following index theorem for triple junction hypersurface .

Theorem 6.17 (Index Theorem for triple junction hypersurface ). The index of elliptic operator
of L defined on space C ](50) (X) can be computed by
3 .
Ind(L) = } 'Ind(X, L) 4 Ind(T) + dim(Wg,.(2)). (6.8)
i=1

Similarly, the nullity of L can be computed by

Nul(L) = Nul(T) + dim(Wg. ; (£)). (6.9)

Proof. This proof is essentially the same as Index Theorem for Networks [Wan21a, Theorem
4.1] and Nullity Theorem for Networks [Wan21a, Theorem 4.3]. Actually, the case for triple
junction hypersurfaces is a bit easier since we only have three hypersurfaces here. Hence,
we only illustrate the key steps in this proof. Interested readers may find detailed proof in
[Wan21a].
First part. Prove (6.8).

First, we prove Ind(L) > Y3, Ind(Z, L) + Ind(T) + dim(Wg 1 (X)).

Let Jy (%,L) := &3 ,J; (£, L) and V~ := {f € C®(X) : f' is the L-extension of g’ for
i=1,2,30n X for some ¢ = (g!,¢%,¢%) € G }.

A short calculation shows, B is negative-definite on J; (X,L) and V. Now we can

construct a new space V; C C®(X) based on W () by the following lemma.
Lemma 6.18 (Lemma 4.2 in [Wan21a]). Let § € Wg (X) and g is not identically zero. Define
W, = {f € C](Sl)(Z) : flr = cg for some ¢ € R, fJ_Bjo_(Z,L)} .

Here, we use L g to denote the orthogonal with respect to the bilinear form B. Then L has index 1 on

the space W,.
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Now, we can choose a basis { gj};.zl of WE 1 (Z) with I = dim(Wg (X)) and extend g; to
fj based on Lemma 6.18 such that B[ fir f]] <O0forj=1,2,---,l. Hence, we can choose the
space V; spanned by { f]};:1

At last, we can verify that three spaces 7, (X, L), V™ and V; are orthogonal to each other
under the bilinear form B. Hence Ind(L) > Y3, Ind(X/, L) + Ind(T) + dim(Wg 1 (Z)).

Second, we need to show Ind(L) < Y3, Ind(X!,L) 4+ Ind(T) + dim(W 1 (X)). We write
W=7, (,L)® V™ @& Vi. Suppose W is one of the (maximal) subspaces of CSEO) (X) such
that dimW = Ind(L) and B is negative definite on it. Let Py be the orthogonal projection
of W to W with respect to the bilinear form B.

Now we can show that Py 1y is onto by the maximum property of W. On the other hand,
we can show Py, is one-to-one using Lemma 6.18.

Hence, we have Ind(L) < Y3 ; Ind(X/, L) + Ind(T) + dim(Wg 1 (X)).

Second part. Prove (6.9).

The proof of nullity is a bit easier than the above proof. We define V' := {f € C*(%) : f!
is the L-extension of gi fori = 1,2,3 on X! for some gc GO}. It is easy to verify that B
vanishes on V0.

For any g € Wg1 ; (X), we know there is a function u = (u!,u?,u3) such that u'|[r = 0,

J (Vui,T) ’r = gi onT and Lu = 0 in X! based on definition of DTJOO(Z, L). In particular,
(0)

since ¢ € C./(X), we know u solves the following problem,
—Lu =0, in %,
u=0, on d%,
(6.10)
ulr = 0 € T(E),
J(Vu, T)|r + hulr = J(Vu, 7)|r = g € T(E1).

Hence, u € J, (X,L). If we write V, := {u : u is a solution to Problem (6.10) for
§ € Wg. 1 (X) }, then B vanishes on V,. So we find the space W1 ; (X) will contribute to the
nullity of operator L. This will give us Nul(L) > Nul(T) + dim(Wg. ; (X)).

On the other hand, by an elementary argument, if B[f,v] = 0 for any v € Hx(Z) for
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some f € CV(%), then f € VO @ V5. This implies Nul(L) < Nul(T) + dim(Wy. ; (£)).
Hence, Nul(L) = Nul(T) + dim(Wg. ; (X)). O

Remark 6.19. We can give a short explanation of why the index theorem can hold. In particular, we
need to know the meaning of spaces W, (¥.). Note that for any ¢ € Wg. | (X), we know there is a
function u = (ul, u?,u?) solving Problem (6.10).

But for g € Wg,1.(X), we can construct u such that u solves the following problem,

—Lu =0, in,
u=20, on 0%,
ulr =0€T(E),

J(Vu,7)|r + hu|r = g € T(E).

This function looks like only satisfies Lu = 0 but fails to be smooth. We can imagine that the
energy Blu, u] will decrease when we try to make it smooth. Hence it will contribute to the index of

L.

6.3 Applications

In this section, we will give an application of the index theorem.
A typical triple junction surface in S? is the union of three geodesic half spheres with a

common geodesic circle as their boundaries. For example, we take
Y= {(Xl,XZ,X3,X4) €83 :x; =tcosl,xp = tsin@'i,x;% +xi =1—#t> 0}

for (' = %”i. Here, we take 6 = (1,1,1). So X will be a minimal triple junction surface in s3.

The stability operator | = (J, k) on X is given by

_ . 88 _ _ _
Ju = Asu +Ric” (v)u = Asu + 2, h——<Hr,T>gN:0-

This operator is defined on the space Céo) (X) where E = {(p,g) e T x R*: Y2, ¢' = 0}.
Let D := {(xz, X3,X4) € 82:xy > 0} be the half sphere. We write L = Apu + 2 to be the
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elliptic operator on ID. It is easy to note Ind(ID, L) = 0 and Nul(ID, L) = 1 on ID. Moreover,
the coordinate function x, € Jy(ID,L). Hence, we know Ind(Zi, J) = Ind(D,L) = 0,
Nul(Z,J) = Nul(D,L) = 1, and D;J0(ID, L) only contains constant functions.

Now, we may want to know the property of Tp defined on ID. Instead of directly
computing the Tip, we can use the Morse index and nullity of the geodesic sphere to help
us.

Recall that the Morse index of geodesic sphere $? in S° is one, and the nullity of 52 is
3. We can cut it into two half-spheres along one geodesic on this sphere. Note that, in
particular, the index and nullity theorem is not only true for triple junction hypersurface
but also true for some other junctions with the other orders. We can view S? as a double
junction surface by identifying the boundaries of two half spheres. In this case, we can
also define the Dirichlet-to-Neumann map T on 52 which will be identical to the usual
Dirichlet-to-Neumann map Tp since two half spheres are isometric to each other. Hence,

we may apply the index and nullity theorem to S? to get
¢ Ind(S?) = 2Ind(ID) + Ind(Tp) + dimD- JY(S%,J) N T(E).
e Nul($?) = Nul(D) + dimD;J0(S?,J) NT(E*).

where £ := {(p,g = (g',8%)) €D x R?: g' + ¢> = 0}.
Recall that D: 72(S% ]) = {(p,g) € 9D x R?: ¢! = ¢1,¢*> = ¢»} only contains constant

vector-valued functions, it is easy to see

D.J%(%2, ) NT(E) = {(p,g) cODxR?:gl= -2 =ce JR},

D.JY(S% ) NT(EL) = {(p,g) cDxR?*: ¢l =¢>=cc ]R},

Hence, dimD.JJ(S%,]) NT(E) = D:J0(S%, J) NT(E+) = 1.
Hence, we get Ind(Tp) = 0 and Nul(Tp) = 2.

Remark 6.20. Indeed, the null space of Tpp is generated by the coordinate functions x3, x4.

Now, from the index and nullity theorem, we can compute the index and nullity of X by
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e Ind(X) = 3Ind(D) + Ind(T) + dimD.JY(%,J) N T(E),
e Nul(Z) = Nul(T) + dimD, J0(Z, ) N T(EL).

It is easy to observe that dimD-J) (X, ]) N"T(E) = 2 and dimD-JJ(%,]) NT(E+) = 1 by
writing down those constant functions explicitly.

Now let us analyze the operator T defined on (D J)(%,L))* NT(E). We write V :=
(D:JY(%, L)) NT(E) for short. Note that for g € V, we know g> = —¢?> — ¢l and ¢’ €

D.:JY(D, L). So we can express V using g', g? and the T defined on V can be written as

T((g' 8% -8 —¢%) = (Tp(g"), Tn(8*), —Tn(g') — Tn(8?))-

Hence, we can find Ind(T) = 2Ind(Tp) = 0, Nul(T) = 2Nul(Tp) = 4.

So we get Ind(X) = 2,Nul(X) = 5.

Hence, we can find that the locally constant functions contribute to the index of %, and
every function in the null space of X~ with respect to operator A + 2 is generated by a rotation

on S°.
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Chapter 7

Conformal structures on triple

junction surfaces

In this chapter, we will only focus on the 2-dimensional triple junction hypersurfaces,

namely triple junction surfaces.

7.1 Basic definition

Let ] = (J%,]?,J%) be the almost complex structure on X. This means each J' will be an
almost complex structure on X'. Recall that the almost complex structure means each J' is a
smooth tensor field of degree (1,1) such that (J')? = —Id where we view J' : TE! — TX! as

a vector bundle homeomorphism.
Definition 7.1. We say ] is compatible with (7, D) if there exists a vector field 7 € X(T') such
that 7(p) = sign(p)/ (1) (p) forany p € T.

Recall that sign is a sign function defined in Subsection 3.1.3. Hence, this compatible
condition requires that the orientation determined by | agree with the usual orientation on

2.

Remark 7.2. Note that the compatible condition is only depending on the equivalence class of (T, D).

That is, if we suppose (t, D) ~ (%, D), then | is compatible with (T, D) if and only if ] is compatible
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with (%, D).

Hence, for any C'©) triple junction surface with given almost complex structure | on %, if the
orientation on . is induce by X. (by changing the orientation on ¥. if needed), then we can define C(V)
triple junction structure by choose T = J(17) for some non-vanishing vector field n € X(T') to ensure

J(n) pointing outside.

Another way to define the conformal structure is to use the equivalence class of met-
rics. Recall that we have known the metric space Met(?) (X) is invariant under conformal
transformation (Proposition 3.32).

Definition 7.3. We say two metrics g1,$> € MetV) (%) are conformally equivalent to each other
if there exists h € C,(Sll?Eg (X) such that g» = hgy.

Note that for any g € Met(V) (L), we can define the conformal structure | by define
J'(e1) = e, for any orthonormal basis {ej, e>} of T,E' that {1, e,} agrees with the orientation
on X\,

From the standard result for conformal metrics, we have

Proposition 7.4. g1, $» are conformally equivalent to each other if and only if they induce the same

conformal structure on L.
Before the proof, let us recall a standard result of conformal changing of metric.

Lemma 7.5. Let ¥ be a Riemann surface with boundary and suppose g is a metric. We write K, as
the Gaussian curvature of g and kg as the geodesic curvature of 0¥ under metric §. Let u € C®(Z),

then the Gaussian curvature and geodesic curvature can be characterized by

Kopug = €72 (Kg — Aggut), (7.1)

8
ou
KEZMg — eiu <Kg + 81’) . (72)
where Ay, ¢ is the Laplacian operator on ¥ with respect to the metric g.

Recall that in general, we will define the geodesic curvature as kg = (V,17, —T) where 7

is the unit tangent vector field on I'.
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Proof of Proposition 7.4. If g1,¢> are conformally equivalent, then we can easy to see they
will induce the same conformal structure.

Conversely, if they induce the same conformal structure, then we know we can find g; =
hg, for some h € C®(X). We only need to show h € C,(Sll?Ee(Z). Note that g1, € Met(? (%)
implies h € Cf(%).

Now we note Y5, Gixé,l =0and Y7, 9’5{2,2 = 0, where we have used Ké to denote the

geodesic curvature of I' under the metric g. Hence, by Lemma 7.5, we have

dlogh
oT

‘I’ S F(Ee) ,
which implies 92| € T(E,). Hence h € CS?EQ(Z). O
Conversely, we have the following proposition.

Proposition 7.6. Suppose | is a conformal structure on ¥, then we can find g € Met) () such

that | can be induced by g.

Proof of Proposition 7.6. At first, we can choose g} for each i such that J' can be induced by
¢'. Now we want to find a function & € C®(Z) such that hgy € Met) ().

Let us fix a metric gr on I. So we know gi|r = f'gr for some smooth and positive
function f’ defined on T. Now we extend f' to a smooth positive function on £/ and define

g1 = %go- So the g1 will satisfy g§|r =gronl.

Now let us choose u € C®(X) such that u =0 on I and aa%f = —K;i . Then we can choose
g =e?g.

Hence, by Lemma 7.5, we know Ké = 0 on I for each i. Note that | can also be induced
by g.

Now we only need to show g € Met") (2) for some (1,D) compatible with J. From
Proposition 3.27, we know g € Met) (X) for some (7, D) and g is the canonical metric under
such triple junction structure. Hence, T should be the outer unit normal vector field. Let %
be the unit tangent vector field along I' under metric ¢ and agree with the orientation on I'.

Note that J(17) = signt by the definition of sign and the properties of metric g, we know
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(1, D) will be compatible with J. So the metric g is one of the metrics we want. (Note that

we have written signt = sign(-)7(+) as a multiplication of function and a vector field.) [

Remark 7.7. We may only use the equivalence class of Met (%) to define the conformal structure
on X. But usually, the metric in Met(!) (X) might have better properties. For example, we may have

a generalized Gauss-Bonnet formula that holds on X.

Lemma 7.8 (Generalized Gauss-Bonnet formula). Suppose g € Met(!) (%), then we have

3 o8 T R
Y [ Keoazi+ Y [ e = Y ox(s).
=17 i=1/T" i=1

Proof. This is a consequence of usual Gauss-Bonnet formula on each ¥/ and the condition

Y, 0kl = 0. O
Note that if 6 = (1,1,1) and 0% = @, then we have
/ Kds = ()
b

where x(X) = Y7, x(ZF). For the later applications, we write x(X) = Yo_, #x(X/), too.

7.2 Uniformization

Usually, the conformal structure on surfaces plays a vital role in the studying of minimal
surfaces; see, for instance, [MP04]. In order to study the conformal structure on a triple
junction surface, it is better to look for a kind of uniformization on X at first and find a good
metric that can represent this conformal structure.

721 x(X) <0 case

Let us focus on the x(X) < 0 case first.
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Theorem 7.9. If ¥ is a compact surface with 0¥ = @ satisfying x (%) < 0, with given Riemannian
metric g € Met'V) (), then for any negative function K € C®(L), we can find a new metric g

conformally equivalent to g such that the Gaussian curvature of g is given by K.

Note that by Lemma 7.5, the above theorem is equivalent to finding a smooth function
ue Cg?Eg (X) such that
Au = Ky — Ke*, (7.3)

where Ko = K, and we use A := Ay ¢. Hence, we will look for a solution to the following
problem

Au = Ko—Ke?*, inX,

ulr € T(Ey), onT, (7.4)

|- € T(Ey), onT.

Comparing with Problem (5.1) (without boundary terms), we can call Problem (7.4) as
the semilinear elliptic problem.

The proof for Theorem 7.9 is quite standard. We may borrow the method in [Tay11,
Section 2, Chapter 14].

Let us define an energy £(u) by
1 2
E(u) :/ { |Vu| +Kou] 0dx.
¥ 12
We consider the subset of H (X) (recall that H{ (X) := W'E;Z(Z)) defined by
5= {u e HI(x): / Ke?“9dx. = 271;((2)} .
2

The idea is that we want to minimize the energy £(u) in the class S and hope the
minimizer would be a solution to Problem (7.4).

Roughly speaking, we will show the following things,
* Sisa Cl-submanifold of H](X).

e infg & > —o0.
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¢ F has a minimizer.
¢ The minimizer would solve Problem (7.4).

Note that u € S is a necessary condition to Theorem 7.9 since, the new metric ¢?*¢ will

satisfy the Gauss-Bonnet formula (cf. Lemma 7.8), then we have
271x(2) = /E K2 Y.
Lemma 7.10. S is a nonempty Ct-submanifold of H'(X) if K < 0 and x(X) < 0.
Proof. S is nonempty since we may choose u is a constant function defined by
2mx (%)

1
~log SEANE)
278 T Kody

u

which is well-defined since K < 0 and x(X) < 0.

Now let us consider the map ] : Hi(X) — R defined on

T(u) = /ZKeZ“QdZ.

Note that we already know J is a C! function on H'(X) (cf. [Tay11, Lemma 2.2, Chapter
14]). Moreover, we note D] (u) = 2Ke?* for any u € H} (%), which is non-zero as an element
of dual space of H{ (X). Hence, by implicit function theorem, we know S is a C!-submanifold

of HL(X). 0

Lemma 7.11. If we have x(X) < 0, K < 0, then infg £ > —oo.

_ — 0dz.
Proof. Let up = u —u where u := fjﬂ;dz ,
P

which is the weighed average of u. Since u € S,

we have

1 o 2ty (%)

2 78 T Ke2wods 75)

o2 / Ke20gdy. = 2y (S) = 1 =
x



Hence, we have

1
S(M) = /Z 5 ’vuolz +K0(u0 —|—1/l):| 0dx

= / 1’VM0’2+K0L£09] d2+ﬁ/ Ky0dx
r |2 b

N 2 27y (%)
_ /Z 5 Vil +Kou08] 4%, + mx () log T Retias (7.6)
where we have used Gauss-Bonnet formula for the last equality.

Now we need to show log (— [ Ke?*0d%.) > —oo. This is easy to see since —K = |K| >

6 > 0 for J small enough since X is compact, so we have
/ IK| 400y, > 5/ (1 4 2u0)0dE. = 5/ 0dz. 7.7)
z z z

Hence log(— [5 Ke?*00d%) > —oo.
On the other hand, we may apply Poincaré inequality and Cauchy-Schwarz inequality
to get
/ Kotofds < S +¢ / Vo 04 (7.8)
z € b
Note that the Poincaré is valid for u( by a simple contradiction argument.

Combining the inequality (7.6), (7.7), (7.8), we have

inf £(u) > —oo.
ues

Now we can go back to the proof of our theorem.

Proof of Theorem 7.9. Let u; € Hi(X) such that £(u) — infs . We will prove they are
bounded under H}(X) norm.

We can suppose £ (uy) < infs £ + 1. Note that by inequality (7.6), (7.7), and (7.8), we
have

i/ 0 |Vigo|? 4% — C < E(uy) < inf€ +1, (7.9)
M

where uyy := uy — 1 for some constant C. Note that by identity (7.5), we know the
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average of uy is bounded from above from the proof of Lemma 7.11. This is because the

Moser-Trudinger inequality is valid for uyy. Hence, in view of the inequality (7.9), we have
/ K| 2400dT. < C < co.
b

So the average of u is bounded by identity (7.5).

Combining the inequality (7.9), we know uy is bounded under the norm H} (). So we
may take a subsequence of u; (denotes it as uy), such that u; — u weakly in H% (2).

Recall that the map u — ¢ is a compact map from H'(X) to L!(Z), we know e?* — ¢!
in L! sense strongly. Hence u € S.

On the other hand, we have [ KoufdZ — [ KoufdX and liminfy_,, [5 6 |Vuk|2 ax >
J5 6 |Vu|?* dZ, we have £(u) < infg . Hence u is a minimizer of € on S.

Now let us show u is a solution to Problem (7.4). Note that by Lagrange Multipliers
Theorem, we can find some A € R such that u is a critical point for the functional £(u) —
A ( [y Ke?"0dy. — 2mx(%)).

Hence, we get
/ [(Vi, Vo) + Koo — 2AKe?0] 045 = 0, Vo € H (%), (7.10)
JX

So we may use the regularity theorem (Theorem 5.7 and Theorem 5.11) to find u € H?(X).
This imply u is at least Holder continuous and bounded on X. Hence ¢* € H?(%). We can
repeat it inductively to get u € C gp (2).

Let us choose v = 1 in equation (7.10) and get
271x(5) = / KobdZ = 2 / Ke?0ds.
z z

Hence A = %

In summary, we know u solves Problem (7.4), and hence we finish the proof. O
In particular, we can choose K = —1 on X. This will lead to the following uniformization
theorem.

Theorem 7.12 (Uniformization). Suppose % is a compact triple junction surface with given
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Riemannian metric § € MetM) (2) such that 0L = @ and x(X) < 0. Then there is a hyperbolic

metric g € Met!) (X) which is conformally equivalent to g.

Remark 7.13. Theorem 7.12 can also be summarized as follows.
For any (%, g) satisfying condition stated in Theorem 7.9, we can find a new metric g on ¥ such

that the following holds,

Each g' is conformal to g' on X,

g'Ir = ¢|r along T.

Each §' is a hyperbolic metric on X..

Yo, iK% = 0along T.

722 x(X) =0 case
For this case, we can prove the following theorem.

Theorem 7.14. Suppose % is a compact triple junction surface with given Riemannian metric
g € Met"(Z) such that 9 = @ and x () = 0. Then there is a flat metric § € Met!) () which

is conformally equivalent to g.

Note that we say a metric g is flat if and only if its Gaussian curvature K, is zero

everywhere.

Proof of Theorem 7.14. The proof for this theorem is easier than the case of x(X) < 0. We can

minimizing the energy £ on the following set

5= {ueHll(Z):/zuedz:o}.

It is pretty easy to see the minimizer exists, and it solves the following problem weakly
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(and hence smoothly by regularity results),

Au = Ky, inY,

ulr € T(E;), onT,

g—lﬂr €T'(Eg), onT.

Hence, the metric ¢?¢ is the flat metric we want by Lemma 7.5. O

723 x(X) > 0 case

The case for x(X) > 0 is much harder than the case x(X) < 0. This is because the energy £
does not have a lower bound anymore, so it is impossible to use the previous method. To
my knowledge, we do not know if the uniformization holds in this case.

In general, even in the sphere case, we may need extra efforts to prove the uniformization.
Readers may refer to [CY88, MT02, Str05, Mal17] for related works.

In the triple junction surface case, there are much more examples with x(X) > 0 since
each component of I' will increase the Euler characteristic. More precisely, suppose X
is a compact triple junction surface with 9~ = @ and density 6§ = (1,1,1), we denote
genus(Z') as the genus of each ¥ and k as the number of components of I'. Then x(X) can

be computed by

3 .
x(X) =3k—2)_ genus(X).
i=1

So x(Z) might be very large even if some of £ has a non-zero genus.

Remark 7.15. For the simplest case, it is unclear if there is only one conformal structure on the
standard triple junction spheres (the union of three disks by identifying their boundary).

From the examples in Section 7.3, we have learned that the space of conformal structure (e.g.,
moduli space) might be quite large (infinite dimension). So it is a surprising result if we can show
that the conformal structure on triple junction spheres is unique.

Moreover, this also has some relations with the minimal triple junction surfaces in sphere. Please

see Section 7.6 for details.
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7.3 Some examples

To better illustrate uniformization, let us give some examples to explain what would happen
after uniformization.

Let us take X! as the union of a disk and a torus with an open disk removed. Take ¥2 ¥3
to be the surfaces diffeomorphic to annular regions. Then we identify their boundaries as
shown in the left side of Figure 7.1 to get a triple junction surface X. We have used colored
curves to mark I'. We will choose 6 = (1,1,1) for £ and suppose we have fixed a C(") metric

on it.

Remark 7.16. Although we assume each ' to be connected in definitions of triple junction surfaces,
we can allow them to have more than one component. All the previous results are held for this case,

including uniformization.

Zl

22

\\?’@

Zl

Figure 7.1: Uniformization of

Note that x(X) = 0. Hence according to Theorem 7.14, we can find a new metric g,
which is conformally equivalent to g such that the Gaussian curvature of g is zero. So we
may identify each ¥/ as a region in R? with standard Euclidean metric. For each Riemann
torus, we know it is conformally equivalent to a parallelogram in R? by gluing their opposite
edges. Hence, after uniformization, we may suppose the torus part of £! is just a rectangle

with a disk removed for simplicity. In Figure 7.1, we have drawn this rectangle, and we use
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black arrows to mark the way to glue it to form the torus part of Z!. For the disk part, we
may assume it is a disk in R?.

For X2,%3, we can suppose they are isometric to each other. Since we have condition

3

3kl = 2_ .3 _ 1.1
Y1 ’% =0, we get Kg = Kg = —3K

2 T So, each component of 9X2 or 923 will be the half-circle

with twice the radius of the corresponding circles in 9%!. So we draw a half annular region
in IR? with some boundary part identified as shown in Figure 7.1.

It would be great if every g can be described in Figure 7.1 after uniformization. In
general, we might not have such a nice result. We do not know whether x, will be locally
constant on I'. For a general metric ¢ on X, we may only get a weird boundary curve as

shown in Figure 7.2

Zl
22
Zl
‘ \_/ 3
Zl

Figure 7.2: Another possible uniformization result of 2.

From this example, we may note that the geodesic curvature of T in each ' might
have many possibilities. Recall that for a closed Riemann surface, we know the class of
conformal structure (moduli spaces) on it would have some manifold structure of finite-
dimensional. The behavior of the above examples suggests we may not be able to get
such finite-dimensional manifold structure anymore. One possible way is to seek a weaker
uniformization for triple junction surfaces. This is the topic I would like to talk about in the

next section.
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7.4 Weak uniformization

Suppose we want to extend the meaning of conformal equivalence, according to the example
in the last section. In that case, we might need to change the C(% triple junction structure

on X (find another identification on I''). This thought leads to the following definitions.

Definition 7.17. Let  be a triple junction surface with given C(!) metric g. We say a new
metric g together with three diffeomorphisms, @' : T — I is weakly conformal to g if each g'

is conformal to g’ on X/ and § will be a C(!) metric under new C(?) triple junction structure.

Hence, under weak conformal equivalence conditions, we can impose more conditions
on the metric g after uniformization. For instance, we may want to ensure the geodesic
curvature is locally constant on I'.

This is one of the problems we may ask.

Problem 7.18 (Weak uniformization). Suppose ¥ is a triple junction surface with given C(V)
metric g such that 0¥ = @. Can we find a new metric § which is weakly conformal to g such that the
geodesic curvature of boundary K%i is constant on each component of I' and it has constant Gaussian

curvature in the interior of £.?

Remark 7.19. Although we require ¢ to be a C1V) metric on %, we may only need to assume it is an
arbitrary metric on X. This is because the weak uniformization may change the C\%) triple junction
structure, so it is not necessary to assume g is C1). We only need to ensure that the new metric g

should be a CV) metric under the new C©) triple junction structure.

This problem has been solved if x(X) < 0 and I is connected. This is the main result in

[Wan21b]. Let us summarize it here.

Theorem 7.20. Suppose L. is a triple junction surface with given C() metric and 9% = @. We also
assume density 0 = (1,1,1) and T is connected, then we may find g which is weakly conformal to g

such that §' is a hyperbolic metric and it has constant geodesic curvature on T

Remark 7.21. Although we have assumed 6 = (1,1,1) in Theorem 7.20, we can show that this
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theorem is valid for general density 6 on X. The proof is an easy modification of the methods in

[Wan21b].

The key steps in the proof of Theorem 7.20. Let L(g) denote the length of T under metric ¢'. In
view of the definition of weak uniformization, we only need to find a hyperbolic metric g’ on
each X/, conformal to g’, such that L'(g) = L/(g) for 1 <i,j < 3 and I has constant geodesic
curvature under metric §' with Y2 ; K% = 0. This can be completed by the following

theorem.

Theorem 7.22. Let M be a smooth, compact oriented surface with a connected boundary. We fix
a metric g on M. Then for any L € (0,+4o0), there is a metric g, conformal to g, such that the

following results hold,
® The length of boundary oM is L.
® JM has constant geodesic curvature ¢ = c¢(L) € R.

Moreover, the function L — Lc(L) is continuous and strictly increasing with the following
limits,

lim Le(L) = 27x (M), lim Le(L) = +oo.

The proof for Theorem 7.22 is an extension of the work [Rup21]. Readers may refer to
[Wan21b] for details.

Now we define the function ¢/(L) for each L € (0, +0) by choosing M = X! in Theorem
7.22. Hence, the function C(L) = Y3, Lc!(L) is continuous and strictly increasing with
lim; 0 C(L) = 27rx(X) and lim;_,o C(L) = +co. Note that x(X) < 0, we can find unique
Ly € (0, 40) such that C(Ly) = 0.

For such Ly, we can choose g’ based on Theorem 7.22 and we know Y, ¢’(Ly) = 0.

Hence 3 = (3%,3%,3°) is the metric we want. O

Remark 7.23. Note that the weak uniformization for the standard triple junction sphere is trivial.

For any ¢' on disk, we know it is conformal to the metric that appeared in the standard half sphere.
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Clearly, we can glue the boundary of the standard half sphere to get a triple junction surface. Hence,

it has a unique weak conformal structure.

Remark 7.24. For the weak uniformization, we may conjecture that we can establish a finite-
dimensional manifold-like structure on moduli spaces of weak conformal structure on triple junction

surfaces.

7.5 Examples of weak uniformization

In Section 7.3, we have learned an example shown in Figure 7.1.

Here are more examples of the possible results of weak uniformization.

The first one is shown in Figure 7.3. We choose ¥ ¥2 as two isometric torus with a
disk removed and choose X3 as a disk. We identify their boundaries to get a triple junction

surface 2.

Zl

Figure 7.3: Weak uniformization, first example

Note that x(£) = —1 in this case. So we may identify each ¥’ to be a domain in a
hyperbolic space after uniformization. For the surface £!, %2 in a hyperbolic space shown
in Figure 7.3, we may glue the black curves to get a parallelogram-type region with a disk
removed and then glue its red boundary to get a torus without a disk. We also view X2 as a

small disk in hyperbolic space.
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The second one is shown in Figure 7.4. We will choose £! as the genus-two surface with
a disk removed and ¥? and X3 as the disk. We also have x(X) = —1 for this case. These
examples show that there are many different types of triple junction surfaces even when
they have the same Euler characteristic. We may use same notations to mark the way of

uniformization in Figure 7.4.

Figure 7.4: Weak uniformization, second example

7.6 The first non-trivial eigenvalue of triple junction surfaces

This section shows that we may establish the connection between the first non-trivial
eigenvalue and minimal triple junction surfaces in the unit spheres. This part is similar to
the result in [LY82]. Since there are many things we do not know regarding the conformal
structure, there might be many open problems in this direction.

Let us fix a triple junction surface ¥ with a conformal structure . We will suppose
0¥ = @ in this section. We say a map ¢ : £ — S" is conformal if each ¢/ : &' — S" is a
smooth conformal map and it satisfies Y'>_; #it' = 0. Here, we will choose T as the unit

outer normal of I' as its triple junction structure.
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Let G be the group of all conformal diffeomorphisms on 5. We can define the n-conformal
volume of ¢ as

Vi(n,¢) :=sup | 6|V(go gb)|2d2..
geG /X

Geometrically, it is the supremum of the volume of ¥ under map g o ¢ in 5" with the

density 6. We define the n-conformal volume of ¥. as

V](H,Z) = inf V](ﬂ,([)).

¢, conformal

The first thing we note is that we have a lower bound of the conformal volume as follows.

Proposition 7.25. For the conformal volume defined above, we have

3 .
Vi(n,X) >2m Z 0.
i—1

1

Proof. To see this point, we can use the conformal map g € G on the sphere to blow up a
point on I'. A similar argument in [LY82] for Fact 2 implies that we can choose a sequence
of gx € G such that the limit of the image of g, o ¢ contains three half-spheres with density
0. So we know Vj(n,¢) > 2 Y2, 6'. This will finish the proof. O

Now, we can state our theorem of the relationship between the first non-trivial eigenvalue

and the conformal area.

Theorem 7.26. Suppose X. defined above with a C™V) metric gy which induces the conformal structure
J. We suppose A is the first non-trivial eigenvalue for the Laplacian defined on space H1 (%) on X.
Then

AV(Z) <2Vi(n, %), (7.11)

for all n where V;(n, L) is well-defined. The equality holds will imply . can be minimally immersed

into S".

Here, we write V(X) as the volume of ¥. under metric gy defined as V(X) := [, 0d%.
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We say an eigenvalue is non-trivial if the corresponding eigenfunction is not a locally
constant function. Since the Laplacian has zero as its first eigenvalue, we suppose A is the

second eigenvalue.

Remark 7.27. The first eigenvalue is simple in this case since we require the operator to be defined

on H{(Z).

Proof of Theorem 7.26. Let ¢ be a conformal map of X to " with Vj(n,¢) < Vj(n,X) + ¢ for
¢ > 0 small.

We write xi as the coordinate functions on R"*1. Note that by the same balancing
argument that appeared in the proof of Theorem 1 in [LY82], we can find an element g € G
such that

/Zkaogocde:O, V1<k<n+l. (7.12)

On the other hand, we also have

”+1 n+1
/ (xk 0 go¢)?dr = / ( (xx) ) ogo¢phdL =V (L), (7.13)
n+1 ntl
Z/\V X0 g0¢)|0dE = /2 20d) (0| Va2 ds")
_2/ g0 @) (0dS™) < 2Vi(n,¢) < 2(Vi(n,%) +¢), (7.14)

where dS" denotes the area elements on sphere S”. Note that we have used each X' is a
minimal conformal immersion to get Y/, |Vx|* = 2.
Since the first eigenfunction space only contains constant functions, we know A can be

characterized by
Vul|* 0d%.
A= inf f;l+| (7.15)
ueH!(z), [y ubdz—0. [5 u20d%

in view of Theorem 5.14.
Hence, by identity (7.12), we can choose u by x; o g o ¢ and using equations (7.13), (7.14)
to get

n+1 n+1

AZ/ (x4 0 g 0 $)20dE < Z/W X090 ¢)[20dE,
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which implies AV(XZ) < 2(Vj(n,X) +¢€). Hence,
AV(Z) <2Vi(n,5).

Now let us suppose the equality (7.11) holds. Up to a scaling, we suppose V(X) = 1.
Similar as in the proof that appeared in [LY82] (essentially the same), we may find a sequence

of of such that the following things hold for some N with1 < N <n +1,

lim V](I’l,(,b]') = V](I’I,Z), (716)

]—roo

/ Xk O q>j9d2 =0, (7.17)
p¥

n+1 n+1

. o b o b2
2V (n, ¢;) > ;/Z\ka 9] 0d%. > 2;/2(9% $))%0d3, (7.18)

N
lim ) / (¢ 0 ¢,)20d% = V(X), (7.19)
J7eo =1 /2
lim [ (x0¢;)*0d= =0for N+1<k<n+1 (7.20)
J—oo JT

In view of (7.16), we may suppose xi o ¢; — P weakly in H](Z) and strongly in
L%(X). Hence, the above inequality together with (7.15) implies y are the eigenfunctions
corresponding to the eigenvalue 2 and ¢ = 0 for N+ 1 < j < n+ 1. This will imply
YPr € Cg?Ee (X) for each 1 < k < N and solve the equation —Ayy = 2.

Note that we have YN, ¢? = 1 on X, we can choose ¢ := (¢1, -, n) to be the
smooth conformal immersion of ¥ to SN~!. Taking derivative over |l/)|2 = 1 implies
|Vip|> = 2 |p|* = 2. Hence, i will be an isometric map on X. Recall that from first variation
formula (cf. Subsection 4.4.1), we know an immersion ¢ : > — 5" is a minimal triple
junction surface if and only if ¢ satisfies the following equations,

—As¢p =2¢, in%, V1<k<N,
(7.21)

Y2 .0t =0, onT.

The second condition is equivalent to the condition % Ir € T(Eg) for each k. Hence, we

know # is an isometric minimal immersion of X. O
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In particular, for any triple junction sphere X with a conformal structure |, we know it
is minimally isometric immersed into a unit sphere 5" with metric in conformal class | by
Theorem 7.26 if it can be conformally immersed into S”. So the conformal structure on the
triple junction sphere is closely related to the minimal triple junction spheres in 5". If we
indeed know the information of conformal structure on X, we may answer the uniqueness
of minimal triple junction spheres in 5”. Conversely, if we can construct other non-trivial
minimal triple junction spheres, we can also get some results about conformal structures on

X
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